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§ 1. Introduction. 


In recent years, a class of function theoretic problems have acquired 
a steadily increasing importance, viz. problems of the following nature. 
We consider an otherwise arbitrary analytic function y = y(x) of the 
complex variable x, and this function y is assumed to be holomorphic 
inside the circle |x| < R; in other words, we consider an arbitrary 
power series in x with a radius of convergence = R. Moreover, we 
assume regarding this function that | y| < M, or R(y) < A, or similar 
conditions,{ all this for | «| < R, and finally that we know the value of 
the function at a given point inside the circle, usually the center, i.e., 
y(0) is known. What further general statements may then be made 
regarding the function, what may be said of its absolute value, of its 
real or its imaginary part, of its zeros or of regions where there are no 
zeros, of its derivative, and so forth? 

Before presenting my own investigations, I shall review briefly (and 
to the extent of my knowledge of the literature on the subject) the more 
or less special results in this direction obtained by those mathematicians 
who have made substantial contributions to the solution of problems of 
this nature. To facilitate comparison, I shall wse greatly changed nota- 
tions throughout, which are in accord with those I use later on. 





* Underségelser over en Klasse fundamentale Uligheder i de analytiske Funktioners Theori. 
D. Kgl. Danske Vidensk. Selsk. Skrifter, Naturv. og Mathematisk Afd., ser. 8, vol. 2, p. 199- 
228 (1916). Essential parts of this paper were communicated earlier in two lectures, one on the 
occasion of presenting these investigations to the Royal Danish Academy of Sciences at the 
meeting Nov. 19, 1915, and another, previous to this, before the Copenhagen Mathematical Society 
Sept. 16, 1915, on reckoning with ordinary complex numbers with applications to function theory. 

t For the notations, see § 2. 
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1. (1869.) In the first place, mention should be made of a proposi- 
tion due to Schwarz! which may be stated as follows: When y, besides 
being holomorphic and less than M in absolute value inside the circle 
|a| < R, has the property that y(0) = 0, then we have for |x| < R 


ly) st 


Carathéodory? was probably first in emphasizing the great importance of 
this proposition, and proved it in a very simple and elementary manner. 
The name ‘ Schwarz’ lemma ’”’ introduced by this author will be ad- 
hered to in the following. 

2. (1892.) Toward the discovery of properties of y inside the circle 
frequently referred to, when a positive upper bound of the real part of 
the function is given, Hadamard’ made a contribution which led Borel? 
to the following solution of a problem of this kind: 

| a] 


ly| < | Ry) | + | Sy) | + 44 + 2] RyO) |) —= 


where A denotes an upper (positive) bound of the real aa im of y, 
and %(y) is the “imaginary part” of y (or more correctly expressed, 
the coefficient of 7 in the purely imaginary part). Schottky® improved 
upon this solution by means of the following formula obtained from the 
Cauchy integral 


ly|= | 3y(0) | +5 i. | Ry(rei®) | do - 


where |x| <7r< R. Im accordance with the line of reasoning in the 
paper quoted in the footnote, this formula gives, with the notations used 
above 

R +> | ee | 


=Tel 


ly| =| Sy) | + 2A — RyO)) p 
1H. A. Schwarz, “Zur Theorie der Abbildung.’’ Programm der eidgenéssischen polytech- 
nischen Schule in Ziirich fiir das Schuljahr 1869-70; Gesammelte Mathematische Abhandlungen 
(Berlin, 1890), vol. 2, p. 108-132 (see p. 110-111). 

2C. Carathéodory, “Sur quelques généralisations du théoréme de M. Picard,’’ Comptes 
rendus de |’Académie des Sciences, vol. 141, Paris, 1905, p. 1213-1215. 

E. Landau, ‘‘ Ueber den Picardschen Satz,’’ Vierteljahrsschrift der naturforschenden Ge- 
sellschaft in Ziirich, vol. 51, 1906, p. 252-318 (see p. 271). 

C. Carathéodory, ‘‘ Untersuchungen iiber die konformen Abbildungen von festen und ver- 
ainderlichen Gebieten,’’ Mathematische Annalen, vol. 72, 1912, p. 107-144 (see p. 110). 

3 J. Hadamard, “ Sur les fonctions entiéres de la forme e@(),’”’ Comptes rendus, vol. 114, 
1892, p. 1053-1055. 

4E. Borel, ‘‘ Démonstration élémentaire d’un théoréme de M. Picard sur les fonctions en- 
tiéres,’”’ Comptes rendus, vol. 122, 1896, p. 1045-1048. 

5 F. Schottky, ‘‘ Ueber den Picard’schen Satz und die Borel’schen Ungleichungen,” Sitz- 
ungsberichte der Kgl. Preussischen Akademie der Wissenschaften, 1904, p. 1244-1262 (see p. 
1246-1247). 
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Carathéodory® improved this to 


ly| =|9y0)| +24 _ 4! R+|z| 


=a] +! Ol Royal 
where A is no longer assumed to be positive. This formula is commonly 
called ‘“‘ Carathéodory’s theorem.” 

3. (1899.) Regarding the zeros of y the author’ gave a result which 
may be stated as follows: When y is holomorphic for |x| < R, and 
|y| < M, and when 2, x, ---, 2, denote those zeros of y which fall 
inside or on the circumference | x | = r < R, we have 

R 
M >| y(0)|-—— 


| X1Xo ue Lu | i 


Here it is evident that y has no zeros for 


lal< 19) p. 


An improvement on this proposition is due to Carathéodory and Fejér® 
who, besides giving a new proof, showed that the equality sign will occur 
in the inequality above when y belongs to a certain class of rational 
functions of x. (Incidentally I may state that this note together with 
my own methods for easy reckoning with complex numbers have formed 
an essential reason for the publication of the present paper.) 

A somewhat more general result has been obtained recently by Landau® 
who shows that when 7 is a constant less than M in absolute value, and 
21, Xo, +++, Xn are zeros of the function y — 7 inside |x| = R, and 7 
and 7 denote conjugate numbers, then 


| M?— qy(0)|_ sR 


M(y(0) — n) | ~ |aite-+-2n|? 





whence it may be shown that 
\M(y(0) — ») 
yY +7 for |z|< ap ay(0) |* 


Moreover, Landau gives a direct proof of the last proposition. 


6 KE. Landau, |. c.,2 p. 277. See also E. Landau, “ Beitriige zur analytischen Zahlentheorie,” 
Rendiconti del Circolo Matematico di Palermo, vol. 26, 1908, p. 169-302 (see p. 191-193). 

7J. L. W. V. Jensen, “ Sur un nouvel et important théoréme de la théorie des fonctions,”’ 
Acta Mathematica, vol. 22, 1899, p. 359-364 (see p. 362-363). 

The author also presented this formula in a lecture before the Copenhagen Mathematical 
Society three years earlier. The proof given here was entirely elementary. 

8 C. Carathéodory et L. Fejér, ‘‘ Remarques sur le théoréme de M. Jensen,’”’ Comptes rendus, 
vol. 145, 1907, p. 163-165. 

° EK. Landau, ‘“‘ Ueber eine Aufgabe aus der Funktionentheorie,’”’ The Téhoku Mathematical 
Journal, vol. 5, 1914, p. 97-116 (see p. 107 and p. 105). 
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4. (1906.) In regard to y’(x), the derivative of y, the first result 
is due to Landau (I. ¢.,? p. 305-806) who shows that when | y| < M for 
|a| < R, then 
M? — | y(0) |? 


| y’(O) | = RM 


A corresponding result obtained by F. W. Wiener’ may be written as 
follows: 


M? — | y(0) |? 
ay(n) < mpm! ‘ 
| y™(0) | =n! ee 


5. (1908.) The most comprehensive set of results concerning the 
problems treated here was given however by Lindeléf;"! by means 
of the theory of Green’s functions and conformal mapping he sets up a 
principle which, as he shows at length, gives the solution of a whole set 
of problems containing those mentioned in 1, 2, and 4 as special cases. 
To these are added new, elegant and important results, such as an exten- 
sion of Schwarz’ lemma , 


R|y(0)| + Max} 


lyl=M~ Ry + | y(O)z | 


when ly | <M for |z| < R, 


an elegant extension of Landau’s formula above 


R M?—|y/? 
MR? — |x|? 


| y’(x) | = 


and others, not to mention the determination of a region in tbe circle 
«| < R and in the vicinity of an arbitrary point 29, in which region 
y + 0. He does not consider, however, the other problems falling under 3, 
and he restricts himself, as do most of the other authors, to assuming 
y(0) as the known value of y instead of making the easy extension to the 
‘ase When yo = y(a) is assumed as the known value, 2» being fixed 
arbitrarily. In the following, I shall have occasion to mention the 
results of Lindeléf individually, since they will occur as special cases of 
other and more general theorems. 

6. (1914.) Carathéodory” was probably first in giving a formula for 

0 H, Bohr, “ A theorem concerning power series,’’ Proceedings of the London Mathematical 
Society, ser. 2, vol. 13, 1913 (see the lemma used in this paper). 

1}, Lindeléf, “‘ Mémoire sur certaines inégalités dans la théorie des fonctions monogénes 
et sur quelques propriétés nouvelles de ces fonctions dans le voisinage d’un point singulier essen- 
tiel,”’ Acta Societatis Scientiarum Fennicae, vol. 25, no. 7, p. 1-35. 

2 ©, Carathéodory, ‘“ Elementarer Beweis fiir den Fundamentalsatz der konformen Ab- 


bildungen,”’ Mathematische Abhandlungen Hermann Amandus Schwarz zu seinem fiinfzig- 
jiihrigen Doktorjubiliium am 6. August 1914 gewidmet, Berlin, 1914, p. 19-41 (see p. 23). 
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the difference quotient, viz., 


ly — yo| _ R| M — gy | 2Mk 
la —2o| ~ M|R? — gor| ~ R? —| aor] ° 


Regarding these formulas, we may note that the first inequality gives 
Lindel6éf’s formula above when xz > x»; the second is only a crude approxi- 
mation fully sufficient, however, for the purposes of the paper quoted. 

A close examination of these solutions of special problems reveals a 
lack of unity in treatment which it seems desirable to remove. In the 
present paper, I have therefore worked these theorems into a connected 
whole and generalized them considerably, so that my results contain 
all the previous ones as very special cases, as well as a number of new 
propositions, no special cases of which were known previously; I have 
also attempted to do this in the simplest and most elementary manner. 
I hope that it will appear from the following that it will hardly be possible 
to reduce the solutions of these problems to a higher degree of simplicity 
or base them on a smaller number of function theoretic propositions, all 
of the latter belonging moreover to that part of the elementary theory 
of functions which is most elégantly treated by means of power series. 

It is almost superfluous to state that the celebrated theorems of 
Picard, or rather the elementary proofs and generalizations due to Borel, 
Landau and Schottky, are intimately connected with some of our prob- 
lems, particularly those mentioned in 2. This is apparent moreover 
from the titles quoted under *:*:°, It is however beyond the scope of 
the present paper to consider applications of the theorems presented. 

Before proceeding to those rules for reckoning with ordinary complex 
numbers which form the greater part of the lemmas used in the following 
(and which could surely find their place in a textbook on elementary 
algebra), I wish to make a remark on the problems treated and their 
solutions. In these, the inequalities which together with certain simple 
assumptions form the basis of the solution, are used to derive other 
inequalities, frequently altogether different in form. In certain cases, 
and often in the most important problems, it is possible by an algebraic 
transformation of the final inequalities to return a fortiori to precisely 
the initial conditions. To make this clear in the very simplest case, let 
us consider Schwarz’ lemma. From the assumptions, we derive the 
solution |y| = M|2x|/R; from this inequality it follows at once that 
y(0) = O and that, a fortiori, | y | < M, which are exactly the assump- 
tions from which we started; moreover, the solution contains an equality 
sign which cannot be dispensed with. When these circumstances occur 
in the solution of a problem, as will be the case continually in the following, 
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we say that the solution is complete. <A final remark on inequalities is 
this: When an inequality A; = B, leads to another A, = B, by a finite 
number of algebraic operations, and vice versa, and when moreover an 
inequality sign corresponds to an inequality sign, a sign of equality to a 
sign of equality, these two inequalities are said to be equivalent. On 
the contrary, when the first inequality does not follow from the second 
by operations of the nature indicated above, the second inequality is 
said to follow a fortiori from the first. 


§ 2. Formulas and rules for reckoning with ordinary complex numbers. No- 
tations, definitions, and lemmas. 

In the following, all numbers are ordinary complex numbers unless 
the contrary is expressly stated. As usual, vw and a denote conjugate 
numbers, and |u| the absolute value of uw; we then have ui = | u |’. 
By K(w) = 4(u + ai) we denote the real part of uv, and by 


Bis 
Y(u) = 5; (Mu — i) = n(“) 


the coefficient of 7 in the purely imaginary part of wu (read, for brevity, 
“imaginary part of w’’), or 


u= Niu) + 7¥X(u). 


Occasionally we also use the notation 


_ 
sg (u) = [wl (read “ signum u’’) 


when wu + 0, while sg(O) = 0. 
With these notations, there follows from | u + v |? = (u + v)(a% + 3) 
the identity 
|u|? = | wl? + 2K(ws) + | v |* 
which is of importance in the following. This identity leads to another 


| Bu + av |? — | au + Bo |? = (|B)? —]al?)(| ul? —] oF 


* For easy reckoning with complex numbers the following identities are also useful 
ju+tovl?—|u—v |? = 4(un) or |u|? — |v |? = R((u + v)(u — d)), 
lutvi?—|u—o|? = 4R(w)R(v) =|u+olP? —|u —v/?, 
Jutovl?—[utol? = 49 (u)X(v); 


however, these identities will not be needed in the present paper. 
t Other identities are 


| Bu + av |? + lau — pol = (la P+leP(lup+ lo), 
| Bu + aw |? — | Bu — av |? = 42 (aB)R (ud), 
| Bu + aw |? — | Bu + aw |? = 49 (a8) 3 (ui). 
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simply by observing that the terms in 3 from the two squares to the left 
are identical. From the last identity, we shall now derive all the alge- 
braic lemmas we need. It should be noted that since the right side of 
the identity contains only the absolute values of the four variables, we 
may change the arguments of a, 8, u, v in any manner in the expression 
to the left without changing its value. 

Lemma 1. When the complex number a is such that | a < 1, the fol- 
lowing inequalities, in which inequality and equality signs read from top 
to bottom correspond to each other, 


and lu+av|=|au+n| 


are equivalent. 

When |a| > 1, the same statement is true provided that one of the in- 
equalities is reversed, 1.¢., the signs from top to bottom are read in the reversed 
order. 

When finally | a| = 1, we always have |\u + av| = |au+ov 

THE PROOF is read off at once from our identity by making 6 = 1 
and comparing the signs of both sides. 

Note. This lemma, which we shall also call the a method, is very 
useful for transforming inequalities between the absolute values of com- 
plex expressions. Throughout the following, we shall use the fact that 
it is frequently possible to determine @ in such a manner that certain 
troublesome terms are eliminated from one side of an inequality, so that 
they will occur on the other side only. 

LemMMA 2. Assuming R to be real and positive,* our identity may be 
written thus: 


| R? — aigu |? — | R(u — up) |? = (R? — | uo |?) (R? — | w |?) 
(Rk? — | Uou |)? = R?( U | - | Uo |)? 
= (R? + | wou |)? — R*(| uw] + | wo |). 


LemMa 3. From the preceding lemma, the following three cases are 


obtained by comparing signs in the upper line and dividing by | R? — aiigu |: 
(a) For | uo| < R, the inequalities 


R(u — Uo) \< 
k? -— Uopu ton 


luj=R and 1 


are equivalent; for the lower inequality signs it is necessary however that 
R? Ss Uou. 
(b) For | uo| > R, the same statement is true provided that the signs in 


* As everywhere in the following. 
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the second inequality are reversed; for the upper inequality signs it is neces- 
sary however that R? + iigu. 
(c) For | uo| = R, we always have 
| R(u = Uo) = 
| R?—aiu\ ~’ 
for |u| = R it is necessary however that u + up (or what is the same in 
this case, R? + iiou). 
Lemma 4. When R? + iigu and k is a real, non-negative number satis- 
fying the inequality k | uo | < R, the inequalities 
R(u — uo) is] 


’ R°(1 — k’) =z | — | uo |? | 
R?— au |=" OME | Re POE | P| 


are equivalent. 
When k|\uo| > R, this statement remains true when reversing the signs 
in the second inequality. 
Proor: The first inequality is equivalent to 


| R(u — uo) | S| k(R? — aiou) | 
and hence, by the a method, also to 
| R(u os Up) -f- ak(R? a Tipu) | = | aR (u ane Uo) + k(R? — Tipu) | 


for |a| <1, while the signs are to be reversed for |a| > 1. Making 
a = k|uo|/R, u is eliminated from the right side, and the lemma follows 
upon division by | R? — k? | uo |? | - R-, which is + 0 by our assumptions. 
Notre. For k = 1, lemma 3 (a) and (6) follows from this. 
Lemma 5. When |u| < Rand|u| < R, then 


R||u|—|wol| —|R(w — u)| _ R(| w| + | wo |) 
Rk? — | wou | ~ | R? — tou “a R? + | wou | . 


The equality sign to the left will hold when and only when either one (or both) 
of the numbers uo and u ts zero, or sg(u) = sg(uo), and the equality sign to the 
right, when and only when either one (or both) of the numbers uo and u ts zero 
or sg(u) = — sg(uo). 

Proor. By lemma 2, either side in the identities 

| R? — aiou |? — | R(w — uo) |? = (R? — | wou |)? — R*(| w| — | wo |)’, 


| R? — tigu |? — | R(u — up) ? = (R? + | uow |)? — R(| w| + | uo |)? 


is positive. Dividing the upper and lower identity member by member ” 
by the inequalities 


|R?— aul? =(R?—|uul)? and | R?— aul? Ss (R2+ | uu)? 
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respectively, inequalities are obtained which are equivalent to those to be 
proved. The statement regarding the equality signs follows from the fact 
that the equality signs in the inequalities used in the proof hold when and 
only when sg(iou) = 1 or 0 and sg(apu) = — 1 or O respectively. 

After these quite elementary algebraic lemmas* we now proceed to a 
function theoretic one; but first we shall introduce some definitions and 
notations which will be used everywhere in the following. 

By x and x* we denote complex variables satisfying the conditions 
|a| < R, | x*| < R, unless the contrary is explicitly stated. Moreover, 
we denote by x a particular value of x which may be chosen arbitrarily 
subject to the condition stated, viz.|2)|< R. By %1, 22, --+, %, we denote 
other values which will be defined in each individual case. 

With every z, (v = 0, 1, 2, ---) we associate a real and non-negative x, 
determined by 


It follows at once from lemma 3 (a) that xo < 1 always, and that for other 
subscripts x, = 1 according as | x, | =R; for the lower inequality sign it is 
necessary that R? + z,2. For brevity, we denote by x = x(x), a product 
of «’s with different subscripts, for instance xk = xkok1-++kn. When all of 


|a1|,|a2|, --+,|a,| are < R, this x will satisfy the inequality 0 = x < 1. 


When using the other variable x*, we introduce the similar notations 
x,* = «(z,*) for vy = 0, 1, 2, --- and x* = x(x*); the constants 2, 71, 
te, +++ we do not change unless expressly stated. A particularly simple 
case occurs when «x reduces to xo, which equals | x |/R under the special 
assumption 2%» = 0. Lemma 3 (a) leads to an important result. When all 
| a, | < R, the corresponding x, = 1 for |x| = R, and consequently x > 1 
as|a2|>R. 

By y = y(x) we always denote an analytic function of x which is holo- 
morphic for |x| < R; for |x| = R we make no assumptions. Evidently 
y(x) may be expressed as a power series with a radius of convergence = R. 
By y* we denote y(x*), and for brevity, we always write yo = y(Xo) except 
for 2) = 0, when the unabridged notation y(0) is used to avoid ambiguity. 

Apart from the algebraic lemmas already set down, we use in this 
paper only a few propositions from the most elementary part of the theory 
of functions, which are proved most simply, elegantly and advantageously 
(i.e., with the smallest amount of presupposed theory) by means of power 
series. Such propositions are: the quotient of two holomorphic functions 


-* The reader will undoubtedly have noticed that lemmas 2-5 are homogeneous in form, so 
that it would have been sufficient to state them for R = 1. But this would bring no advantage 
whatever in the following, and the homogeneous form was chosen purposely. | 





10 J. L. W. V. JENSEN. 


is also a holomorphic function when the denominator vanishes nowhere 
for|a| < R; the maximum of the absolute value of a function holomorphic 


! 


for |x| =r will occur only for an z-value (or values) such that | 2| = 7, 
unless the function is a constant, and so forth; and finally 

LeMMA 6, GENERALIZATION OF SCHWARZ’ LEMMA. When the function y 
is holomorphic for | x | < R and satisfies the inequality | y| < M for|x| < R, 
M being real and positive,* and when y has zeros at x1, %2, +++, Unf in the 


region considered, then 


ly| SM, where K = Kiko" **Kp. 


| 


This solution is complete (since this inequality leads a fortiori to | y| < M, 
and gives y = 0 for «x = Oor @ = %, @2, +++, Xn). 
Proor. It follows from our assumptions that the function 
Y 

(a — 21)(a — a2)-+- (4 — In) 

and therefore also 
ns (R? — %x)(R? — f,x)---(R? — £2) 
R(a — 2)-R(a — x)-+-R(a — Xn) 


are holomorphic for | «| < R, and we have 


ly| _M 


|u| = <=. 
K K 


It has already been noted that « > 1 as |2|—R, and consequently we 
may choose an |x| = r < Rsoclose to &R that r > | x, | for vy = 1,2, +--+, n 
and that x > 1/(1 + e), where e is any assigned positive number; we then 
have |u| < M(1 + e) on the circumference | «| = 7. By a theorem in the 
elementary theory of functions quoted above, the last inequality then also 
holds for all | x | = r, and since ¢ is arbitrary, it is seen that for|x| =r<R 
we have |u|} = M or | y| = Mx, which completes the proof. 

Notr.{ The equality sign will obviously occur when x = 2 or 2::: 
or Xn, both sides being then equal to zero. Suppose however that | y| = Mx 
for one value x = 2p distinct from 21, %2, «++, 2, and such that | x)| < R. 
Then |u| = |y|/x = M for x = x; on the other hand, we have proved 
that |u| = M for |x| <R. Since |2| < 3(R+|20|) < R, u is holo- 
morphic inside and on the circumference |x| = 3(R + |2 |), and |u| 
takes its maximum value M at the point 2» inside this circumference; 

* As everywhere in the following. 

t No 2» may occur more times than indicated by the multiplicity of the corresponding zero 
of y. This condition is always understood in the following without being expressly stated in 
each case. 

t In the translation, this note has been changed so as to include the proof that the special 
rational function given below is the only one for which | y| = Mx. 
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by the function theoretic theorem quoted before, u is therefore a constant, 
and since | u(r) | = M, we have u = yM, where y is a constant such 
that | y| = 1. Returning to the function y, it follows that 


Riz — 
= MII 2) 


v=l yl 


Conversely, it is seen at once that this y is ansiaie for |a| < R, and 
that for every x where | a | < R, we have | y| = Mx (and hence | y! < M). 
Since x > 1las|az| > R, we also have | y| > M. 
Before proceeding to apply the lemmas proved in this paragraph, we 
shall consider the last of them for a moment, writing it out at length: 
When y(x) is holomorphie and | y| < M for |x| < R, and when x, x2, 


, £, are some of the zeros of the function in the region considered, then 


Pn a A! a A 

= R(a — x1)-R(a — a2)---R(a — Xn) 

When moreover y is holomorphic in a larger region |z| < R’(R’ > R), 
the lemmas 3 (c), 3 (b) and 3 (a) allow us to include a fortiori among the x 
occurring to the right any number of other z, situated quite arbitrarily in 
the extended region outside the original one, the corresponding factors 
1/x, being = 1 for |a| < R (and since | «| < R, it is unnecessary to add 
the restriction x + x, for these new z,). Of course we are at liberty to let 
these x, coincide with any existing zeros of y(x) in the new region. 

This extension of lemma 6 includes, for x = 0, my theorem quoted 
above in § 1 no. 3, as well as the results of Carathéodory and Fejér in the 
paper quoted in ® 

Lemma 6 may also be extended in another direction. It is no essentially 
new problem to consider zeros of y — 7 instead of zeros of y, 7 being an 
arbitrary constant subject however to the condition |_| < M. All that 
is necessary is to replace y by the function 

M(y — n) 
re 
In fact, this function is holomorphic, our assumptions showing that the 
absolute value of the denominator is greater than zero, and by lemma 3 (a), 
the absolute value of the function is less than unity. We may therefore 
apply lemma 6, and thus find the following extension of the latter: 

When y is a holomorphic function of « for |x| < R, and |y| < M for 
|a| < R, and x1, X2, +++, %n are some of the zeros (interior to this region) of 
the function y — y, where n is a constant such that | 4 | < M,* then 


M\y—1|3S|M’*—-n\«, 


where Kk = KiKo***Kns 


* When | 7 | = M, the region considered contains no zeros of y — 7. 
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For 7 = 0, we again have lemma 6. What is said above about extending 
the latter will of course apply, mutatis mutandis, here also. 

From «x = 0 we conclude that y(x,) = y for v = 1, 2, ---, n, and from 
the theorem it follows a fortiori that M | y — | < |M? — ny|or|y|<M 
(by lemma 3 (a)). Hence the theorem is complete. 

For x = 0 we obtain the result of Landau °, p. 107; see above, p. 3. 


§ 3. General theorems concerning functions bounded with respect to their 
absolute value. 


In addition to the notations and definitions introduced in §2 (p. 9) 
we shall assume throughout this paragraph that | y| < M for |x| < R, 
unless otherwise stated. 

THEOREM 1. When 2p is fixed arbitrarily* within the region, and xo, Xi, 
+++, » denote some of the zeros of y — Yo in the region (in particular, none of 
them except Xo), then we have the following three equivalent inequalities 


I. M|y — yo| =| M* — goy| «; 

(M? — | yo |?)(M? — | y |?) 
M? 1 — x’ 

M? — | yo|? ” 

= | Yo [2x22 


II. ly-yPS 


_ y, Ma «) | 
¥° MP — | yo [*x*| 


ITI. - 


| = 


where 
K = KoKi° ° ° Kae 


The theorem is complete, 7.e., all the assumptions follow again from either one 
of the inequalities I, II or III, provided that there exists an xo for which | yo | 
< M. 

Proor. On account of the assumptions, the function y — yo has zeros 
for x = 2%, %1, +++, Xn, and I is therefore an immediate consequence of 
lemma 6 in the extended form given at the end of §2. Supposing con- 
versely that inequality I is true, then y = yo for x = 0, and from I it follows 
a fortiori that M|y— yo| < | M? — gy|. When there exists an 2p 
for which | yo | < M, then we also have | y| < M by lemma 3 (a), and 
consequently I is complete. 

Squaring both sides of I and using the identity in lemma 2, it follows 
that equivalently 


M?|y — yo|? S| M? — gy |?x* ° 
= [M? | y — yo? + OP — | yo |)? — | y |2)]«2, 


and this is equivalent to II. 


*In the applications it is of course most advantageous to choose 2» so that yo = y(%o) has a 
convenient value. 
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Applying lemma 4 to I (writing y for u, yo for wu», M for R and x for k) 
we find, since | yo| x < | yo| < M, that I and III are equivalent. Thus 
theorem 1 is proved in its entirety. 

Note 1. I and II are also true under the assumptions | y| > M, 
| yo | > M, as is seen at once upon replacing y by 1/y and yo by 1/yo; this 
also follows from lemma 3 (0). 

Note 2.* The equality sign always holds in I, II and III for the 
particular values « = 2 or %:-- or Xn. If it holds for an x distinct from 
these, it follows from the note to lemma 6 that y is of the form 


y= M_ . yM Re TT pe = #2 


— ty, 
M a v9oR"™ I “ re 


where | yo | < M and | y| = 1, and conversely, the equality sign holds in 
I, II and III for all x such that | x | < R when y is of the form indicated. 
Nore 3. For yo = 0, I, II and III reduce to lemma 6. 
THEOREM 2. Under the same einen as in theorem I we have 





? 


— | yo |? : 
1." 
ly — yo| S (M+ | yo! «)k; 


K 


(c) |y — yo| = VM? — | yo |? 7 —. 


(a) ly-wlsr 


Proor. (a) follows from theorem i, I upon replacing 
| M? — goy | = | M? — | yo |? — Goly — yo) | 


a fortiori by M? — | yo |? + | yo||y—yo!|. (0) follows a fortiori from (a), 
and (c) a fortiori from theorem 1, II. 
Note 1. When an 2 exists for which yp = 0, (a) and (6) are evidently 
complete. 
Note 2. When 
_R |a — Xo| 


sag ~ R2— gor’ 


it is easy to derive from (a), (b) or (c) upper bounds for the absolute value 
of the difference quotient (y — yo)/(~ — 2%). For x +42, the first of 
these gives Lindeléf’s formula (upon replacing 2» by 2) 


dy| _ R(M’— |v!) 5 

\dz| = M(R? —[2/*)° 
* This note has been changed to correspond to the changes in the note to lemma 6. 
t See above, p. 4. 
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We shall return to this in the following in more general (and better) forms. 
THEOREM 3. Under the same assumptions as in theorem 1 we have, 
n being a constant, 


M1 — x) | =. 


] 








~ 40M? — Typ P| M? — | yo ss=ly— 79 
whe M*X1—«) |, yy = 
oat i — wap Ty fel + ae oe 





THE PROOF of the two inequalities follows from theorem 1, III upon 
replacing the left side by 


<a M?(1 — x’) a 
7 Yonge — | on | yo | 2x2 Y¥ 1 
and 
| M?(1 — x’) | 
ly-—al- ~~ YOM? — | yo [2x2 
respectively. 


Nore 1. For x = 0, both inequalities reduce to the identity 


ly(z,) — | =|yo— 7]. 


Note 2. For yn = yo, the inequality to the right reduces to theorem 
2, (a). 

CoroLuARyY 1. When 7 = 0, theorem 3 takes the following form (after 
a simple reduction to the right and left) 


| yo| — Mx _ 2 Lyo| + Mr 
wd ES y|= at es Yo! K 


(Before going further, we shall prove this corollary in a different manner 
by the inequality to the left in lemma 5. From our assumptions, it follows 
that 
|M(y — yo)| — 
| =~ YoY | = 





or a fortiori 


M(| yo| — |y|) — isi = | yol) _, 
M—Tyliyl=* 4 eR] [yollyl—” 








and from these, the inequalities to be proved follow equivalently by solving 
in respect to | y |.) 

Moreover, it may be noted that when there exists an 2» such that 
Yo = 0, the inequality to the right reduces (for this value of xo) to lemma 6, 
the generalized lemma of Schwarz, and is then complete. Besides, we 
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always have 





| yo| + Mx ( (M — | yo| se) 
M -—_—__ = M _ 
“M+1yol« Nine 
when 
A noteworthy special case is xk = xo,* or 
| | R2 — ‘a sad 
M yo || R? Fort | MR \x PA. at oi 


M | [R? — aot] — P| ola — %)| 
«tt | yo| | R? — zx | + MR|x— | 


M | R? — Zor | + R| yo(x — 20) |’ 


which reduces, for 2) = 0 (and yo = y(0)), to two of Lindeléf’s formulas 
(l.c. “), formula (4) p. 12,¢ and formula (1), p. 11, compare above, p. 4). 
From corollary 1 we deduce 
COROLLARY 2. 





ca 18 : , » M? — | yo|? ‘ 
Mia — 0) SP - [yt sp + 0) 
Proor. Corollary 1 may be written 
ae pe ss aa 
and 
| on | Yo | < |< ae ciale : 
Mya eit - 9 SM -lwleMya yt, 


whence corollary 2 follows upon multiplication member by member. In 
the following, we shall have occasion to use the inequality to the right in 
this corollary; but it should be stated explicitly that this cannot be used 
to advantage unless « has such a value that the right-hand member is 
< M?; otherwise the inequality is trivial, and it is better simply to use M’. 
Since we may replace the right-hand member a fortiori by 





» M? — | yo |? —" 1 - Kk 
Mpa — a) +4) (M? — | yo |’) 7— 
it is seen that the formula is advantageous when 
| Yo |? 
< ou saa | Yo [2 . 
or at any rate for 
k< 1. er ; 





* Where consequently no assumption is made regarding the existence of the zeros 21, X2, ++ 
+ From which however a superfluous restriction is removed. 
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CoroLuaRy 3. When 0 < M’ < |y| < M, then 


| yo| + Mx 
M + | yo| x’ 


Proor. The inequality to the right has already been proved in corollary 
1, and the one to the left follows by applying the inequality to the right to 
the function 1/y and replacing yp and M by 1/y and 1/M’. 

THEOREM 4. Under the same assumptions as in theorem 1, and making 
n (+ Yo) a constant less than M in absolute value,* then 


Mi —_ | 
ysn for Kk = Kokie+ + K&a < qf =m. t 


' 





y|=M 


Proor. y + 7 when the first member in theorem 3 is positive, or when 
le M?(1 — x’) ro - 
("8M — Tyo Pe 
By lemma 4 (writing « fork, M for R, » for u and yp for wo; it follows from 
our assumptions that M? + gon and x | yo| < M) this inequality is equiva- 
lent to 


| Ma — Yo) | M(yo — n) | 


| 
| M? — gon M? — ayo |~ © 
which proves the theorem. 
Another proof is obtained by applying the left side of corollary 1, 
theorem 3, to the function 


My — 1) 

M? — ny’ 
which is less than unity in absolute value (as shown at the end of § 2), 
and which moreover takes the value 

Myo ve n) 

M? — nYo 
for x = x, (v = 0, 1, 2, ---, n), whence 


|M(yo — 1) | _ 
M(y — n)|— | M* — ayo 
M? — ny i- |My — 1) 
| M2 — ayo |* 





* For | » | = M, we have y + 7 in the entire region |x| < R. 
+ By lemma 2, this condition may also be written 
M? | yo — 1/? ae 
S Ply — a + OF — [2 PGP —lyP)’ 
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Note. It is apparent at once that the more factors it is possible to 
put into « on the left in the inequality in theorem 4, the larger will be the 
region it determines for x. The significance of the theorem is thus greatest 
when we know as many of the zeros of y — yo as possible; but we may 
always make x = xo and obtain 

CoROLLARY 1. 

R(x — Xo) | ~ | M(yo — 0) 


yaa for 00 =| Re ae |< MP — a | 


We note the particular case 2) = 0 (and yo = y(0)), which gives the result 
due to Landau (l.c.°, p. 105) quoted p. 3 above. 
Another noteworthy special case is 7 = 0, which gives 


|R(a sea Xo) | yo| 
y +0 for |? — for <“ 9: 
Hence we obtain a fortiori, replacing 

| R? — Zor | = | R? — | to |? — Zo(e — 20) | 


by R? — | xo |? — | to| | 2 — 2o|, the result of Lindel6df (1.c.", formula (5), 


p. 12): 
R? — | xo |? 


y +0 for la — tol < RM ewel |! Yo!|. 


CoroLuary 2. The preceding corollary may be transformed equiva- 
lently into 
R*(| M? — nyo |? — M?|-yo — |’) 
yr om ™ 70 R? | M? — nyo > — M? | xo(yo — n) ? 


- RM(R? — | xo |?) | M? — nyo| | yo — a] 
R? | M? — nyo |? — M?| xo(yo— 2) |? ’ 








and in particular 





| R?(M? — | yo|?)|_ ~ RM(R? — | x0 |?) | yo! 
y +0 for |e — To pay? — | xoyo |? RM? —|xyo)? * 


The last region is larger in every direction than the one due to Lindeléf 
which we have just quoted. 


Tue PROOF follows by using lemma 4 for the transformation of corollary 
1 (writing | [M(yo — »)]/[M? — nyo] | for k, x for u, and 2 for uo; we then 
have 
M(yo — ») — 9) | 


| Zo | | M? — nyo < | ao| < R). 
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Using the identity in lemma 2, we also have 


es R?(M? : — | yo|?) 
y + » for ( ~ *0 RM? — [9 [) (ME? — [yo |?) + M2] yo — 9 PCR? — | 20) | 


RM(R? — | xo |*) | M? — nyo| | yo — 2| 
S ROP = [9 OP — | yo 2) + M?| yo — 1 PCR? — | ao)" 


Tn£OREM 5, CONCERNING THE DERIVATIVE OF y. Under the same assump- 

tions as in theorem 1, we have 
ldy|_ R(M?—|y)?)_ RM M—|yF + 
dx = M(R? — |x?) = R?— |e PM?—[ yo Pe 

Proor. As we have noted before, the first inequality, Lindeléf’s 
formula, is an immediate consequence of theorem 1, I or II, making x = ko 
and 2) >2. The second inequality follows from theorem 3, corollary 2; 
inequality to the right. 

Note 1. The inequality obtained a fortiori by leaving out the middle 
member may be said to be more extensive in a certain sense than Lindel6f’s 
formula, since the latter results from the former for 2) = x. Moreover, 
the third member contains not y but yo, which may be regarded as known. 

Norte 2. To find when the equality sign holds in this theorem, 
let us assume that for « = x and y = Yo (|| < R, | yo| < M) we have 


dy| — R(M*? — | yo|?) 
Z| - M(R? — | 20?) 


_ My — Yo) KR? — Zor 
. Je joy R(x — Xo) 


is holomorphic for | «| < R, and making x = xo in theorem 1, I, we find 
|u| S1for|x|<R. Moreover, 


M(R* — | x0 |?) ¥— ve ee uy 








The function 





M0) ae ~ RUE — [yo P) sant — to RCM? — | yo?) 


and using the value of | dy/dz|o, it is seen that | wu(a)|= 1. Since 
|ao| < 3(R+|20|) < R, wis holomorphic inside and on the circumference 








* Tustead of the first inequality we may write a fortiori 
RM 


dy | — = 
‘x | = Rk? — | |?" 
When it is also known that | y | > M’ > Oin the region considered, we have the stronger inequality 
|dy| — R(M? — M") 
|dz| ~ M(R? —|2/?)° 
+ This note has been changed in the translation to correspond to the changes in the note 
to lemma 6. 
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|2| = 3(R + ||), and |u| takes its maximum value unity at the point 
xo inside this circumference; by the function theoretic theorem quoted 
immediately before lemma 6, u is therefore a constant = y, where | y| = 1. 
Substituting u = y in the equation defining u and solving for y, we obtain 
yo(R? — tox) + yMR(x — 0) 
M(R? — Zor) + vGoR(x — X)° 
Retracing the steps of the proof, it is seen conversely that for any y of 
this form, where |x| < R, | yo| < M, | y| = 1, the equality sign holds 
to the left in our theorem when x = %o. 

Nore 3. We have observed before (see above, p. 4) that Lindeléf’s 
formula contains for x = 0 an earlier formula due to Landau which, writing 
y as & power series in x 


y(x) = Co Oye + Cot? + --- 
with radius of convergence = R, may be expressed thus: 
RM | c; | = M’ - | Ge f*.* 


It is easy to give a more general form to this result. Let p and q be 
integers, g > p = 0 and let @ be a primitive qth root of unity; then 





y=M 


2 
ge Py (ae") = LP(Cyp H Cop gh? H+ Copaqt?? + +--+) 


where the expression to the left is less than M in absolute value, and the 
series in parentheses to the right, considered as a power series in x2, con- 
verges at least for |227| < R*. Considering all values of x for which 
|a| =r < R, the series in parentheses will be < M/r? in absolute value 
for all these x, and therefore also for all |z| <r. But r may be taken as 
close to R as we please, and the absolute value of the series will therefore 
be = M/R?. Hence, by Landau’s theorem 


M M? 
R¢ a, | Cpt | = Re» — | ¢p P, 


Re+eM | Cp4q| <M? — R* | c, |?, 


* That Landau (I. c.2) proves this formula for R = 1, M = 1, implies no restriction. Inci- 
dentally, Lindeléf’s more general formula may be derived from Landau’s by a linear substitution. 


Writing 

y(zx) -1 (5 zo) ) 

y R? + Zox ’ 
then, by lemma 3a, | f(x) | < M for |x| < R, and f(x) is seen to be holomorphic in this region. 
The formula RM | y’(0) | = M? — | y(O) |? becomes 





HP (eo) | (Rt — | 20 2) SM? — [fles) P 


which gives Lindel6f’s formula upon replacing f(x) by y(x) and 2» by z. 
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which is the relation we desired to prove.* In the particular case p = 0, 
we obtain the generalization of Landau’s theorem due to Wiener and quoted 
on p. 4. 

THEOREM 6, CONCERNING THE DIFFERENCE QUOTIENT OF y. Under the 
same assumptions as in theorem 1, we have for x + x* 


ly — y*P _ RM? — | y |?)(M? — | y* 


je— ae] = eG [e hare" P) | 
where x* is a new independent variable, and y* = y(x*). When, conversely, 
this inequality is satisfied, and there exists a certain value of x for which 
ly | <M, then|y| < M for all x. 
Proor. In theorem 1, II, we make 


_ _ Rix — x| 


ee M0 [R? = Sot]? 


replace x» by x* and obtain 


yov? ROP |y Or —|y*/) 


x — 2*| — M?(| R? — a*2 ? — R?[ 2 — 2* ?)? 


applying the identity in lemma 2, this becomes the desired inequality. 
When there exists a certain value of x* for which | y*| < M, we find 
conversely by theorem 1 that the inequality of theorem 6 is equivalent to 


|My — y*)| _|R(@ — 2*)| 
| M? — g*y = R? — g*x |’ 

whence a fortiori | 
M(y — y*) 


M? — g*y - ms 


and this is equivalent to | y¥| < M by lemma 3 (a). Thus the proof of 
theorem 6 is complete. 

Note 1. By note 1 to theorem 1 it is readily seen that when there 
exists a certain value of x* for which | y*| > M, then the inequality in 
theorem 6 will also imply that | y | > M. for all values of x in the region 
considered. 


*It is easy to generalize this result considerably. But this would fall beyond the scope of 
the present paper, and must be reserved for another occasion. 
+ Hence a fortiori the simple formula 





a | — 

i N(R — [2 )(R? — | a*P) 

When it is also known that | y| > M’ > 0 in the region considered, we have the more accurate 
formula 


y-y* R(M? — M”) 
x—2*| ~ Mv(R? —[2)(R? —|2*[)_ 
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Note 2. When it is desirable to avoid y or y* to the right in the 
inequality in theorem 6, we may eliminate either or both of these func- 
tions as before, so that there occurs instead a yo which may be preferable. 
To this purpose, we replace a fortiori 

M? — | yo? 
lees 2 .. —_ 2 
M ly | by Mi — ly Pat + 


(theorem 3, corollary 2), and 


M? — | yo |? 
M?—|y*? by May al + oN, 


x* = x(2*). 
Evidently this may be varied in many ways, for instance by replacing « 
by xo and x* by the x,* obtained by changing 2 into 2»*, which necessitates 
replacing yo by y(xo*) in the second of the expressions above. The formula 
thus obtained—without assumptions regarding 21, 22, - --—is very general. 
For x) = x and x,* = 2* this of course reduces to theorem 6. 

The above will undoubtedly be sufficient to show how we may proceed 
in other cases when an upper or lower bound of | y | is given. 

A last general remark may be appropriate. Let us assume that under 
the assumptions in theorem 1 (viz., |y|< M for |x| <R, |a|<R 
and 21, 22, ---, %, some of the zeros of y — yp in the given region) we have 
found an expression (non-analytic) in y, yo, M, x, Xo, 1, «++, tn, R satis- 
fying the condition 
(I) U ( ie ir) = 0, 





where 


Since, for 7 constant and | 7| < M,|y| < M is equivalent to 


M(y — n) 
M? — ny 


and M(y — n)/(M? — ny) takes the value M(yo — n)/(M? — nyo) for x = 2p, 
21, ***, Un, the more general formula 


a O(a aw) ®° 


follows from (I), which in turn results from (II) by making n = 0. Again, 
making 7 = Yo, we find the simplified formula 


M(y — Yo) )= 
u (Fee, 0) =o. 


<i, 


This may be varied in many ways. As we have already done in particular 
cases, 7 may be taken as a function of another independent variable z,* 
particularly when 21, 22, ---, 2, are disregarded. 
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Although the theorems in the next paragraph concerning a bounded 
R(y) become in fact more or less direct corollaries to the developments of 
the present paragraph, when using the formulas for the connection between 
absolute value, real part, etc., given at the beginning of § 2, the details are 
of sufficient interest to justify us in dealing at some length with theorems 
of this kind. 


§ 4. General theorems concerning functions bounded with respect to their 
real part. 


In addition to the notations and definitions introduced in § 2, we shall 
assume throughout this paragraph that, unless otherwise stated, R(y) < A 
for |x| < R, where A denotes a real number. 

THEOREM 1. When xp is fixed arbitrarily within the region |x| < R, 
and Xo, 21, «++, Xn denote some of the zeros of the function y — yo in this region 
(in particular, none of them except xo), then we have the following three equiva- 
lent inequalities: 

I. ly — yo| =|y¥ — yo — 2(A — Ryo) | «; 


DY 
K* 


i-2 


II. ly — yo|? S4(A — Ryo)(A — Ry) 


9 
K2 


1 


where kK = KoK1***Kn- 

The theorem is complete, t.e., all the assumptions follow again from either 
one of the inequalities I, II or III, provided that there exists an xo for which 
R(Yo) < A. 

Proor. We write for brevity (as in all the following proofs) 


a=A—Ry), ad =A — R(Yo). 
Then a > 0, ap > O and R(y — yo) = ao — a < G, which is equivalent to 
4aoR(y — yo) < 4a,” and to 
ly — yl? <|y — yo|? — 4aoR(y — Yo) + 4a? = | y — Yo — 2a |? 


by the first identity in §2. Consequently, since R(y — yo — 2a0) < — ao 
< 0, 
Y — Yo 
Y — Yo — 2ao 





is a function of x holomorphic in the given region; moreover it is < 1 in 





"Ur 
a ae een ly — Yo , senile 
=~ly — yo? +4(A — Ryo)(A — Ry) 


K 
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absolute value and has the zeros x» and 21, %2, ---, Xn, if the latter are 
assumed to exist. Lemma 6 therefore gives 


| dy 


ly — Yo — 2ao| 


K = KoK1"**Kn, 


which is equivalent to I. Conversely, when we assume that inequality I 
is true and that there exists an 2) for which R(yo) < A, we have y = yo 
for x = 0, and also, a fortiori, | y — yo| < | y — yo — 2a0| which we have 
just shown to be equivalent to R(y — yo) < ap or R(y) < A; the in- 
equality I is therefore complete. 

Squaring I, we have the equivalent inequality 
Ly — yo? S (ly — yo? — 4aoR(y — yo) + 400?) x? = | y — Yo |?x? + 4acax? 


which is equivalent to II. 
III may also be proved by squaring, but we prefer the a method. For 
|a| < 1, inequality I is equivalent to 


ly — Yot aly — Yo — 2ao)x | S| aly — yo) + (y — Yo — 2ao)x | 


which, for a = a = — x (which satisfies the condition | a | < 1), is equiva- 
lent to 
| (y — yo)(1 — x?) + 2aox? | S 2aox, 


which again is equivalent to III. Thus theorem I is completely proved. 


Note 1. When we replace y by — y and A by — A in theorem 1, it 
is seen that I and II remain unchanged; these two inequalities are there- 
fore also true under the assumption R(y) > A for |a| < R. 

Nore 2.* The equality sign in I, II and III always holds for x = 0 or 
X = Xo, %1, °**, Xn. If it holds for an z distinct from these, it follows from 
the note to lemma 6 that 


=. 22 — 
Y — Yo — 2a YM R? — &2 


where 7 is a constant such that | y | = 1, or 


x— 2, 


yR™ IT ee 


Y = Yo — 2(A — Ryo) = 





and conversely, the equality sign in I, II and III holds for all xz such that 
| «| < R when y is of the form indicated. 





* This note has been changed to correspond to the changes in the note to lemma 6. 
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THEOREM 2. Under the same assumptions as in theorem 1, we have 


» \ A 
Yr Yo = 2A — Myo 1K! 


Proor from theorem 1, I upon replacing the right-hand member a 
fortiori by y— yo «ct Z2aox.* 

Notre 1. From the inequality in this theorem we may again derive 
some of the assumptions, V1Z., y¥ = Yo for x = 1%, To, -*°, 2, 

Note 2. For x = ky we have 


R eae 


Y¥— Yo =2AA — M 
' * 47 | R?—gr|—-Ri\r—2z 
and making x) = 0 in this inequality, we obtain a theorem due to Lindel6of 
lec.", p. 15 
. ») \ & 
y— yO 2.4 — Ky(O0 ei 
‘ , . . . . . ‘ ) 
whence Carathéodory’s theorem (see above, p. 3) follows a  fortiori.7 
Assuming x + 2x», dividing the first formula above hy 9 x and , 
letting 2, > xv, we find another theorem due to Lindeléf (1c. 
dd) — })/ 7 
GY . oP A aT 4 . 
ar R = x 
i 


to which we shall return later. 


THEOREM 3. Under the same assumptions as in theorem 1. and n hye ing a 


constant, iV have 


Yr-n = n-— Yt 2A — My , t2(A — Ry 


THE PROOF follows a fortiori from theorem 1, II] upon replacing the 
left member of the inequality by 


y = Bea 7 01 = i= 2 
l-« 
x 1 4 4 ) 
In a particular case, viz., when + is known to have such a value that Rly) = Ry), the- 
orem 1, II gives the stronger inequality 


Y— Yo| =2A Ry 
v1 k 


+ From theorem 2, it follows a fortiori that in the general Case 


. h 1 + x 
y =! yo! +2/A —Ry =|3yo|+2A.° t My - 
] a ] , a ] A 


a direct generalization of Carath¢éodory’s theorem. 
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and 
Y¥—1| —|9 — Yo + 2a 

1 — x’ 
respectively. 

Note 1. For x = 0, both inequalities reduce to identities. 

NoTE 2. For n = yo, the lower inequality reduces to theorem 2. 

NoTE 3. As a special case of theorem 3 we find for 7 = 0, « = x 
and using the identity in lemma 2: 


R? x — Xo 


i] — Yyg — 204 -— Me 
Y R? — | z, R?-— x 
(4 , Rizx—2,|' R? -— xa 
—< — WY wr 
oy (RF — | x |*)(R? — 2x? 
and 
4 R?'x—2 
/ Yo — LA = Ky 
R = l R — l 
, 
9 { ) R ag = Za R — Fit 
ofa — Bile 
’ y R?-— ax, *)(R?- x 
For x 0 the second of these two formulas reduces to a theorem due to 
Lindel6f (ibid., written however in a simpler form), 
( (A — Ry(O = 4 — Pay Riz 
) yy - WO) — BLA — Ny le i+ 9(4 — My(O 
Y : Y RP: el r? U R —_ z 


Carathéodory's theorem follows a fortiori from this theorem also. 
"THEOREM t. Unde r the SUI assumptions as an theore Mi l, and 7] he ing 


a constant such that 7 +7 and © n) « A,* we have 


, 769 F , 
ys? jor K = KoK1°**Kn \ ‘ 1 
| rj ‘Soo a ee 
Proor. We consider the function 
y—-n 7 y—-n 
y+n- 2A — n— 2(A — Mn) 


which is holomorphic for =o2> < R since Wy +7 — 2A) <0 by our 
assumptions. Writing » for yo in the proof of theorem 1 we see at once 
that the function is < 1 in absolute value, and that it takes the value 


Yo— 7 
: Q) 
Yo Te 2A 
* Por Rin) = A we have y + 7 in the entire given region |x| < R. 


+ This condition May also be written 


A 





A a 





a ee 
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n by 0, y by the function just considered, and MW by unity 


left to the reader. 
COROLLARY. For x = ko we have 


R(x — x Yo — 


y =n when 


for /, where (Yo — 9) (Yo +n — 2A Soi <|zei < 


Y +-N when a= 2 


and in particular 
R oe 2A _ Y 
i? | Yo — 2A |* — | Zoey 


y + 0 when r—zx 


yun when r-w 

Ry 7 — 2A 
as is readily found by replacing R? — z.r° a fortiori 
— x(/% — ro) in the condition given at the beginning. 


Proor. From theorem 1, II it follows a fortiori that 


x 
WM Y= Yo) }° = (ag — @ ~ 4faya | 
a 


or equivalently (a) — a)” 


R?— Zr ~\yo tn — 2. 


or equivalently (by lemma 4, writing, x for u. ry for uw, 


>) 
ZK 
— (A — Ry | = Rly — yo) = (A — Myo 
oa I 
or 
2k L + 2 2h 
_ A eS }; Yo) } ] wp + xy) 
“ES : tly ee uly | | - i 7] 


for v= Xo, 1, «°°, tae By reason of $3 theorem 4 (in which we replace 
, our theorem is 
proved. (Another but less simple proof is obtained by applying the a 
method to the upper inequality in theorem 8. The details of this are 


hy R . a 


THEOREM . ( nder the same assumptions as in theorem 1. we hare 


























gee 

















THEORY OF ANALYTIC FUNCTIONS. 27 
or 
qd —~ Ga | = € ] + 4 
C= = = K, or ly = @ =i 
at a 1+ k l—, 


which are equivalent to the inequalities to be proved. 
Nore 1. For « QO, both inequalities reduce to identities. Supposing 
the inequalities to be true for a certain function y, it follows conversely 


from the inequalities to the right that 2(y) = M(y,) for « = 0, and more- 
over we have a fortiori Wy — yo) <A — Wyo) or Ry) < A, provided 
there exists an wy) for which Wy.) < A. 
NOTE 2. lor k ky we have 
" 2R xr-—27r oo: a 
— (A My R?—-f0e -—R xvr—we My — Ye 


2R go Ba 


R?-—-zf07 +R ar-@27 


i~- My 


which reduces for 29 = 0 to a formula given by Lindeléf (Le.", p. 15 


ae 2\a 
— (A — My(O0)) — Wy — y(O)) = (A — NYO 


CoroLLARY. When A’ < My) < A, then 


+) ) 


a 
Rly — yo) = (A — Myo) . 
1+ k i d : l+k 


A’ — Ryo), 
Proor by applying the inequality to the right, which we know already 
from theorem 5, to the funetion — y, since 3W(— y) < — A’. 


THEOREM 6. Under the same assumptions as in theorem 1, we have 


mY y=— 9 = - A _ My | on 
— Kx 


Proor follows at once from theorem 1, III by replacing a fortiori 


K 
1 — x 


Y — Yo + 2ao 


on the left by its imaginary part.* 


Note 1. For « = 0 it follows from the inequality that B(y) = Q(yo). 
The inequalities in theorems 5 and 6 taken together give again all the 
assumptions from which we started, viz., y(v,) = y(%o) for vy = 1, 2, +--+, 7 


and My) < A, provided that there exists an 29 for which Wyo) < A. 


*In the particular case when «is known to have such a value that W(y) = R(yo), theorem 1, 


IT gives the stronger inequality 
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NOTE 2. For «x = ko, we have 
. ) { )\ R ee 2 R? —~ Jon 
a. — ; 
~3 iY / ~- Ly R ig x, R * r ) 
which gives, for x) = 0, another formula due to Lindel6éf (Le.): 
, : Ra 
Vy — lO = 9(/A — Sry(O 
. L ¢ “ R = 


THEOREM 7, CONCERNING THE DERIVATIVE OF yy. Under the same assump- 
tions as in theore m 1. we hare 
dy 1— ty 1— My) 1 


2) ae T ‘s kK 
dv "RP x Re—- ir? l-«’ 


Proor. The first inequality is already known from note 2 to theorem 2. 


The second inequality follows by replacing a As yt 4) a fortior! hy 


in view of the last inequality in the proof of theorem. 5. 

Note 1. For «x = 0, the second and third members are identical: the 
second member may therefore be removed without making the formula 
less general. 

NoTE 2.7 To find when the equality ~1eN holds in this theorem, let us 


assume that for 7 = xr, and y = y ry <BR, May) < A) we have 


di A — ait i 
yp ‘ 
ite oT / 


, » 
i aa mI 


The function 


y= y R? — For 
7 
Y— Yo — 2a, Rix —27 
is holomorphic for 2 < R, and from theorem 1, I with « = x», we find 
u' =1for « <R. Moreover, 
i R? — | x, °? lim JY R? — | x, |? ( 
UulTr net —, = 1m aaa " , 
hier 2R(A — Myo) 25.7% —-— 27 2RIA — Myo) iz) 
whence u(r) = 1. By the argument used in $3, theorem 1, note 2, it 


* When it is known moreover that 2(y) > A’, we have a fortiori 


+ This note has been changed in the translation to corre spond to the change s in the note 


to lemma 6. 
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follows that wis a constant = — y, where | y |) = 1, and consequently 
Ria — 26) 
1 Yo + 2Qy¥(A — Mayo) as 
; ; ‘ J R? — ix 4 yR(ax — Li 


Conversely, it is seen that for any y of this form, where oi < RR Yo) 


A, 4 1, the equality sign holds to the left in our theorem when 


r r 


Nore 3. Writing y as a power series in x 
yl x Co TT CX + Cot 
with a radius of convergence ~~ ?), the first inequality in theorem 7 gives 


the relation 
R e = 72 A — We, 


0, as noted by Lindel6f (1e.). As in note 2 to theorem 5 in $3 


ror 2 


we may derive from this the more general relation 
R Cc — 2A — Me 


(] being a positive integer. 
THEOREM S, CONCERNING THE DIFFERENCE QUOTIENT OF y. Under the 


SOE assumplions as in theore Me a we hare jor x += 2x 


;— y* A — My)(A — Ny* 


ihe 


t= 5" R?—-— vx R? — x*)’ 


hig ind a new inde pe nde nt variable 4 and y" Y ra ‘ H he nN CONnVErSE ly 
this ine quality is satistied, and there exists a certain value of x for wh ich 
’ ] ‘of } 
Sey) A, fhen yt y) « A Jor all Tr. 


Proor. Theorem 1, II, states for « = «9 that the inequality 


a,Q 


« . . 92 
y— 9% : la,a ; a aI ; ti R? a rT? R? wa Xo 


is complete when an zy exists such that Wyo) <A. Replacing xo by 2%, 
our theorem is proved. 

Nore. When it is desired to avoid y or y* to the right in the inequality 
in theorem 8, we replace a fortiori (as in the preceding theorem) 


a 


A— Ny by A — Myo) 
‘ . l kK 
and 
+ «* 
A — Ny*) by (A — Myo) 1 — xt 


§ 3, this may be varied in several ways. 


Exactly as in note 2 to theorem 6 in § 3, 



























FUNCTIONS OF LIMITED VARIATION IN AN INFINITE NUMBER OF 
DIMENSIONS. 


By P. J. DAanter.. 


In a recent issue of these Annals appeared a paper by the author on 
“ \ General Form of Integral.”* Integration was defined for functions of 
perfectly general elements, p. In a later paper In the last issue), the 
author was able to define two kinds of integral in a space of a denumerably 
infinite number of dimensions. One of these was the generalization of the 
Lebesgue integral in the interval 0 to 1, the other an iterated Stieltjes 
integral of positive type. In the present papel! functions, of a more general 
class, which are of limited variation in a denumerably infinite number of 
dimensions, are defined together with their corresponding Stieltjes integrals. 
References are made to Fréchet’s thesis.; Our attention will be confined 


in this paper toa” finite domain” or interval 


Cy = By = eS “+, & =z, = 5. 


1. Introductory remarks. [or the sake of definiteness we first define 
what we mean by a function of limited variation in a finite number of 
dimensions. Let a(r,, mo, --- x,) be a function of a finite number of 
variables in the finite domain 


ay = oe | pe b,, a, a h 


Divide the ranges of the variables into subranges as, for example, by the 
numbers 


a = Zo S23 S++ < Py by 


C= tas K Bae Kos HS Tes b.- 


This divides the original interval into a finite number of rectangles or sub- 
intervals which we name by their extreme upper corners. We denote 


Bia = a(%1;, Xo, %3 °** Bn) — a(21;-1, Do, - °°, Z, 


A;;"a = A A a) = alr; ) Lo a: a 
AN Tey iy OG * * gt = gi, Lor, Ba ***, Bal 


+— O X13 i Lo 1, Ba. see nee -F 


*P. J. Daniell, These Annals, vol. 19 (1918), p. 279. In this paper the author erroneously 
stated that E. H. Moore’s integral is a special instance of his. He takes this opportunity to offer 
his apologies to Professor Moore and to his readers. 

i M. Fréchet, Rendiconti di Circolo matematico di Palermo, vol. 22 (1906), p. 1(). 
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and so on; finally 
A; meng = A111, T9;, > **, Ing) —_ +s. - 
+ (— 1)"a(1s~-1, Laj-1, + ++, Baqui)s 


DEFINITION 1. 1. Positive type. The function a(x, +--+, 7,) is said to 
; ipa ' ; : 
be of positive type in the variables (x,, ---, z,), if 


Aj;"...9a = 0 


for all subintervals ‘ J; ee, |, whatever. 
DEFINITION 1. 2. Limited variation. The function a(x, «++, x,) is 
said to be of limited variation in the variables (x, «++, 2,) if 


p> or - k, 


t 
d 


where A is some finite number independent of the manner in which the 
interval is divided. The lower bound of such numbers K is called the total 
variation of @ in the interval (a@,, as, «++, d,) to (by, be, «++, by) 
DEFINITION 1. 3. Simple type. The function a(x, +++, %,) Is said to 
he of simple type in the interval Gi, de, ***, Gy) FO b,, bo, -++,b,), if it is 
zero Whenever any one of the variables, x,, attains its lower limit, a-. 
THEOREM 1. 4.) A function which is of positive and simple ly pe in the 
variables (x,, «++, &,) ts also of positive type in any collection of variables 
chosen from among (1, +++, Xn), the remainder being he ld constant. 
Let x,, %), +++, a, be the m variables chosen and consider an interval 
Coy Cay t 2% Cy) tO (Xp, Lo, +++, XD. The nth order difference of a in the 
interval 
Ba, Ge, >** Cop ***s Cy *** Ba) OO (2a, ***> ads 
that is to say where a,, «++, a, are the lower limits for all variables except 


the p,q, --- ¢ variables, 
Aa” a Li, oe 4, tai a tae se 00 6 oe (— ] \" oy ay, eee, Cpy oP An) 
oO Mis Pera. ee — ss 6 — ee ~ (— 1 y™a(X1, + ¢, Cae he Cry 1 oS. La). 


For, since a is of simple type, the remaining values of a all vanish. 
[Example. In the interval (a;, ¢2) to (4, X2) 


Na(x te) = aly, 22) — a(x, C2) — a(dy, X2) + a(y, C2) 


= aly, To) —_ Q\ 1, Co) — Q at. Q 


) 


Aal(xr,, x 


in the interval c. to xo, 7; being constant. ] 




















to 
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- « 
nd 


Then the mth order difference of a@ in the interval (c,, ¢,, «++ ¢,) to 
Up. Uy. 0+ X,), the other variables x,, +--+, 7, being held constant, is equal 
to the nth order difference of a in the interval 


Gs. 9%, Cy. oes Cp * > %y Ea BO fe, 8 £ 


If @ is of positive type, the latter nth order difference is non-negative, or 
the former mth order difference is also non-negative. The theorem is 
proved. 


THEOREM 1. 5. If CAD ys, ** 5 Be is of limited variation and simple type 
in the ra rable S at S06. Gals it is also of limite d rariation in any collection 
of variables chosen from among (U1, °°+, Xn), the remainder be ing held constant. 
Also, f the nth orde y total rariation | '¢ the latte r variation is also : kK. 

Let the interval (a,, a,, ---, a) to (b,, b -++, b.) be subdivided into 


subintervals in any manner, one of these subintervals being 
Gog Can 23 o5 o to d,,d., +++, d 


By the reasoning employed in Theorem 1. 4, the multiple order difference 
of @ in this interval is the same as the nth order difference of a in the interval 


Big 48% Bae 82 +e CH Ore Oe to Sa, ** = Ge «os, Oy ++, Ze 


The collection of subintervals of the latter type form a possible mode of 
subdivision of the n-dimensional interval and, therefore, 


2 A"Ma| = A, 
if A is the total variation of @ in the variables (r,, ---, 7,), in the interval 
My, +++, 4,) to (by, +++, b,). This proves the theorem. 
Example. (‘onsider the variation of a ei. in the interval, 
a=]¢ b.. Divide this interval by the numbers 
a = Fi << l, < E l h 
all Uo —al(l Po = a(l,, Xo —all a —ail l ri / a 


z A,a = > a 


K.} 


2. Infinite number of dimensions. 
DEFINITION 2. 1. Positive type. A function a(x;, «++, 7,, ---) of the 
denumerably infinite number of variables (2,, ro, ---, x%,, «--) is said to 


be of positive type, if, when 2,41, 2n+2, +++ are held constant, it is of positive 


type In (x,, +--+, 2,) for all integers n. 
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DEFINITION 2. 2. Limited variation. A function a(x, +++, tn, ++) 
of the denumerably infinite number of variables (x,, --- 2,, ---) is said to 
be of limited variation, if, when 2,4;, 2ny2, --- are held constant, it is of 
limited variation in (2;, ---, 2,) for all integers n, these total variations being 
limited in their set. , 

DEFINITION 2. 3. Simple type. A function a(x, +++, Ln, +++) is said 
to be of simple type in the interval 


Gy => 7; = D,, -**, dn =2,=)0 


i i ny ) 


if it is zero whenever any one of the variables, x,, attains its lower limit, a,. 
THEOREM 2. 4. Any function of limited variation and simple type is 
the difference of two limited functions of simple and positive type. Conversely 
the difference of two limited functions of simple and positive type is a function 
of limited variation and simple Ly pe ° 
The second part of the theorem is easy to prove; for, if a = 8 — £’, 


Ata = A"s — A’, 
Ata! = AB + A,’ 
S Ata! = B(dy, bo, ---, On, - ++) + B'(Dy, be, ++, On, +++). 


Also when 8 = 0, 3’ = 0, thena = 0. 

The proof of the first part is not so simple. Let A denote the upper 
bound of all variations of a, varying (2%, «++, 2,), holding x,.,, ---, constant 
for all integers n and all (x,,;, ---) in the interval. By definition such a 
finite A exists. Denote by 


GalZay * «*5 Day Datay ***) 


-++) holding (%na1, nao, -**) 


the total variation of a(£&,, &s, , 
constant and varying (£), ---, &) in the interval (a), a, +++, @,) to 
(x;, -*+, ta). This function is numerically not greater than A and is 
of simple type in all the variables. It is also of positive type in the vari- 
ables (a,, -°+, tn), When 2,.;, --*, are regarded as parametric constants. 
By Theorem 1. 4. if m= n, a, is of positive type in the variables 
(Se, *** Zeal. Fat 


re 
ox} 
a 


23, — & -t. (Xn. yi -— Qa. 
Then 8,, 8,’ are also not greater than K and are of simple type in all the 
variables. They are also of positive type in the variables (x7, «++, 2), in 
fact they are the positive and negative variation functions of a in the n 


variables such that 


> > ca ‘ 
a’ Bn = 


/ 
Bn + Br - Any 








an 
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the total variation function of a in the variables (x;, -+-,2,).. By Theorem 
1. 5 m= Nn, 
an On 


Then the sequences {a,}, {3,}, {38,’} are nondecreasing sequences limited 
by A and possess limits w, 3, 8’, such that 
a= fb =~ &, GSG+Tb = w. 
DEFINITION 2. 5. We define the total variation function, 


wl Er, Be, ***5 Bag ***) = Em a, (Fy, ***, = 


x 


as the limit, as ” increases indefinitely, of the total variation function, a,, 


of a in the variables (r,, +--+, 2,), holding x,.;. +--+ constant. Similarly 
we can call 3, 3’, the positive and negative variation functions respectively. 
Since 3,, 3,’ are of positive and simple type in Gr; +++, 2), by Theorem 
1. 4.if m =n, they are also of positive type in the variables (r,, --+, 2 


Therefore, in the limit, 3, 3’ are of positive type in the variables (ry), 
for all integers m: that is to Sav p, 3’ are of positive type in the sense of 
Def. Z. i. Again if I, a. 5 U, 6 () for all nor 

3 (), 3’ (), 


Hence 3, 3’ are of simple type, and they are not greater than A. The 
theorem is proved. | 

3. Generalized Stieltjes integral. Let 3 (7, ---, x7,, ---) be a limited 
function of simple and positive type in the interval 


Gy, ***, @., +*=~)} 0 Dy, «+=, &, 


as in our previous paper on integrals in an infinite number of dimensions, 
we choose the class 7) to be the elass of functions of a finite number of the 
variables, continuous in the given interval. As before 7, is closed with 
respect to the operations of multiplication by a constant, addition and 
taking the modulus; the functions are bounded, and if f;(p), «++, f.(p), 

are functions of class 7) such that 

filp) =felp) = --- =f, (p) = --- 20 lim f,(p) 
— 


for all p in the interval; then 


lim max f,.(p (). 


i / 


DEFINITION 3. 1. Let f(r,, ---, 7,) be a function of class 7’, then we 
define the integral of f with respect to 8 in the given interval as 


| fas = cee f Ln; i x, dB I; ee Le), 
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where the integration is over the finite number of variables (x,, ---, 2) 
and where 
Bir, ooo, Dil fb b,, ee ee ee ee . b,,) 


b I 
all the variables except (x,, «++, 2,) being made equal to their upper bounds 
by, -++,6,, +++). The right-hand integral is definite because by Theorem 


2. 4, and Definition 2. 1, B(x,, ---, x) is a limited function of positive 
tvpe and f is a continuous function of the finite number of variables 


a 


Mes, * © 95 ets 

It happens that a continuous function of m variables can also be re- 
garded as a continuous function of m+ 1, m + 2, --+ variables, by sub- 
joining variables with respect to which the function is constant. On this 
account it is necessary to prove that our definition of the integral is self- 
consistent. It js sufficient if we consider the case where one variable is 
added; that is, if a, is any variable other than 2,, 7,, «++, 2, then we can 
prove that, if fir,, «+--+, 2,)) is a continuous function, 


f f(25, +++, 2 )GB(a,, «+5 Xs) * | Sides ** +, SOM Sn ***> Bu Bul 


[kor convenience we have placed the variable x, last, but it may oceur 
anywhere with respect to r,, ---. 2] The right-hand integral is found 
as the limit of 


BI bve PY. ahead Bla tr, Ly) 
a = . 
< p.a~l é@.1 n->-1 (> . 
Elie oes BAREIS OD Aer Bay ay) 
Sut 
> ae ‘Ba ra Bia r,,b,) — Bla, r,, a 
B(zr,.-++.2%1) — 0. 


This proves the consistency of the integral definition. It follows without 
further difficulty that the integral 
/ f > {fd 


satisfies the postulates, 


ie | cf ) = cf f 
(A) Ii fs + fo) = I fi) + I( fo), 
P) I( f) = 0, if f = O for all elements p. 
Also if . 
B : 3(b,, oss. BD. saetd 
I(f) = Bmax f(p) 
> 


Using the fact stated in the paragraph before Definition 3. 1, we observe 





eae eae 
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that postulate (L) is also satisfied, that is to say, if 
fi(p) = Fs e) 2 +e = f,(p) oor = U= lim f,(p) 
for all elements p, then 
lim J( f,) = B lim max f(p) 
n 2 n "00 } 
= UJ. 


DEFINITION 3. 2. Let ala, «°:, ny **+) be a function of limited 
variation and simple type. By Theorem 2. 4 it is the difference of two 
functions 3, 3’ limited and of simple and positive type. We define 


S(f; a) =I(f; 8) —I(f; 8), 
J fda = | fds - | fds’. 
S(f) satisfies postulates (C) (A) (L). Moreover 
S(f; a) = (B+ B’) max f 
that is to say, it also satisfies postulate .W where 
Mi f) = max f. 


As we proved in the previous paper any continuous function is the limit 
of a sequence of functions of class 7, limited in their set and therefore we 
can define S(f; a) = | fda for all continuous functions f. We can also 
extend the definition of the Stieltjes integral to a wider class of summable 
functions by the methods used in our article “A General Form of Integral.” 

4. Example 1. Let a.(z,), a@,(x,, x;), «++ be functions of simple type 
and limited variation in the variables specified, in the interval 


Os, *“* *, Gey ~- =} BO b,. ---, b,, 
and let V;, Vi;, --- be the corresponding total variations. Then if 


SeVi=S, Tks |Va = Bs, 


n=! 
are convergent series and if 
i] 
2 & = K 
. n i 
is convergent, we may define 


QZ, °° *) Zay 2 **) = D2 ha (Z;) 2 2. k Mee N Te, Bat -t 
i ina 


and this @ will be of simple type and limited variation. In particular 
choose the interval from 


(Q, (0), (), see) to (by, be, “yb, re ey 





ne Ea et. 














— 
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iene ti ttc 





FUNCTIONS OF LIMITED VARIATION. 


and let 


=. 3 _.. 
Q\H1, Ta, ***, Xn, +++) = > II e(x |, 
_ #=1 


n=) N4 


g(x) = integral part of « + (1+ 2°). ¢(x) is of limited variation from 
0 to b., in fact from 0 to ~, for, at 7 = n, it makes a sudden increase from 


n— 1 n 
| 0 7 
l+n 1 + n*’ 
and then decreases continually from 
n { nl 
— Oo : = 
L + 0’ 1 + (n + 1)?’ 


when it suddenly increases again and so on. The variation of ¢(a) from 
Oto x is 


> ] . 2n? + n < 3 ] 
—l1+n° n? + 2n + 2)(n? +1) ~ °°" 14+ 7? 


and therefore is finite. 
The variation of a in the variables (x,, ---, x,) or 


<un(4, 1 ‘ 
=" ni’ (n+1)!° °° 


i ac 


~(n— 1)! 


for | ¢(z)| < 1. 


The right-hand expression has a finite upper bound, which proves that a 
is of limited variation, though, since this is only a particular case of the 
general example, we can see that the total variation is less than 
x 
— | 


"ni Y a - 
a ee 
beet ip. 


Example 2. Of an entirely different type is the following example. 
Let (x,) denote the lower bound of the variables (21, %2, +--+, %n, +**) and 
let the interval be from (0, 0, 0, ---) to (3, 3, 3, ---); then 


Q(%}, ***, Bn tot) = 0 0 = (z.) < 1 
= 1 ist) <3 
= — ] (s.) = Z, 


is of limited variation and simple type. To prove this it is sufficient to 
observe that we can express a as the difference of two limited functions of 
simple and positive type, in fact, 


Nai 
a = B — 28", 





I 
) 
" 
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where 


B(x; ) = 0 0 ae 
= | (7,) =! 

Pts, 1 )=0, 0) n+ <3 
= |, r 2 


Consider the nth order difference of 3 in an interval 
hss Ce, -*'*5 Ca) CO Los, Be, <2 ys By 


the variables 221, Lanse, *** being held constant. Since c, = 2,, if any 
zr, < 1,3 = Oat every vertex of the “interval” and the nth order difference 
is also 0. We suppose then that (r,) = 1. Let s of the c’s be = 1, the 
rest being < 1. Thenat the extreme upper vertex 3 1, at sof the vertices 
next to this 8 = 1 and at the others 3 = 0, at (°) of the next vertices 3 l 
and at the others 8 = 0, and soon. Then the interval difference 


ans=1-(7)+(5)--- + — 1) 


I 


If every c, < 1, 8 = 0 at every vertex except the extreme upper vertex, at 
which 8 = 1. Hence the interval difference of 3 is always zero except when 
tn) =1 andc, <1, (r=1, ---, n), and in that case the interval dif- 
ference = 1. 

In particular, 3 is of positive type. Similarly it can be shown that 8” 
is of positive type. 

It also follows that, if f(z,, ---, z,) is a function of class 7 


| fds = f(1, 1, ---, 1) 


{ fd” = f 2, Ae K+ 62 vAT 
so that 


J fdx = f(1, 1, «++, 1) — 2f(2, 2, 


~ 


Lastly if f is any continuous function of the variables (x,, «++, tp, ++-) 
| fda = f(1, f ¢ at l, ee — 2f(2, 2, a ae ee eee), 


The reader can readily invent other examples of this type. 
Rice INstirute, 
Houston, TEXas. 














A NEW SEQUENCE OF INTEGRAL TESTS FOR THE CONVERGENCE 
AND DIVERGENCE OF INFINITE SERIES.* 


By Raymonp W. Brink. 


Introduction. The convergence or divergence of a given series is deter- 
mined by the behavior of its partial sum, the sum of the first n terms of the 
series. If this partial sum approaches a finite limit as n increases in- 
definitely, the series is said to converge; otherwise it diverges. 

lor certain series, as for example a geometric series, it is possible to 
find explicitly a simple analytic expression for a function that for successive 
positive integral values of the variable takes on the values of the corre- 
sponding partial sums. Whenever such a function is known, the series is 
known to converge if the function approaches a finite limit when the variable 
becomes infinite, and to diverge or oscillate otherwise. 

Often when an ordinary examination of a given series Up + u; + ---, 
brings to light no such function S(2) having the property that 


S(n) = Sp = Up + Uy + Ug $+ e+ H+ Un, 


one can readily find a simple function u(x) such that u(n) = u,. And in 
other cases where no simple function S(.x) and no simple function u(x) are 
apparent, it is possible to find a simple form for a function r(2) having the 
property that r(n) = r, = Unsi Un, the general test-ratio of the series. 

More generally, it is often possible to find some simple function f(x) 
such that 


f(n) = fn = G(Un, Uns, °° *> Un+k)s 


a function of the nth term of the series and of a certain number of the follow- 


ing terms. Since u, = Spyai — Sp, We can write 


Y 


fi ni= | = Y(Sn, S, ce) Seg ies , ete 
Then the equation 
f(x) = W(S(x), S(x + 1), ---, Sx + kY) 
is a difference equation in S(x), which, if S(x) is properly defined in some 
initial interval, defines the function S(x) elsewhere so that S(n) = S,. 
An examinatien of this function S(x) is then often sufficient to establish the 
convergence or divergence of the series in question. 


* The results of this paper were presented to the American Mathematical Society, April, 1916. 
Many of the proofs, however, have been worked out in their present form since that time. 
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By means of this principle the following sequence of integral tests were 
suggested. Other tests may be suggested in a similar way. In discovering 
the form of a test involving a certain relation between terms of a series, 
instead of setting up the difference equation for S(.xr) it is often simpler to 
set up a difference equation for a function involved in an earlier test, and 
then make use of the form of the earlier test. Thus the form of the test 
of § 2 is obtained from that of $1. And from the form of the former test 
may be obtained that of $4. Whether the form is discovered in this way 
or by setting up the difference equation in S(.c), which may always be done, 
the difference equations will be replaced by differential equations whose 
solutions will serve equally well to suggest the tests. The validity and 
usefulness of the tests suggested in this way will be examined by independent. 
methods. 

Throughout the paper the symbol |u,,} will be used to denote a sequence 
Uy, Uy, Us, ete., Whose general term u, 1s positive. Since a finite number of 
terms do not affect questions of convergence, zero will be used as the lower 
limit of summation or integration in stating theorems. It seems better to 
omit certain changes in phraseology that suggest themselves for cases in 
which the conditions of a theorem apply only for values of a variable from 
a certain number on. 

1. The Maclaurin-Cauchy Integral Test. Suppose we are given the series 


Uy + Uy + Uy + 
If u(x) is a function such that u(n) = u,, the difference equation 
(1) Sir +1) — S(xr) = u(z) 


defines a function S(x) such that 
S n)= 8, = %+ Uy tres + Up, 


provided that S(z) is properly defined in some initial interval. From equa- 
tion (1), by the mean value theorem, 


(2) S’(£) = u(x) 
where x < << 2+ 1, and 
os ds 
oie) = : 
dz 


We may reasonably hope that under suitable restrictions, S’ (£) may for 
our purposes be replaced by S’(x) and that we may write, approximately, 


S(rz) = C+ { u(ax)dx. 


We may, then, hope that if certain restrictions are placed upon u(x), S(x) 
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will approach a limit or will fail to do so, and the given series will therefore 
converge or diverge according as the integral 


i) 
[ u(a)dx 


converges or diverges. Thus in this first application of our method is 
suggested the Maclaurin-Cauchy test* which is essentially as follows: 
Given a sequence \u,}. Let u(x) be a positive integrable function having 
the property that u(n) = u,, and that either 
(a) a constant k exists such that when |x — x'| = 1, 


or 
/ 


(3) a constant m exists, positive or zero, such that, when x =ax+m, 
Us) = WZ ). 
4) 
A necessary and sufficient condition for the convergence of the series Yu, is 


the convergence of the integral u(x)dx. The method of establishing this 


test and its many applications are too well known to require consideration 
here. 

This test may be extended to test series of positive and negative or 
complex terms, as follows. 

THEOREM I. (Given a series 


Up + Uy + Up + 


Let u(x) be an integrable function of the real variable x such that 


(1) u(n) = Un, 
(2) lim u(x) = 0, 
2] 
(3) \u(r) — Un| S va, Gs2z—a = i, 


we 
the series >> v, being a convergent series. A necessary and sufficient condition 


“ 


a 2 
for the convergence of the series >> Up is the convergence of the integral [ u(x)dx. 
n=0 ev 
Proof. If we write 


Ss’ = S, os S, = U, +t Unt + sas + Un—1) 


ns 
. ‘laurin: Treatise Fluxions, I 289, 1742. Cauchy: Exercises de Mathématiques 
Maclaurin: Treatise on Fluxions, I, p. 289, 1/42. ‘ y: BE Ses Ms { q 


vol. 2, p. 221, 1827. Oeuvres completes, 2° série, vol. VII, p. 267. 
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we have 


2 eu +l ute 


u(x)dx — St = (u(x) — u,)dx + (u(x) — Ui 41)dx 
a i Us) — Wy. idx 
= | iti = & dx + | u(r) — Ui. da 
+ ur) — Unda 
- 
vu. t+ “+ +1 >: ’ 
Since lim wz) = 0, lim uxjdx =O, ifn =x=n+1. Therefore 
x r= en 
, x 
lim u(x)dx — S. =>) m, where n=rein+1. 
x e ve 


This inequality establishes the theorem, since by increasing » we can make 


x 
> vn as small as we wish. Moreover the inequality provides us with limits 


on the value of the series if the series converges, or on its oscillation if it 
oscillates. 
Hardy* gives the following theorem: Jf (1) u(r) possesses a continuous 


> 
de rivative wu’ z), (2) lim Ur) = () and 3) thie inte gral "4! az dx converges, 
z >) e 
x 
the SETUES z: U7) Conve rgqe Se oscillate os. OF dive rges loge the r with the inte gral 


u(xjdx. As Hardy points out, this theorem includes a useful test due 


to Bromwich. 


On the other hand, Hardy’s test is contained in Theorem I 


, 


Li 4 
above. For suppose that the integral u(r) dx converges. We have 


Dn Li) l 


Then since >> | u(x) dx converges, v, = u'(x) dx satisfies the 
Dasn e 


conditions of Theorem I. Bromwich and Hardy give some interesting 
examples of series of complex terms tested by these tests. For most 
applications the tests of Hardy and Bromwich and that of Theorem I are 
equally useful. 


t Bromwich: Proceedings of the London Math. Society, 2d ser., vol. 6 (1908), p. 329. 


* Hardy: Proceedings of the London Math. Society, 2d ser., vol. 9 (1910), p. 127 
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2. Integral Tests of the Second Kind. Given a sequence {u,}. Let 


Ya 

'n = Uny1 Un be the ratio of the series }° u,. Then 
n vu 

log r, = log uns, — log up. 


If r(x) is a positive continuous function such that r(n) = r, and if u(x) 
is properly defined in some initial interval, the difference equation 


log r(x) = log u(x + 1) — log u(z) 
defines a function u(a) elsewhere so that u(n) = u,. By the mean-value 
theorem 
u’(£) 
log ee = a 
Ul &) 


where x < & <2 +1. We may reasonably hope that under suitable re- 
strictions on r(x), u’(é)/u(é) will differ from u’(x)/u(x) by magnitudes of a 
low order for large values of x, and that without excessive error we may 


, 
J log r(xa)dzx 
az ie” ; 


Using this form for u(x) in the Maclaurin-Cauchy test, we obtain the integral 


write 


UL) 


as a form which under certain conditions may be expected to converge or 
diverge with the given series. In obtaining this form directly from the 
difference equation in S(x) we are led to the differential equation 


S"" (2x) 
= = joe £( 2). 
S‘(2) - 


whose solution is 
« ("log r(z)dz 
Siz) =ct+k "i dx. 


The tests suggested in this way are much the most important of the 
present sequence of tests except for the Maclaurin-Cauchy test. These 
tests and others arising from them, as well as certain applications, have 
been treated by the writer in another paper where they were called integral 
tests of the second kind.* The three following theorems are quoted from 
that article. 

TuroreM II. Given the sequence {un}. Let tr = Uns1/Un, and let r(x) 
be a positive, integrable function having the property that r(n) = Tn, and that a 


* Transactions of the American Math. Society, vol. 19 (1918), p. 186. 
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, 


constant m exists, positive or zero, such that r(x’) = rox) when x = x +m. 
x 
A necessary and sufficient condition for the convergence of the series > Un US 


the convergence of the integral 


e” dx. 


THEOREM III. Given the sequence {un}. Let r(x) be a function with an 


integrable derivative r'(x), such that r(n) = 7, Unsi/Uta If 


and the inte gral 


converges, a necessary and sufficie nt condition for the convergence of the SETUES 
x 


z. u, 7s the conve rgence of the inte qral 


i 


THEOREM IV. Given the se QuUence | Un). Let ry = Uns, Un, and let r(x) 
be a positive, inte grabl function satisfying the preliminary conditions of one 


of the Theorems [I or III. and the further condition that 


rir) — 1 <a <1, ifn < Xe 


A 


x 


A sufficient condition for the conve rgence of the series Yu, is the conve rqgence 
“” . ‘ . + 


of the integral 


["o _— “a 


This condition 7s also nece ssary for the convergence of the series if froma certain 


point on 


where k is some constant. 
3. The Second-Difference Test. Suppose that we are given a sequence 
iu,} and a function D(z) satisfying the condition that 
Din) = Dy = Ua — Uns 


By a method similar to that used in the last section we are led to an 
approximate form 


= C— } D(a)dxr 
/0 
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for a function u(x) such that u(n) = u,. The integral in the Maclaurin- 
Cauchy test will clearly be of most interest if 


C= [ D(x)dzx. 
e/0 


Assigning this value to C, we are led to hope that under certain restrictions 
the given series will converge or diverge together with the integral 


| D(x)drdr. 


We have the following theorem. 
THEOREM V. Given the sequence {u,| where lim u, = 0, and a positive, 
u=@D 
integrable function D(x) such that D(n) = Dy, = uy — Uns, and such that either 
(a) there is an integer p, positive or zero, for which D(x) = D(x’), when- 


ever x’ = x+y; or 
3) there isa constant i: for which D(x)/D(2') < k, whenever |x — 2’ = 1; 
cs) 
a necessary and sufficient condition for the convergence of the series >> un is 
Tt U 
the convergence of the integral 
Los) 7D 
| D(x)dxdx. 
e/0 wr 
Proof. In case (a) 
irs 1 
(1) eee e- Disldz = Dua n> uy. 
en 
Now 
ans] am n+l wnl on+2 an+-3 m 
‘)) Dix)drdx = | a + tee e He Dxde dx 
adn e/y e/n r e/n+il n-+2 m—1 


where m is any integer such that m > n +1 > 4+ 1, and where, as else- 
where in this paper, the bar over the signs of integration indicates that all 
the integrals beneath it have the same integrand. Then, by (1), 


3 - D(x)drdx = D,, 2 |) ee a Dr—w+2 3 altel Dn—y-1 
(3) sn woz 


= Un, — Un—a° 
Likewise 


m+ om 
ff Da)drdr = Dasas2 + Datuts + +++ + Dts 
(4) en er 
= Bets Umipt+le 
Therefore, since lim u,, = 0, 
’ i a] 


on+l 


| | D(x)dxrdx 
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exists, and - 
a 

In ease (3 
0 
Then, by (2), 
( 
Likewise 


Q 


Therefore, since lim u 


exists, and 


() 
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Dia\drdx < kD, 


72 


| Dix\dxrdx 


D 


— 


- J, 1 Meu, —_ 


-s 


The theorem follows from a comparison of the two series Su, and 


Sf 


Eva mople . 


Dixidrdxr by means of (5) and (4). 


Test for convergence the following double series 


: oe ® ‘oe 
aa ae log i log Ni . 
This can be taken as a double series of which the (n — 1)-st row is the simple 
series 
2 | 
“u > | : 
7 . ve log di log Mv 


We see at once that this simple series converges so that u, 


lim u, = 0. 


ys 


wr, vz 


Write 


cr 


072 


xr(log x) 


| p 
nN log n)! log n | 


The conditions of the theorem hold. and 


[ 4 D(a)dzrdz - 


p 
1 + 
p log x 


Therefore the double series converges if p > 


D> 
wr 


| drdr 


and diverges 





exists and 


dy 


| lc yr b 4 


if po |. 





wy 
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This method involves essentially the same work as that involved in testing 
the series by the generalization to double series of the Maclaurin-Cauchy 
integral test. The present method has the slight advantage that only one 
variable of integration is used. 
4. The Double-Ratio. Suppose that we are given the series 
Uy + Uy + Uo + 
We may call PR, the double-ratio of the series if 
R,, = ln l rn = Un+iorUy Un i, 


Now suppose that R(r) is a function such that R(n) = R,. Then if r(z) 
is properly defined in some initial interval the difference equation 


log Rix) = log r(x + 1) — log r(x) 


defines a function r(.v) having the property that r(n) = 7,. By the mean- 
value theorem we are led to the approximation 


log R(x) = r’(x) r(z), 
or 
vw 
log r(x log Riajdxr + C. 


Let us substitute this form in place of log r(x) in the test of §2. We get 


the integral 


The interesting case is that in which 


sie 2) 
(' —_ log R(x)dx. 
The following test is then suggested. 
Tueorem VI. Given the sequence \un\. Let tr = Unsi/Un and 
R, Poacal%s Uno*Un (Unay)’. Tf limr, = 1, and if R(x) is a function 
i +) 
such that Rin) R,,, and such that R(x) = R(x’) when x’ > x, a necessary 


Sa] 
and sufficient condition for the convergence of the series y i u, is the conver- 


n=0 
gence of the integral 
—— . 
ve - / | log R(x)dirdx 
, 


e vos 


dx. 


Proof. By definition 
l 


Ri Rng +) (Rm = = *Tm4iy m>n. 


n 
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2 
Then since lim r,, = 1, the infinite product ]] R, converges to the value 
m=O A r 
l/s 
Let m and n be integers such that 0 =n < m. Then since R(x) = 1 
we have forn =b=an+1 


( [ log R(xr)drdx - F [ log R(x)drdx 


(b—n log RR, la ‘R,, 1 


Also 


| | | log R xr)drdx = | log Rix\drdx 
_ _— b—n) log (R,.eRywg- +++ © Ry) 


i 
Therefore, since IR, = I/r,, 


lim ( i e R(x)drdx 


exists, and 


(3 log R(x)drdx = log (1/r,) = — log, 
and : | 
4 log R(x)drdx = log (1 race) = — logr,.o. 


Now 
ert — [" (log Rix)dedr 
| ¢ ‘ “2 dr 


And by (3) 


: r 7x , 

an+1 — | J log R(x)dzdz ie - 
6 ¥0 v7 ] » log (ro. 71.2... Pf n+1 
)) dz € dx=ry:hy + ° 


é °T,= 
Uo 


Since the integral given in the theorem does not oscillate, but converges or 
diverges with the series 


@ an+1 _ f {* log Rix)dxrdr 
ep LS ie 


Gen 


? 





~ Pe 


EN Tt mer 


~ 
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ao 
a comparison of this series with the given series >> u, by means of (5) and 


nu=U 


— 


(6) establishes the theorem. 

The theorem is easily generalized to include functions R(x) which 
satisfy conditions similar to the conditions imposed upon r(x) in Theorems 
IL and III. For the sake of brevity it seems better to omit complete state- 
ments of these extensions. 


petenaittemiuneetciadlinatill 


Example. Test for convergence the following series 


‘ © 1 BY og ) (, 2 2 2 
J a * s Ge "oa ge @ 
} l ( + ¢ 
t 2 
: —all — += + de ae of , 
4 + ¢ oa Ts |" *. 
os Here 
1 1 1 -1 —1 —1 
= —al{l ta 1 49 ‘ ) 
' NM. = € : 2 ; 
eiaidl | 3 1 ) 
Tr, = ¢ ' ‘ - - 
R, = e*”, and Riz) = e™, 
since R(x) decreases monotonically for a > 0, and since lim r, = 1, the 
n 9) 
conditions for the theorem apply. Then 
. Li « eC san er 
, a Ce 
= log R(x)drdxr = — dx = — = dx = — alogz. 
e/ | es mia e/|l x ” 
, ° ry? . 
Therefore 
— _ 
ae _ { | log R rj)ardar = dx 
:”** dx = | — 
A a 
(‘onsequently the series converges if a > 1, and diverges if a = 1. 
By the mean-value theorem 
= log Rix +h) — log Rr) R'E) RE) 1 
(¢) = ; ru = “7 9 
Rix +h) — R(x) R’'(é) Rg)’ 
wherex <&<a2+h. Under the conditions of the last theorem, R(x2) = 1, 
and lim R(x) = 1. Let A become infinite. Then from (7) 
=) 
(8) log R(x) = [R(x) -— 1] 
oe ‘ R(é)’ 


where « < & Now 1/R(x) = 1, but if & is any constant less than unity, 


there is a constant m such that 1/R(r7) > k whenz > m. Therefore 
(9) log R(x) = R(x) -— 1, 

and 

(10) log R(x) > k{R(x) — 1], 
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when & < landz>m. Then the integral 


a {* {* log Rixjdrdzx 
a dx 


eu 


diverges if the integral 


dina dx 


neo {° {* 1— R(x) |dzrdzx 
A) Cc 


diverges, and it converges if the integral 


ve e 1—R(x)jdrdz 

lan dx 

converges. So a sufficient condition for the divergence of the series 
Up + uy + uy + --- is the divergence of the integral (.A), and a sufficient 
condition for the convergence of the series is the convergence of the integral 
5) #0 < & < 1. 

In case neither of these conditions holds, so that the integral (4) con- 
verges but the integral (B) diverges, let us assume that there is a constant 
\ such that 
(11) 1—Rir) > -- 


x : 


“6 


Under the conditions of convergence and divergence just stated this assump- 
tion is commonly true. 
We can write 
12) log R(x) = (R(x) — 1) — 3(R(x) — 1)? + 4(R(x) — 19° - 
This series converges when x exceeds some fixed value. By assumption 
11) we have 
d- ? 


1—R(xr) > --X, (1— R(r))? <=, (1 — R(x)? > ——, ete. 
— ig Zz, 


Then since (1 — R(x)) < 0, 


lor R(t) < (1 RI Pme..3 Me ' 
— k (r) < - —+ —+-23+ 
ae ne eer 2x4 ' 42° °° 6z™ 
And ifzx>2%>, 
ees bo ee eee ik 
— log R(x) < (1 — R(z)) +2[3t+intee Pet Ee he Oe Fs 


where / is a positive constant. Consequently 


i) k 
/ (1 — R(x))dx + aoa" 


— | log R(x)dx < 








ee 





ee ae 
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Integrating again between the limits z) and xz, we have 


= | log R(x)dxdx < | | (1 — R(x))dxdx +e q : 


0 62” 


we i) k 
< | | (1 — R(x))dadx T §72° 
] 


— 


follows that if the integral 


_ Lf 1 — R(x) )dzdz 
P d 


x 
converges, so also will the integral 


.-o {" ik log R(x)drdzxr 
(7 Sod. ~ 
We may therefore state the following theorem. 
THEOREM VII. Given the sequence {u,} and a differentiable function 
R(x) satisfying the preliminary conditions of Theorem VI. If k is any con- 
stant less than unity, a sufficient condition for the convergence of the series 


ss 


S* u, is the convergence of the inte gral 
—— J . « 


ve kf” ("1 — R(a)jdxde 
| O hleties dx: 


a necessary condition for the convergence of the series is the convergence of the 
integral 


(" Is x T a Rix vs 


r dx, 


and this condition is also sufficient uf 
nN 
(l1—R(r))>-s 
x 
where \ is some constant. 


Example. Test for convergence the series 


2. ] 
> —— ’ 


amie a ; w a _ 
ire (re (ee) en 


a n—l a n—1 
x (1+4) (1+etip) 
For this series 


Tn - ’ 
a a a 
(1 r “= )(1 T (n + »:)( T (n + x) a 
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and R, = 1+ (a/n*), so that R(x) = 1 + (ax). The conditions for the 
theorem are clearly satisfied. 


. x ’ x we 


cr ct 
{ {| (@—Ra))drdr = | | -—drdx = — | fdr = — aloge. 
e 7 L e L 
Therefore 
vo ff (1 —R(x)|\dxdr 2 
ce dr -_ 
‘ ‘ L 
so that the given series converges if a > 1, and diverges if @ 7 1. 


A series for which the double-ratio function is known may be written 
in the normal form 
h , h : : ht . 
Gq -- b+ ay --- ayj°QA; -- ay'QA;°Qe + 
a a ; a a 
where a,, is the value a(n) of a known function a(x). It is to such series 
that the theorems of this section apply. 
5. The Difference of Ratios. Given a sequence ju,{. Let the ratio be 


rT, = U,.; Uu, and the difference of ratios be 
il ° il 1 
Pr, = 7 — 7 a 
u l ud 
If p(x) is a function such that p(n) = p,, and if r(x) is properly defined in 


some initial interval, the difference equation 
p(x) = rix+ 1) — rz) 
defines the function r(x) so that r(n r,. Then p(x r(é),r<t<r+l, 


and we expect that if suitable restrictions are placed upon p(.r), a relatively 
small error will be made if, for large values of x, we set p(x r(x) or 


r(x) = J pl(xjde + €. 


The integral of § 2 becomes 


2 { “log (c .- {* rjydz) dz 
[ate meth oe) 


e/t 


In the interesting case we shall have 


. , Las) 
lim p(x)dx +C = 1, or C+ p(xr)dx = 1 — p(xr)dx. 
r= 0 Jt Jz 
This suggests the following theorem. 
THeorem VIII. Given the sequence {un}. Let tr = Unsy Un, and 
Pn =Tni1 — Tn. Suppose that r, <1 and that limr, = 1. Let p(x) be a 
nN 
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INTEGRAL 


TESTS 





func ion such that 


(1) p(n) = pn, 
(2) 0 < p(x) <1, 
3) p(x) decreases monotonically when x increases. 


x 
A necessary and sufficient condition for the convergence of the series y Un US 
~— 


the convergence of the integral 


Proof. 


If n and m are integers such that n < m, and ifn =b=n-+ 1, we have 


[toe (1- fo o(aidr ) ae 


en ‘ 


bh — n) log (1 — ryay + Troe). 


Since r, < 1. this logarithm is defined for all values of n and m. 


™ 


piax)dr dx 


[mm (1J 


» e/n en 1 
bh — n) log [1 — pr — pari — +H! = Pm—4] 
b — nN) log |] — Ton “a> f). 
Therefore, since lim r,, = 1, 
lim log ( l— p nde) de 
M==D € e/a 


exists, n = b= n+ 1, and 


(4) log 7, 7 log (1 — “plr)der) de = log rna+o- 


en 








FOR CONVERGENCE AND DIVERGENCE. 


bh—n log [1 — 2.5 = G25 oe +e oe Pm| 


bh—n lo | = - a os [ p x)dx 



















RAYMOND W. BRINK. 


vn 


ons [+f oo i f° tox (1 -| ">. Ade) de 


Consequently, by (4), 


\9) . , ' Us 

. . 
Also 

, ». R *2 : 
” [log (1 J pwr ix) ix : ’ Un+1 
6) ia . dx > 4 Ta*es* © + * *F, = ° 
Up 
vn 


x 
The theorem follows at once from a comparison of the two series 5° u, 


and > || dS, log (1 -{* p(x)dz) an . 


n 


We have the expansion 


log (1 _ [“» r dx | 


~ 


Zs Zs 


Hence log (1 — p(x da | <— picjdx. Therefore if the integral 


converges, so also will the integral 


(" f log (1 -|* _ dz) dy. 


( 


In case the first of these integrals diverges, it will often happen that 


r 


pir) < ’ 
oo 


dX being a constant. Let us assume that this condition holds. Then 














a a in lic 











INTEGRAL TESTS FOR CONVERGENCE AND DIVERGENCE. vo 


from (7) we have for x > x» > X, 


log (1 — | p(x)dz ) >- | “p(x)dx ~ 5| f * ar | 
es wr aad wr x 
| 1p r=, 7 . 
(S) _ 3 | 7 ds | - 3 >= J p(x)dx 


1 - x3 x! LI 4] I: 


where k is a positive constant. Consequently 


log (1 _ ‘ola)dz ) de >- | [ o(x)arar— | i 


. e 7 ie 
wer x 


= p(x)drdx +--—->—--— p(x)drdx. 
e/a @ r LM M wy te 
It follows that 
C ar. 


(cd. log (1 _ {° pix dz )de , (" “ff o(z)drdz 


4“ 4“ 


Therefore if the integral 


“sr *20 
s / | p(x)dxdzx 
(Sebo ontete 
diverges, the integral 
“ "x 
— | log ( 1 — | p\r dz ) dx 
‘ee: ax 


also diverges. We then have the following test. 
THeorem IX. Given the sequence {un}. Let ra = Unyi/Un <1, and 
limr, = 1. Let p(x) be a function such that p(n) = pa = Tazi — Pn; 


n £ 


0 < pir) <1, and p(x) decreases monotonically. The convergence of the 


integral 


2 
is sufficre nt for the conve rgence of the series > Un- Moreover uf there is a con- 
n—U 
stant \ such that from a certain point on p(x) < d/2°, the convergence of the 
integral is necessary for the convergence of the given series. 
8) 
Kxrample. Test for convergence the series ye u, Where 


n=l 


7," VTE 2 a j a a 7 
sia ; - Ei || I Det | oe i ~ Btn» 


k=u h 
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u being so large that u, > 0 for all positive integral values of n. For this 
series 


Un+1 — a 
rn = =|1-)> 
u “(k +n 
Then lim r, = 1. Also 
n= 0 
a ai 
p = p 
LL » er lu A ing 


The conditions of the theorem are satisfied. 
. .Zx Ps zx wr 


— | of oixdedr=-] fof drde =f 8 de = — log (un +2) 


o/] e y a a neal 


Therefore 


and the given series converges if a > 1, and diverges if a = 1. 
6). The Ratio of Differences. [Let us call 


the ratio of differences for the series 
Uy + Uy + Uo 4 


Suppose that 6(r) is a function such that 6(n) = 6,. By the same sort of 


work as that given in the preceding sections, the difference equation in u(r 


. uir +2) —ulrt+ 1 
0\ J 
u(r +1) — u(x) 
gives 
I/e 
ul(—é+ ] 
At) = Ne é r<3< 9< 2472 
u(é 


log 6(xr 


Then, by the methods already used, the following test is suggested. 
THEOREM X. Given the SEQUENCE | Un} where lim vw. =0. Le 


n tr 
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and let 6(.x) be a function having the following properties. 


(1) b(n) = bn, 


‘ « ’ . , 
(3) a2") = OF). a << Zz 


x 
A necessary and sufficient condition for the convergence of the series > Un 


; is the Con re nce of the inte gral 


[| tae 


Proof 
l log 6, ° log 6(x)dxr = log 6,44. 
mol ("Jog a@edz met [4 fat [" [logaw@ar 
. fre de = [ele tS tt Sede oe sede 
( i = 6,-6» On, n mM 
Similarly 
ant ("log a(x r 
2 e da by +84 é, 
Now 
. orn { le lr 
e* dxrdx 
. ’ I . 2 » {° log 6 
a. + -. c dx 


nd | log é(r)dr . : B — > 
i drdx : [5,-de° it. «9 = Gs Ge" °° *Ona1 — 


and by (3), 


en+l . | ; log é(r)dr e ¢ = 
| ec drdxr ~ [59 -6,- ++ +Obng1 HF bo°b1> °° *On4e T° °° 


(5 = is 
+ 59-5: + * -bm—a)- 
Moreover 
, u — Uns] 
bo °81° eae 6» = 
U; — Up 


This division by u,; — uo is justified by the conditions imposed on 6(x). It 
follows that 
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lim [50°31: ++ -8n + 80°8ys e+ Onga bores + Sobre e+ + baa] 


= lim [(tne2 — Ungi) + (Unts — Unse) $+ + (Umer — Un)] 
a eo 
Umer — Uns Unset 

= lim = , 
man Uy — Up Up — Uy 


Consequently, by (4) and (5), 


on+1 rs | log é(xr)dz u 
; n+l 
(7) | ( dxdx - 
J, ; is — & 
and 
rn+ | ea { log é a iu, ’ 
S) c~ drdx = : 
J, ; u — 1 
The theorem then follows from a comparison of the two series >> u, and 


‘ ( ! cf log 5(4 ya 


Example. Test the double series 
~ = 


zx x 
» Se & 
a= 
n=? (=n—1 
x 


We can write this as >. u, Where 


First let us determine under what conditions the series defining wu, converges. 


We can write 


c - J - L 
u, =Cilte "+e ™ “+4lte@e a Fl n¢24 ...) C 4 Cdn, 
where vr. =e " "tl apr ; For the series >. r,. the ratio is 
re = Vezi/Ye =e Ent, and r(x) =¢ 
We ean apply Theorem II. We get 
(9) Ee” dr = Ps z+n+1 ° dr (, da 
ry, r P ; (r n | | )P ’ 


a 
and the series )) 7, converges, and u, is defined, if and only if o> i. 


If 1 we see also that lim i. 0, for u, is the remainder after (n — 2) 
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terms of the convergent series that defines uw». We have 


me 
FS Un q@—~ Un +1 é cal Be 
0 = = = € ” 
u i Un nm |p ’ 
- 27 
e / l 
_P 
Ol\r) = € * 
We may apply Theorem X. As in (9), we have 
™ J log é(rjdr . a dr [7 
\ 10) ( dx = ( -_ = = 
. J, ®t (p—1)z? 
%s s { log é(xrjdzr C AD dx 
(11 c dxrdx = = 
: p-1lJ zr? 


Therefore the given series converges if p > 2, and diverges if p = 2. This 
same series is conveniently tested by means of a generalization to multiple 
series of the test of Theorem II. 

7. Other Tests. The following test is immediately suggested and estab- 
lished by the methods already used. 

THEOREM XI. Giren the sequence \un}. Let Dy = Un — Uni, and 


t, D, — D,.;. If limu, = 0, and t(x) be a positive function such that 
tin t,, and ta’) = tir), when x > 2’, then a necessary and sufficient 
an 


condition for the conve rgence of the series =. Un is the conve rgence of the inte gral 


) 


x is *» 


(ff acacae, 


The difference equation of the fourth order for S(x) that leads to the 
following test, as well as the proof of the test are readily suggested by the 


methods used elsewhere in this paper. 
TueoreM XII. Given the sequence {uy}. Letra = Unsi Uny Rn=Pnga Tr; 


and 
. > u 3° Un+1 
Pn = Rasa Rk, 
Un * Un+2 
If lim r,, 1, and p(x) be a positive function such that p(n) = pn, and 
" x 
pir) ~ 1, and p(x’) = pla) when x’ > x, then a necessary and sufficient 


@ 
condition for the CONVETJENCE of the Se rie s z Un is the convergence o} the ante gral 
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ee 
*2 | | | log p(x)drdxrdx 
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dx. 
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8. Conclusion. From the examples given, the general method is revealed 
by which one can obtain an infinite sequence of tests, of which those given 
above are the simplest and most useful. 

Tests for multiple series are readily suggested by analogy with the 
foregoing tests for simple series. A test for multiple series analogous to 
the test of Theorem II is given in the author’s paper to which reference has 
already been made. As is shown by some of the examples of this paper 
some of, the foregoing tests can be used directly to examine certain types 
of multiple series. 

The theorems of this paper have been stated for series of constant terms. 
Many of the tests can readily be extended to series of functions, not only 
to test such series for convergence, but also to determine whether the con- 
vergence is uniform, uniform convergence of an integral implving uniform 
convergence of the corresponding series, 
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CALCULATION OF THE COMPLEX ZEROS OF THE FUNCTION P(z) 
COMPLEMENTARY TO THE INCOMPLETE GAMMA FUNCTION.* 


By Puinip FRANKLIN. 


The gamma function of the complex variable may be written as the 
sum of an integral function and the function 


which has the same poles and the same residues as I'(z) itself. The fact 
that P(z) = 0 has exactly four complex roots was first stated, although 
with an insufficient proof, by L. Bourguet.¢ The method of computing 
these four complex roots used here is based on an existence proof given 
recently by T. H. Gronwall.£ This proof consists in first showing that the 
auxiliary rational function 

P,,(z ya = . (n > 2) 


An on yp 


has all its real roots lying one in each of the 2n — 3 intervals: 


es ee 2m — I 2,3 
-2mi—~—i-=— £=—Zge= i= | (mM = 2,03, °°°, 7 
2m)! (2m)! 
] 6 
+) +) r= 9) _, & 1 —_ T . ee —]) 
—2m-—2 2 —2m-—2+. m= 2,3, yn 
2m+1)! 2m+1)! ; 


and hence that P,,(2) has four complex roots and from this proceeding to 
P(z) itself by applying Rouché’s theorem. The method of computation 
consists in locating the complex zeros of Py(z) to three decimal places and 
then, using these as initial values, finding the roots of P(z) = 0 by a direct 
application of Newton's method of approximation. 

Starting with the mean values of the above-mentioned intervals for 


n 10, and applying Newton’s method of approximation to 
“ 
—- _ 1)’ I] 
(] Py(z) = ; 
0 vs 2+pv 


\ 
* Presented at the meeting of the American Mathematical Society, at New York City, April 
26, 1919. 
tL. Bourguet, Sur la théorie des intégrales Euleriennes, Comptes rendus, vol. 96 (1883), 
pp. 1487-1490. 
tT. H. Gronwall, Sur les zéros des fonctions P(z) et Q(z) associées 4 la fonction gamma, 
Annales de l’Ecole Normale, Ser. ILI, vol. 33 (1916), pp. 381-393. 
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we find that the real roots are 


Ds =_ 5.11907: Ds =—_ - 5.97158; P7 = 7.00482 ; 
ps = — 7.99940; pp = — 9.00008; pp = — 9.99999; 
Pn = — m™ (m = 11, 12, --- 21), 


where, as in the rest of this computation, quantities which do not affect 
the fifth decimal place are neglected. Hence Po(z) which may be written as 


~ 


Ao2z*! ot a2" s+ eee + Qo» So. == lo; 


a(i2+1)\)\(2 + 2)--- (z + 21) 
is equal to 
, bz! — b,2° Se oe hoz +. Dio 
~ 2a(z + 1)(2 + 2) --- (e+ 10 


to the desired degree of accuracy. 
If Py(z) be expanded in powers of 1 z, the coefficient of 1 2” is 


(3 ((G+e-atst-) 
CE\2Z Z- Ai Zz 


is obtained as a second approximate form for Py(z).. A comparison of (3 
with (2) gives by = 1/e, b; = 56/e, bo = 1375/e. 
The expansion of P,)(z) in the form 


] 
(4) -~+A,+ Azz t A327 +- 
(where A, = D2L,[(— 1)"/y!y] = .7965996) wl ar 2 
re A; = 2..,(( )* vly] = .7965996) when compared with (2) deter- 
mines the values by = 7,737,939, bi, = 3,628,800. 


The numerator of (2) (with the factor 1/e removed) is therefore equal to 


()) 2! + 562° + 137528 + --- + 21,033,900z2 + 9,864,102. 


rhis expression, set equal to zero, has for roots the four complex roots of 
2 { a Be rl’ 

Pi(z) = 0, together with p;, ps, +++ pio found above. The product 
II;’_;(2 — pm) is found to be 


(6) 2° + 45.09442° + 355.9172! + --- + 129.7492 + 154,152. 























COMPLEX ZEROS OF THE FUNCTION P(Z). 


Dividing (5) by (6), we obtain the equation 
(7) z'+ 10.9062* + 44.4252? + 82.5892 + 63.989 = 0. 


The determination of the fourth and fifth terms of (7) from the last two 
terms of (5) and (6) is preferable to the use of the first five terms of (5) 
and (6), as it involves fewer operations and consequently gives these terms 
more accurately than the alternative method. 

The roots of (7), obtained by the use of Ferrari’s formule, are, to 
three decimal places: 


Pi = — 1.726 + 1.2387, — p, = — 1.726 — 1.238:, 
Ps = —3.727+ 544i, py = — 3.727 — .544i. 


Starting with these values, and applying Newton’s method of approxi- 
mation to /(z) itself, we find that the four complex roots of P(z) are 


— 1.7262976 + 1.23809211, 22 = — 1.7262976 — 1.238092], 


— 3.7264730 — .54067467. 


2) 


23 = — 3.7264730 + .54067461, 24 


? 
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we find that the real roots are 


ps = — 5.11907; Ps = — 9.97158; Dr — 7.00432; 
Pp =- 7.99940: Ps = — 9.00008 5 Pio = — 9.99999; 
Pm = —™m (m = I], 12, -«- 21), 


where, as in the rest of this computation, quantities which do not affect 
the fifth decimal place are neglected. Hence Pj(z) which may be written as 
Ao2"! = aw” ae see AooZ + Ao 


2a(iz+1)(2 +2) --- (2 + 21) 


is equal to 
oe Se eS ee 


2a(z + 1)(2 +2) --- (2+ 10 


>) 
to the desired degree of accuracy. 
If Pyo(z) be expanded in powers of 1 z, the coefficient of 1 2” is 


is obtained as a second approximate form for Py(z).. A comparison of (3 
with (2) gives bp = 1/e, b; = 56/e, bo = 1375/e. 
The expansion of P4(z) in the form 


] 
4) ~-+A,+ Aopzet Apt 
(where A; = Y3L,[(— 1)"/y!y] = .7965996) when compared with (2) deter- 
mines the values by = 7,737,939, b;) = 3,628,800. 
Che numerator of (2) (with the factor 1/e removed) is therefore equal to 
(3) 2° + 5629 + 137525 + --- + 21,033,900z + 9,864,102. 


rhis expression, set equal to zero, has for roots the four complex roots of 
a an m rr 

P\(z) = 0, together with p;, ps, «++ pio found above. The product 
I1;”_;(z — pm) is found to be 


(6) 2° + 45.09442° + 355.9172! + --- + 129.7492 + 154,152. 























COMPLEX ZEROS OF THE FUNCTION P(Z). 


Dividing (5) by (6), we obtain the equation 
(7) z' + 10.9062* + 44.4252? + 82.5892 + 63.989 = 0. 


The determination of the fourth and fifth terms of (7) from the last two 
terms of (5) and (6) is preferable to the use of the first five terms of (5) 
and (6), as it involves fewer operations and consequently gives these terms 
more accurately than the alternative method. 

The roots of (7), obtained by the use of Ferrari’s formule, are, to 
three decimal places: 


Pi = — 1.726 + 1.238%, pp = — 1.726 — 1.238i, 
D3 — 3.727 + .5447, Ps = — 3.727 —_ 5442. 


Starting with these values, and applying Newton’s method of approxi- 
mation to (2) itself, we find that the four complex roots of P(z) are 
— 1.7262976 + 1.23809211, 2g = — 1.7262976 — 1.23809217, 


» 
“1 2 


2; = — 3.7264730 + .54067461, z; = — 3.7264730 — .5406746:. 
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TOTAL DIFFERENTIABILITY. 
By k. J. TowNsenp. 


Suppose we have given a single-valued function z = f(r, y) of two real 
variables, defined for a region R given by the inequalities 


a<z<d cca < d, 


) 


Thomae* seems to have been the first to point out that the mere existence 
of the partial derivatives f.’(1, Yo), fy/(%o, Yo) Is not sufficient for the total 
differentiability of the given function at the point (2, y 

More recently several writerst have formulated a more precise definition 
of a total differentiable. These definitions are, however, equivalent and 
may be stated as follows: 

For convenience, denote by A(x, y) the distance v( Ax)? + (Ay)* between 
any given point (2», yo) of R and any other such point (259 + Ar, Yo + Ay). 
The function fir, y is then said to be totally differentiable at (2, yo) if 
there exist two constants A, B such that 


I flay + Ar, yo + Ay) — flr, Yo) — AAr — BAy 
Fey A i y) 


(J 


As Fréchet points out, one might make use of | Ar + Ay instead of 
A(z, y). It follows from this definition that if the given function is totally 


differentiable, the partial derivatives f,’(x», yo), fy’(%0, Yo) both exist and 


are finite, 4 being nothing else than f,’(z», yo) and B, fy'(x 9, y 

Such a definition meets adequately the needs of analysis and has been 
adopted in one form or another in recent texts.t 

We shall examine some of the consequences of such a definition, par- 
ticularly the conditions that must be placed upon the partial derivatives 
f.’, f,’ in order that the given function may be said to be totally differentiable. 
As an aid to the geometrical interpretation of the results of such a study, 
it may be pointed out that a necessary and sufficient condition for total 


differentiability for x = 2, y = yo is that the surface z = f(x, y) shall 


ee Theorie der Bestimmten Integrale (1875), p. 36. 

i See Stotz, Differential- und Integral-rechnung (1893), p. 131; W. H. Young, Fundamental 
ees of Differential Calculus (1910), p. 21; Fréchet, Nouvelles Annalles de Math. (1912), 
vol. 7 z Sol ISU, 

tSee Pierpont, Theory of Functions of Real Variables, vol. I, p. 269; Kowalewski, Kom- 
plexen Verinderlichen, p. 186; de la Vallée Poussin, Cours d’ Analyse Infinitesimale, 3d ed., p. 140. 
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have a tangent plane at the point (2x9, y», 2»), Which is not parallel to the 
2-aXxis.* 

Continuity of f(r, y) as regards the two variables taken together is a 
consequence of total differentiability, but as with functions of a single 
variable a given function may be continuous throughout a given region 
but not be totally differentiable at any point of the region. Total differ- 
entiability depends upon the existence of the partial derivatives f,’, f,’, 
and the character of their continuity. 

If f,’, f,/ both exist and one is continuous in x and y together, then it 
follows that fir, y) is totally differentiable.+ It is well known that a fune- 
tion of two variables which is continuous in each variable throughout a 
region is also continuous in both together at a set of points everywhere 
dense in that region. It follows then that if f,’ and f,’ exist and one is 
continuous in x and in y, then f(x, y) is totally differentiable at a set of 
points everywhere dense. The question naturally arises whether under 
the foregoing conditions the given function is not totally differentiable at 
every point. This is not the case, however, as the following illustration 
shows. 

Er. 1. Given the function 


where 0 << n> 1,0 < y= 1, and f(0,0) = 0. This function is not con- 
tinuous in x and y together at the origin; for, we obtain different limiting 
values by taking different approaches to that point. As continuity of 


fir, y) in and y together is a necessary condition for total differentiability, 


it follows that the given function is not totally differentiable for x = 0, 
y (). 


For x + 0, y + 0, we have 
9 A 

“ar eee. 

f, BG 6 oO 
I (yt + at)? 


For (x = 0, y = 0), for (x + 0, y = 0), and for (x = 0, y + 0), we have 


f./ = 0. For (x + 0, y + 0), we have 


s=—y 


xi+ y’)°’ 


while for = (), y= ()), (r= 0), y + Q)), we have Pm = 0. For (x =: 0, 


y = 0), we obtain f,’ = 1/2”. 


It follows then that the given function is not totally differentiable at 


“Cf. Fréchet, Nouvelles Annales de Math., vol. 71, p. 436. 
} Stolz, Differential- und Integral-rechnung, vol. I, p. 134 
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the origin, vet in every neighborhood of that point including the origin 
itself, the two partial derivatives f.’, f,' exist and one of them, namely 2’, 
is continuous in x alone and in y alone. The partial derivative f,’, is con- 
tinuous everywhere with respect to y. It is also continuous with respect 
to x, except for x QO, y (). 

As already pointed out, if one of the partial derivatives, f.’, f,’, Is con- 
tinuous in x and in y, then the points at which fir, y) is totally differentiable 
forms a set everywhere dense in the given region. However, the points 
at which the given function fir, ¥) Is not totally differentiable may also 
form a set of points everywhere dense in the same region, as the following 
example shows. 

Ex. 2. Consider the function 


= | 
I Ss, i 5 eo ‘, ’ 


where ¢,,(s, f) is formed from the function considered in /v. 1 by replacing 
x by sin? nzs and y by sin? n7t; that is 
sinf nas + sin® nr 


sint nas + sin' nrt’ 

The function given in Ey. 1 takes the value one-half for y = x? but 
for all other values of x and y in the given region it is less than one-half, 
The amount of the (x, y)-discontinuity at the origin is one-half. Since 
the sine is never greater than unity, we have 


. 3 7 
oo 7 ea(8, t) < 2, —. 


eS 782 


As the latter series converges, the series S(1 n!)e,(s, (1) converges uni- 
formly as a function of the two variables (s, 4) and hence as a function of 
either variable separately. As we shall see, the function F'(s, ¢) is not 
continuous in s and ¢ together throughout the region of definition, because 
each term of the series is discontinuous at certain points in these two 





variables. However, ¢,(s, 4) is continuous in s alone and in ¢ alone; and 
because of the uniform convergence of the above series, /'(s, t) is con- 
tinuous in each variable separately. Consequently, the points at which 


it is continuous in both variables must form a set everywhere dense. | 
The points at which /(s, ¢) has a discontinuity in s and ¢ together also 
form a set everywhere dense; being those points where both s and ¢ have | 
rational values, as we shall now show. We have | 
™ sin‘ as: sin? rt — 1 sin! 27s - sin® 2rf 
F(s, t) P. Senne ar Ee ee Sr ! 
sin- 7s + sin‘ 7 2! sin’ 27s + sin‘ 2rl 
(9 
-~ / 


_ 1 sintnars + sin? nat | 


n!sin® nazs + sin' nat ° 
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The first term of this series has a discontinuity in s and ¢ at 
(0, 0), (0, 1), (1, 0), (1, 1); 

the second term at the points 


(0, 0), (0, 3), (0, 1), (3, 0), G, 3), G, 1 


2) 29 2/3 2) 


, (1,0), (1, 3), (1, 1). 


In the general term we have such a singularity at points for which s and ¢ 
have any combination of the following values: 


0 i 2 2 n— I | 
° = af - see 
n’'n'’n ‘ n : 

f 0 ; 2s n— 1 | 
‘ di : 7 : nN , . 7 , : 


It follows that any point whose coérdinates (s, ¢) are both rational 
numbers is a point of discontinuity of some term in the series defining 
Fis, 0). It will be observed that none of the terms of the series given in (2) 
are ever negative, Whatever values may be assigned to s and t. The points 
of discontinuity of any term are likewise points of discontinuity of all 
subsequent terms but not necessarily of previous terms. Moreover, the 
discontinuities at a given point can not be combined so as to cancel each 
other. For, if a point first appears as a discontinuity, say in the Ath term, 
the sum of the discontinuities of subsequent terms at that point can not 
equal in amount the discontinuity of the ‘th term. For example, con- 


sider the discontinuity which appears at the rational point (7 = 3, y = 4). 
This point will appear as a discontinuity for the first time in the third term. 
The amount of the discontinuity in this termis } - 4 = 3.- §. The amount 
of the disconinuity of subsequent terms at this point can not exceed 
lio. Ea Ll I 115.11 
+ = l+et¢sqctat = < 
1! 2 /* 2 4! ) ) 5? 2 4! 4 °2 6 


Consequently, all points which appear as points of discontinuity of 
any term are also points of discontinuity of F'(s, 0, and hence any point 
whose coérdinates are both rational numbers is such a point. A function 
must be continuous in the two variables together in order to be totally 
differentiable. It follows then that /'(s, ¢) as defined is not totally differ- 
entiable at any point where the two codrdinates are both rational numbers. 
Such a set of points is everywhere dense in the given region. 

We shall now show that the points at which F(s, ¢) is totally differ- 
entiable are also everywhere dense. To do this we proceed as follows. 
As we have seen, f,’ is continuous in x in the closed interval 0 = 2 = 1; 
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hence for any constant value of y, say y = Yo, the numerical values of 
f./(2, Yo) have a finite upper bound. This upper bound, which we shall 
denote by Wo, may change with the choice of yo, but the essential thing is 
that for each value of Yo it is a constant. We have then, since sin ns 
and cos ns are numerically less than one, 

dg, of dx 


- — 2nnM, sinnars:-cos nas = 2arn- Mo. 
Os or ds 


Hence we have for a constant value of ¢ 


~ l de, > 27M 
ane ni ds | Sin-—)D)! 


As this last series converges, it follows that the series S(1 on!) (dg, ds 
converges uniformly, and we may write 
oF a | Og, 


— ! 


OS 7%! @S 


Moreover, since d¢, ds is continuous in s, it follows that @/ ds is defined 
by a uniformly convergent series of continuous functions and is therefore 
itself continuous in s. 

$v a similar method it may be shown that df ds is continuous in /; 
and since this derivative is also continuous in s, it follows that there exists a 
set of points everywhere dense where it is continuous in s and ¢ together. 

We shall now consider the existence of the partial derivative dF dt. 
From Ex. 1, it follows that f,’ is continuous in y in the closed interval 
0=y=1. Then, for any constant value of x it is bounded, and hence 
we may write 


Ac, of oy : 
- = he 2n7zM, sin nal - cos nat!) = 2n7rM,. 
dl dy oat ; 
where .V, is a constant for each previously selected value of x. Conse- 
quently, we have 

“ ] O¢, = 27M, 


n! oat 


™ i ® n 


n— 1)!" 
Since this last series converges, it follows that X(1 n!)(0¢,/dl) converges 
uniformly, and hence we may write 


Therefore, the partial derivatives d/' ds, dF dt both exist at every point in 
the given region and d/' ds is continuous in s and ¢ together at a set of 
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points everywhere dense. It follows that F(s, () is totally differentiable 
at each of these points. 

We have then a function which is totally differentiable at a set of 
points everywhere dense, and at the same time there exists a set of points 
likewise everywhere dense at which this function is not totally differentiable, 
in spite of the fact that both of the first partial derivatives exist at every 
point and one of them is everywhere continuous in each variable separately. 
Geometrically, the corresponding surface has a tangent plane at a set of 
points everywhere dense and there exists simultaneously another set of 
points at which there is no tangent plane. It can be shown, moreover, that 
the points at which the tangent planes exist, that is, the points at which 
the given function is totally differentiable, must form a set having the 
cardinal number of the continuum. It will be observed that dF dt is not 
continuous with respect tos. By the method used in discussing the con- 
tinuity of Fs, 0), it ean be shown that d/ df is discontinuous in s at a set 
of points everywhere dense, namely at the points where s and ¢ are rational 
numbers, 

It has already been pointed out that the mere existence of the partial 
derivatives f,’, f,’ at a given point is not a sufficient condition for the total 
differentiability of fir, y) at that point. The question naturally arises 
whether it is possible to find a function having these partial derivatives 
at all points of a given region and yet not be totally differentiable at any 
point of that region. It can be readily shown that this cannot be the case. 
For it is known* that if f.’, fy’ exist, they can be at most pointwise dis- 
continuous in the two variables x and y. The points of continuity in 
x and y together are then everywhere dense and these points are points of 
total differentiability of the given functions. 

If we assume, in addition to the existence of the partial derivatives 
f.’, fy’, the continuity of these derivatives with respect to x and with respect 
to y, then we have the following theorem. 

Tueorem. Given a function f(x, y) whose partial derivatives f.’, f,' are 
continuous in x and in y and bounded as to x and y taken together in a closed 
region R. Then f(x, y) is totally differentiable at all points of R. 

rom the existence of the partial derivatives f,’, f,’ it follows that f(x, y) 
is continuous in andin y. Let (2, Yo) be any point in the given region R. 
Since f(z, y) is continuous with respect to y, we have for each value of x in 


any closed interval lying wholly in R 
L S(x,y) = S(@, yo). 
Moreover, f,” is continuous in x in any such interval for y + yo. By 


*See Baire, Annali di Mat., Series III, vol. 3 (1899), p. 108. 
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hypothesis, f.’ is also bounded, when considered as a function of the two 
variables (x, y) together. It follows that for any closed interval taken on 
y = Yo, and lying in FR the given function fiz, y) converges uniformly* to 
the function f X, Yo). § ‘onsequently we havei 


Loft, y) = fro y 


or what is the same thing, for an arbitrarily small positive number n, there 
exists a A > O such that 


Hence, for a given value of », however small it may be chosen, A(x, y¥) is 
defined for each point Ir, y in PR. The function f L,Y is therefore con- 
tinuous In x and y together in the closed region R, and hence it is uni- 
formly continuous in FP and Xx, y) has a lower limit A, greater than zero, 
There exists then about each point of / as a center a square Sp whose sides 
are of length 2A, such that the oscillation of f(z, y) within the square is 
less than 7. We may regard the point (ro, yo) the center of such a square. 

Since the partial derivative f "exists at the point To, Yo), We have for 


all values of zy + Ax within an interval [Uo — O1'Uo, Yo), Vo HP O1' Lo, Yo)] 


4 on . — i f ; Ly, Y . a. 
It follows that 
a f Ig + AX, Yo) — f Ig, Yo) — Arf (Xo. Yo <nlAr 


Since the oscillation of fiz, 7) in So is less than 7, we have for Ar. < Xo, 
Ay <A)” 


(6) f(to + Ax, yo + Ay) — flare + Az, yo) | < 7, 
7) S(Xo, Yo) — flto, Yo + Ay) | < mn. 


Combining (5), (6), and (7), we get 


co 


ale F\z; Y is continuous in j for each value of r+ in an interval a = 2 B, and if f.’ exists 
and 
ao 2. u a (;, a* Lr B, / 6 ” y +- 6. 
where G is a finite number, then f(z, y) converges uniformly to the function f(z, yo). Cf. Town- 


send, Begriff u. Anwendung des Doppellimes (Gottingen Dissertation), p. 34. 
| The necessary and sufficient condition that f(z, y) shall converge uniformly to the boundary 


function | r, ¥y) in the interval a, (3) 1s that the double simultaneous limit 


L f r, y f Ce, Yo) 


for each point in the closed interval @ = z 8. See Townsend, J[hid., p. 5%. 
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(S) flag + Ax, yo + Ay) — flax, yo + Ay) — Azf,’(ao, Yo) | < n(2+! Ax!). 


Irom the existence of the partial derivative f,/(ao, yo), we have for some 
interval [yo — 62(2o, Yo), Yo + 82(2o, Yo)] 


S(to, Yo + Ay) — f(x, Yo) 
Ay - 


whence 
(9) f(a, Yo + Ay) — f(xo, yo) — Ayf,'(xo, Yo) | < n Ay!. 


By adding and subtracting f(a, yo + Ay) to the numerator of the first 
member of the following equation, we have the identity 


(ato + Ax, Yo + Ay) — f(r, Yo) 
A(z, y) 
f(xo + Ax, yo + Ay) — flxo,'Yo + Ay) , f(x, yo + Ay) — flaxo, y 


+ 


A(x, y) A(z, y) 


Transposing all the terms to the first member of the equation, we have upon 
making use of the relations given in (8) and (9) 


f(x + Ax, yo + Ay) — flare. yo) — Arf,’ (ro, Yo) — Ayfy’(2Xo, Yo) 
A(x, y) 


< n(2+! Ar!) +) Ay’), 


‘ 


which holds for all values of (Ar, Ay) numerically less than 69 where 6 
denotes the smallest of the three numbers Xo, 6;, 62. The second member 
of this inequality is arbitrarily small, since 7 is an arbitrarily small number. 
Hence the limit given in (7) exists, and the given function is totally differ- 
entiable at (29, yo). 

That the foregoing theorem gives a sufficient but not a necessary con- 
dition for total differentiability is at once evident from the following 
illustrative example. 

Ex. 3. Given f(x, y) (x? + y?) sin 1/(x + y) for x + 0, y + 0 and 
x + —y, and let fiz, y) = 0 for (2 = 0, y = 0) and for x = — y. 

This function has at (0, 0) the partial derivatives f,’(0, 0), f,'(0, 0); 
for, we have for x = 0, y = 0, 


; f(Ar, 0) — f(0, 0) 
f.'(0, 0) = J,’ 


i 
as = J, Arsin = 
A fT) . A ” 


Ar 


f(O, Ay) — f(0, 0) 
f,'(0, 0) = JT,’ : 


9 
- J, Ay sin = 0. 
p. “ 


aye Ay Ay 














i2 = 


= 


For x = 0. y + 0, we obtain f 
y +0, we have f,’(2, 0 
discontinuous in y, and f,’ 


function is totally differentiable at 


L, 


4 
4 


o ©OS 


a Arf.’ 
A(r, Ti 


“f( Ar, Ay) — fi 0, 0 


(0, y 


is discontinuous In 2. 
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—cos ly. Finally, for x + 0, 


lv. It follows that at the origin f,’ Is 
However, the given 
for, we have 


0. 


0.0) — Ayf,’(0. 0 | 


<1n 


Ar AI 
J Ae 


J x ‘ 











A PROPERTY OF CYCLOTOMIC INTEGERS AND ITS RELATION TO 
FERMAT’S LAST THEOREM.* 


By H. S. VANDIVER. 


If p is an odd prime, and 


(1) xr? + y? +2”? = 0 


is satisfied in rational integers prime to each other then Furtwiingler? has 


shown that 


rr - 1 
= q(r) =0 (mod p), 


for each factor 7 of x in case x = 0 (mod p) and for each factor r of 2? — y2 
in case 2° — y? is prime to p. Kummerf showed that if (1) is satisfied in 
integers prime to each other and to p, then 


d?-*" log (x + e'y)- 
(la) B. | area” ? | QO (mod p), 

| dye?" | > 
where B, = 16, B, = 1.30, --- are the numbers of Bernoulli, and n = 1, 
2, 3, +--+ (p— 3) 2. Mirimanoff$ proved that these criteria may be 


replaced by 


where 


In the present paper I shall derive the above results by methods a bit 
different from those employed by the writers mentioned, as well as some 
other criteria in reference to (1). It is shown that the criteria of Kummer 
and Furtwiingler may all be derived from one relation. 

1. Kummer proved that if B is a prime ideal of the first degree in the 
algebraic field defined by a = e""/? (i = v— 1), then II, II,8 ,:,) 1s a prin- 
cipal ideal in Q(a) where s ranges over the integers which satisfy 

qp p a qp 
k+i~°™k 


* Presented to the American Mathematical Society, Dee. 1914. 
Sitsungsberichte K. Akademie der Wissenschaften, Wien, vol. 121 (1912), p. 589. 
Abhandlungen der K,. Akademie der Wissenschaften zu Berlin, 1857. 


, 


t 
+ 
+ 
§ Journal fiir die Mathematik, vol. 128, pp. 45-08. 
Journal fiir die Mathematik, vol. 35, p. 304. 
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q ranges over the set 1, 2, ---, 4, and / is any integer subject to the condi- 
tions O0< A < p-— 1d. Further &, is the ideal obtained from ¥ by the 
substitution (a a*) and {1 : s] is the least positive solution of s.X 1 (mod 


p). In Hilbert’s* notation this may be expressed 


2 HITS. +1 


Let / = 1, the relation becomes 
(2a) I] Bn: ~ 1. 
Let & = 2 in (2) and multiply the resulting relation by (2a). The product 


may be written 


2b) I] I] Busy ~ 1. 


a 
Using the substitution (a a”’~'), we get 
IT II 8... ~1. 


In like manner, comparison of (2b) with (2) for / 


II II Bi. wk, 


3 gives 


J3 


and we find in general 
&—1 [os 
3) II I Baise ~ kf = 2,3,---,p-—1 


2. If z = 0 (mod p), we obtain from (1) 


(4) r+y=w?, uw, an integer) 
(5) xr+ay = q’, 
where a is an ideal in the field Q(a). If qa, denotes the ideal obtained 


from q by the substitution (a a"), we have from (5) 
W((a +a'''’y)) = Il'q’,:,, 

if 

vy k 


I : 


Since gq contains as factors only ideals of the first degree, the relation (3) 


Ww =I] 


\ r 


gives 

(6) II'(x a a "y) = e(a) 8”, 

where e(a) is a unit and @ is an integer in Q(a). Using the substitution 
(a/a~'), we get 

(6a) W'(2 + aM" y) = e(aH")O?_). 

Now (1), (4), (6) and (6a) show that the ideal (69_,) = ((— z/w)*~!), and 


* iy 


sSericht der Deutschen Mathematiker Vereinigung, 1894, p. 223. 
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therefore 09_; = E(— z/w)*", where £ is a unit in 2. The product of 
(6) and (6a) then gives 

(7) e(a)e(a")E” = 1, 

But we also have 


— / y, / —_ 
(4a) ela) = ale(ata i) ¢ 


«(a + a) denoting a unit in the field defined by a + a7. From (7) 
and (7a) we obtain (¢’(a@ + a~'))? = E-”, and if s and r are integers such 
that 2s = 1 + rp, then 

« =e” = E- 
and ¢’ Ey”, where ££, is a unit in 2. Hence « = E£,’a*%, and we obtain 
(S) a" W'(z + aly) = w?. 
Now by following a method employed by Kummer in the article cited, 
any integral relation between the pth roots of unity, say 


fla) = 0, 
may be replaced by 
' ur? — | 
f(u) = Fu) ; 
u— | 


where uw is an arbitrary magnitude and F(u) is an integral function of uw. 
Applying this principle to (8), we obtain 


ee ee os : ur? — | 
(9) u-*TN'(r + uly) = (w(u))? + Vu) ———— 


where V(u) is an integral function of u. Setting u = e", we obtain from (9) 
— tg + ; i log (2 +e ''"y) = log (w? + VX), 


where 


Put [1 :r] = n,. Differentiation gives 


d log (xr + e'"y) d log (w? + VX) 
(10) ~9+2 dv a dv : 


Let v = 0, we get 


1 
—g4 — 2, te = 


k log (w? + ay 
Y v7 v=0 


dv 


1 pw? dw vey) 
=| =a 7x ( ae © & Ihe 


Now [w? + VX],<o is prime to p, since w is prime to p. Further 


E X = (0 (mod p), 


dv Jr—o 


(10a) 


* Hilbert, |. ¢., p. 336. 
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since [X],-9 = p, and 

“dX 

a8 BOSS A is Ewe i, 

dv | ( aon P 

Hence 
Y 
(ii = = a 0 (mod p). 
r+yé 
We note further that 
i». 2 
| | =] + 2" 4+ +(p-—!l 0 (mod p), 
de 

for0O <h<p-—1l. We therefore find 

-d* log (w? + VX) 0 

(mo , 

dv* : nod p 

since [w? + VN],-9 is prime to p. Differentiation of (10) then gives 
; d? log aT ¢'7 
12) 2. ee | dyvh | Q (mod p), 
forh = 2,3, ---,p—2. We have, evidently, 
(13) 2, 72. mod p). 
v7 , A J : 
; Now if — yx =t(x #0 (mod p)), then 
d log (rx + ey le 
dr 7 ] m te 
We note that 
=| s , | d ( s Ss d , 
dy l—~s alias ). it dp |] — ) i l1—sdv i y 
where s = e’t. Hence* 
~d [8s(s? — 1) d ( s 
| 3. ( oer )| : | sf — ip | *-)] : mod Pp); 







since 1 — ¢ is prime to p. 
Proceeding in this way we find 


P (j2 ] Pe a 1) 
dit ] Ss 
modulo p. Or 
f.(t) = t+ 2 


1f2 a 


; 


. d? 
)| : (t? — | i 


+ (p — 1)*"tP"! | 


-( = 1)| 
( 


* Frobenius, Berlin Sitsungsberichte, July, 1910, p. 843. 


Ss 


i(, )| 


i 
lye 


,' ' 
4 .) | (mod p). 
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Applying this to (12) and (13), we obtain 


= EN 
(14) bi jadall) Q (mod p), 
fora 2,3, ---,p—2. 


3. To deduce the criteria of Kummer it is necessary to transform (13). 
Let m be an integer such that 1 << m < p and let [/] represent the least 
positive residue of 4, modulo p, where / is an integer. We have 





min [pare rT vn [run] 
and 
¢ ] ] ] » 
men [rn " s|mn| (ann [mn] (mod P"); 
since mn — [mn| is divisible by p. We have also 
s mn} ‘omn — [yn] ) Ss mn)$ linn — [mn] (mod Pp"), 
and therefore, if we let m range over the integers . me ***, =< 1, we get 
me sn — S- [mn] m* — 1)Xn’ 
(15) - ‘ 
sm! Sn '(mn — [mn]) (mod p*). 
Now, if 1 S p— 1, 
m* — 1 =n’ n* (mn — [mn]) 
, +2 (mod p). 
sme p . p 
If bo; = 0, be — 1)*'B,, it is known that 
Yn* = bp (mod p*). 
We then have 
b,(m* — 1) n* "(mn — [mn]) 
(16 ; mod p) 
sm" * p> p / 
mn ; 
} a ie * mod —P) 
n pP 
mn 
— ; . p= ne! mod pP) 
od 
n p 
(16a) — >. » ® | ail mod p). 
y=! 1 
Now from (15) for s p— 1 we obtain 
ght ae 7 in n?-*(mn — [mn]) 
— 7 Sn? Zz (mod P), 
p n n p 
and, noting that Sn"! — 1 (mod p), we find as in the ease s < p — 1, 
1 [epim 
(17) — mq(m) d, = (mod p).* 
’ l i=i J 


* For other derivations of (16a) and (17) see the author's article in these Annals, second 


series, vol. 18 (1917), p. 114. 
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Applying (16) to (14), we have 


b.(1 — ke) 
ak- J p—all) QO (mod p), 


fF = 2,3, ---,p—landa =2,3,---,p—2. Let & be a primitive root 
of p: then 1 — 4* = 0 (mod p), and 
h ye { 0) mod P), 


which for a even gives the criteria of Kummer. Applying (13) and (17) 
to (11), we have 
heyg(k) 


mod d}, 
x+y / 


g 7” 
and we may state the result: 
If (1) ts satisfied in integers prime to each other and z is prime to p, then 


it 7s nece ssary and sufficu nt that* 


(20 I I] r+a‘ Y a ee as 
2] r+y yan integer), 
where I: is any inte ger 1 ; I: « Dp, and wis an inte ger in Oa). 

These conditions have already been proved necessary. To prove them 
sufficient make the substitution (@ a7!) in (20) and multiply the resulting 
relation by (20) and the (/ — 1)th power of (21)... We obtain 

re+y 
from which (1) follows. 
1. To derive Furtwiingler’s theorem by means of (20) set 


C uF = mod P), 


where ¢ is an integer in Q(a@), B is an ideal prime in Q(@) which is prime to 
Cand p, r/ is the norm of B, and }¢ Bj is a certain pth root of unity. Then 
Cis a perfect pth power, modulo &, if and only if 


» | l . 


s | 


LL | 


Let ¢ be a rational prime factor of y in (20), if y +() (mod p). Then 
trom (20), 


99 cS ge | a | ‘ , ( p-—!l 
a Je | lc | : P 2 ). 


where 


(23) c L,B.---R,, 
* Throughout this paper, whenever a fraction appears as an exponent of a, that exponent 
is the integer d, where d satisfies df; = f, (mod p), f2/f; denoting the fraction in question. 
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the B's being prime ideals in Q(a). Evidently 
(24) igic} = I, 
since if {zc} = at (a + 0), then by the substitution (a a”) (m prime to p) 
we obtain a* = a, whence a = 0. Let k = p — 1 in (22). We have 


q(p — 1) ¥ 0 (mod p), and since y + 0 (mod p), we have using (24) 


Now in (23) the 8's are distinct prime ideals each of degree f, where ef 
p— 1.* Hence 








| ox | | a | ell | 
le | BI L, | 
a » l 
Hence 
ci — ] 
Q (mod p), gic) = 0 (mod p). 
p 
We have 
X+a‘ty rayt (a’ = ly. 


Substituting this form in (20) we get, provided that d is a factor of 


xs ¥, 
, a” a | | la | 
I] , _ 1 | 
d } |d| 
OF. by use of dé 
_ Td mee oD vs aa 7 a | la | 
(25) =; 7? i | 
ld | | d | | d ld | 


The substitution (a@ aa) shows that 


| a = 0 mod p)). 


Henee (25) reduces to 


If / p — 1, this gives, provided that x — y # 0 mod p), 
‘a d!} x 


and, as before, we find g(d) = 0 (mod p). Whence the theorem: 


If 


xr? + y? 
as 
‘ rt+y 
where x, y and v are integers prime to each other, then q(r) = 0 (mod p), 


* Hilbert, |. c., p. 329. 
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where r is any factor of xy (ry # 0 (mod p)) and g(r Q (mod p) for any 
factor r of x =e, provided that c= y- is prime lo p. Furtwiingler’s theorem 
follows from this. 
5. Kummer in his first paper referred to above applied the relation 
2) to (1) for the ease where wx, y and z are prime to p and found 


where s ranges as in (2) and y Is an integer in Qa). The integer a Was not 


determined by him. By methods already explained we find 


if 7 
>. mod p), 


and 
l 


> — hath) + (hk + Wyqik +1) (mod p 


~ 


6. If in the relation (1) xyz is prime to p, then apply Wieferich’s criteria 
q(2) 0 (mod p) to (20) fork = 2. We obtain 


I] Zz a a : | w 
Similar relations may be derived by using the criteria 
q 3 q i) q 1] q a () mod p om 


7. In (1), assume that z is divisible by p. By Furtwingler’s theorem 
we note that each factor of . or y which is of the form 1 (mod p) is neces- 
sarily of the form 1 (mod p*). Hence 


r? +2 r+2z (mod p 
Wf T 2 (fies aa mod p 
and 
LP py =~ ae I+Y t+ ae mod p 
since ; 


ils a () mod p 
we have 
y? + 22 0 = 22 (mod p 


or z= 0 (mod p*). In the relation (1), 2, y and z cannot all be odd. If 


ror y is even, then Furtwiingler’s theorem gives g(2 Q (mod py: and 
if g(2 Q (mod p), then z must be divisible by 2p". By using in addition 
the part of Furtwiingler’s theorem referring to factors of 2° - y’, it may 
be shown that z = 0 (mod 3p*), unless q(3 0 (mod p). 


* Vandiver, |. ¢., p. 114 

| Mirimanoff, Comptes Rendus, vol. 150 (1910), p. 206; Vandiver, Journal fur die Mathe- 
matik, vol. 144 (1914), p. $14; Frobenius, Sitsungsberichte der Preuss. Akademie der Wissen- 
schaften, vol. 22 (1914), p. 65 
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SURFACES OF ROTATION IN A SPACE OF FOUR DIMENSIONS. 
By C. L. E. Moore. 


|. The obvious generalization of a surface of rotation in ordinary space 
ix a surface left invariant by a rotation in four dimensions, a rotation being 
defined as a linear transformation of positive determinant preserving dis- 
tance and leaving one point fixed. In general the path curve of a point by a 
rotation in four dimensions is not a circle.* There are however two distinct 
tvpes of rotations for which these path curves are circles. A rotation in 
general leaves two completely perpendicular planes invariant, not fixed 
point for point, but only as planes.+ A special rotation leaves one of these 
planes fixed point for point. For this rotation the path curves are circles 
whose centers are in the second fixed plane and whose planes are parallel 
to the absolutely fixed plane. Surfaces generated by this kind of rotation 
have been studied somewhat.t If the rate of rotation in each of the 
invariant planes is the same the path curves are circles having their centers 
at the origin.§ In this note I shall confine my attention mostly to surfaces 
left invariant by this last kind of rotation. The path curves now however 
do not lie in parallel planes. 

A general rotation in a space of four dimensions can be written 

\¢ ry Cos mt — we sin my, NX. = 2%; sin mt + 2. Cos mil, 


X Vs COS Mol — vy sin mol, 1 ¢ Ps SIN Mol + 2; COS Mol, 


where the invariant planes are the Y,Y.- and the YV;X,-planes, and mm), 
ms are the rates of rotation in these planes. If the V;X,-plane is abso- 


lutely fixed, m 0. Surfaces generated by this rotation are the ones 
discussed by Wilson and Moore. The rotations we shall study now are 
given by my, + ms, but for the sake of simplicity we shall confine our 
attention to the case m, = m 1. The equations of the rotation then 
become 

. ¢ r, cos t — wr. sin b, X xv; cos t — x, sin J, 
()) 

X> r, sin? + x. cos C, Ai xv, sin? + x; cos b. 


*See C. L. Kk. Moore, Motions in hyperspace, Annals of Math., second series, vol. 19 (1918), 
pp. 176-14. 

Cole, On rotations in four dimensions, American Journal of Mathematics, 
pp. 191-210. 

t Wilson and Moore, Differential geometry of two-dimensional surfaces in hyperspace, 
2 (1916), pp. 267-368. 


vol. 12 (1889), 


Proceedings of the American Academy of Arts and Sciences, vol. 5 
§ Moore, Rotations in hyperspace, Proceedings of the American Academy of Arts and Sei- 


ences, vol. 53 (1918), pp. 649 OO4. 
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From (2) it is at once evident that 
4 { 
2X7 = 22 
Consequently distance from the origin is left unchanged. Also if we allow 


¢ to vary, the curve which the point (Y,, Y., Ns. X,) deseribes will lie in 
the plane 


AX, + BX, + CN; + DX, = 0, 
BX, — AX, + DX; — CX, (), 


(3 


where A. B.C. D are so chosen that 


Ar, + Bro + Ca; + Dr (), 
Br, — Ax, + Dr, -— Cr (). 
Consequently if (ry, 22. ay. ry) lies in the plane (3), the curve (2) must lie 


in the same plane. Hence any plane is left invariant hy the rotation yam 


and conse que ntly the path cure of a porn lying in that plane must be a circle 
with center at the Origin. 

The plane (3) cuts the planes 

(Xy + 1X (), | \ A (), 

“ | Xs + 1X, = 0, x iA, = @, 
in lines for every. value of A, B,C, DD. The planes left Invariant hy the 
rotation form the linear congruence of planes cutting the planes (4). This 
congruence will contain the plane completely perpendicular to any plane 
3) as can easily be verified. A linear congruence of planes, in space of 
four dimensions, which pass through a fixed point is simply isomorphic 
with a linear congruence of lines in ordinary space. We see then that one 
and only one plane of (3) contains any line which passes through the origin 
unless the given line lies in one of the planes (4 

2. Rotation of a plane. If a plane 7 passes through ©, it will cut «! 
planes of (3) in lines. These planes then cut three fixed planes in lines and 
hence form one system of generators of a quadric hy percone which has O 
for simple vertex. The different positions which z takes will form the 
second system of generators of the cone. If the plane does not pass through 
Q, let its equations be 


; 


‘ 
(5 2 AX, + J (), > BX, + B, = 6. 
If we apply the transformation (2) to this plane, we have on eliminating ¢ 


— A. Ay My A , A; My 
(6) + 


B; Xp uw 2B; Ao pe 





il 
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where 


4 4 
Ay > Aw ’ A» ~_ > Bux: 
1 1 


by Ast, _ A,X ‘a A ws A324, 
Mo - Box, i Bx. + Bit; _ B32,. 


Hence the hypersurface generated by revolving a plane not passing through 
the origin is of order four and has a double point at the origin. Tf the plane 
passes through O, A, = B 0 and (6) reduces to a quadrie cone. If 
Ai, Ae, Mi, Me have a line in common, the cone will have this common line 
for vertex. But we see that A; = 0, uw, = 0 forms a plane of (3), and 


likewise A» = O, 0. Two planes (3) can only intersect in a line lying 
in one of the planes (4). Hence if a plane cutting one of the planes (4) in a 


line is rotated, it will generate a cone having this line for vertex. These 
cones are evidently imaginary. 

The general hypersurface of order four above will cut each of the in- 
Variant planes in a circle, since two planes in space of four dimensions 
always have a point in common and the point will rotate in a circle. How- 
ever, if the plane passes through O, the quadric cone generated will cut 
only a simple infinity of the invariant planes in circles but will cut each of 
these in an infinite number of concentric circles. 

Two near by positions of the plane (5) will have a point in common. 
The locus of this point will be a circle to which all the planes are tangent. 


lor the plane near to (5) is 
~ | Aglay — wedt) + Aolaydt + x.) + Aglay — xydt) + Ag(agdt + x4) = 0, 
Bs, Jy Al dt T B. rid + 22) FT B3(2r5 = xd) + B;(x,dl +r ts) = Q). 


By means of (5) equations (7) are reducible to 


— Ayre + Agrs — Agr, = 0. 
— Biz. + Byr; — Byr; = 0. 


Asa; 
Box 


In equations (2) we consider x, as fixed; this will be the point corresponding 


6 | 


to / 0. The point corresponding to the value ¢ = dé will be 
rv, — wedt, xydt + ro, ty - ryt, xr,dt + 2), 


and equation (7) is the condition that this point lie in (5). Consequently 
the plane (5) will be tangent to the locus of intersection of (5) and (8). If 
(5) and (8) have more than one point in common, they will evidently have a 
straight line in common. Hence if a plane is rotated it will always be tangent 
lo one of the invariant circles (path curves), and if it is tangent to more than 
one of them it will be tangent to an infinite number and the points of tangency 
will all ie on a straight line. 

If (5) and (8) have a line in common, the hypercone (6) will have this 


line for vertex. 
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3. Rotation of a line. If a line passing through 0 is rotated, it will 
generate the invariant plane containing this line, or if the line lies in an 
invariant plane and does not pass through QO it will generate this plane 
when rotated. If the line does not pass through 0 nor lie in an invariant 
plane, two planes can be passed through it, one containing O and the other 
not. Then the surface formed by rotat Ing the line will be the interseetion 
of the hypersurfaces formed by rotat Ing these two planes. Henee th 
surface forme d by rotating a line 7s of order ¢ ight and will hare a multiple point 
at the origin. The only developable surfaces (that is generated by the 
tangent. lines to a curve) are planes. 

If in (2) we make x, functions of s ‘are length), equations (2) become 
the parametric equations of the surface formed by rotating the curve 

9 Z is i, 2, 3,4 
The vector equation of the surface is 


(10) 0 pe FF 
Then 


Op a = ’ 
n= — = r, cost — Ys sin f)/ + Ir sin {- x cos fh, 
Os : : 
+ (x,’ cost — x,’ sin t)k, + (7;3' sin t + ay’ cos Ok, 
1] ’ 4 
dp : ' ; 
(n=. = — (7, sin f + wo Cos ¢)/ _ (xr, cos? — x» sin Oh 
ot 


; 


— (r, sm t+ x, cos Oks + (23 Cos f vy sin bjbry, 
where primes indicate deriy atives with respect to s. 
Now 

12 meen Xy Xo — Lok, +1374 yw 
Hence the condition that the curve (9) be orthogonal to the path curves 
cutting it is 

13 Si ‘? — Not) +030, — ya (). 
If (9) is a straight line, «, will be linear functions of s 

J as +b, 

and we obtain on substituting in (13 


14 aybh — ash, t+ (J h, — adh (). 


as the condition that the rulings on a ruled surface of rotation eut the 
path curves orthogonally. Since (14) does not contain the parameter §s, 
we see that if one path curve cuts a straight line at right angles, every 
path curve cutting it will cut it at right angles. Hence passing through 
each point of space are ~* lines which are orthogonal to every path curve 
they cut, viz., the lines passing through the point and lying in the space of 





Re bein 
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three dimensions perpendicular to the path curve through the point. In 
each plane there is a pencil of such lines. Also if two intersecting lines are 
orthogonal to the path curve through the point of intersection, each line 
of the pencil formed by them will have the same property. 

1. Rotation of plane curves. If ({) defines a curve lying in the plane 
+ Byryt+ Ci, 
+ Bor, + C 


then the condition that the curve be orthogonal to the path curves is 


~ a 4 1 jlo 
Lo ‘ 


9 
re ] 


16) Bb, == Aa Lots’ —_ Zo X4) — C2." — Cad = Q). 


The solution of this equation is 


Bb, = Ao)X4 — Cc; /:| B, - A»)2o —_ C,]. 


This equation together with (15) determines a pencil of lines in (15) which 

are the only curves lying in a general plane which cut the path curves 

orthogonally. However if (16) is identically satisfied B, = Ao, C; = C. 
0, and (15) becomes 


o~ vy A wo FT B,z,;, 
(17) + 
Then every path curve cutting (17) cuts it orthogonally. It is easily seen 
that the plane passing through O and completely perpendicular to (3) is 
AC + BD)x, + (BC — AD)x. — (A? + B*)x, = 0, 

AD — BC)x, + (AC + BD)x,. — (A? + B*)x, = 0. 


IS 


This plane is also seen to belong to the system of invariant planes. If the 
plane (17) cuts (3) in a line, it is easily shown that it will also cut (18) in a 
line. A general plane cutting (3) and (18) in lines must have two essential 
constants. Equation (17) has two essential constants and consequently 
is the general form of the equation of a plane which if it cuts one invariant 
plane in a line through the origin will also cut the invariant plane completely 
perpendicular to it in a line. That is the invariant planes cutting (17) 
ean be grouped into completely perpendicular pairs. Hence if a curve 
lies in a plane which cuts two completely perpendicular planes, it will be 
orthogonal to every path curve which cuts it. 
5. Some particular surfaces. The element of are of the surface (10) is 
do? = m-mds? + 2m-ndsdt + n-ndt’. 
If the generating curve (9) is orthogonal to the path curves, 
meh Q), m-m = Zz;" =], nn = S27 
and the element of are then becomes 


do? = ds? + Sx,7dt?. 
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. 
The expression Lx," is a function of s only. Hence any of these surfaces 
can be mapped without stretching on a surface of re volution in ordinary space. 
If (10) is a developable surface, we know from the theory of surfaces of 
revolution in ordinary space that 
19 PIs as +b : 
There are surfaces besides evlinders and cones which satisfy this relation 
in space of four dimensions. In fact we do not have cones or cylinders of 
revolution for this kind of rotation. 7h only ruled dev lopabl surface 5 of 
revolution are planes. For the only ruled developable surfaces are those 
formed by the tangents to a twisted curve.* If the surface is one of rota- 
tion, the edge of regression must be left invariant; but the only invariant 
curves are circles, consequently the only surfaces of revolution of this tvpe 
are planes. 
An interesting class of developables are those generated by curves lving 
in planes cutting two completely perpendicular planes in’ lines. For 
simplicity let us take a curve lving in the xyry-plane. This is not a special- 
ization since any such plane can be brought into this position by a simple 
change of codrdinates. Using polar codrdinates in this plane, we show that 
the condition for a developable surface becomes 
r as + b, 
or 
dr andr? + rede. 
The solution of this equation 1s 
,0 
r =e'' 
Hence logarithmic spirals lying in planes cutting two completely perpendicular 
planes in lines by this rotation generate developable surfaces. 
Formula (19) shows that any curve lying on a hypersphere with center 
at O will generate a developable surface. In particular a cirele lying in the 
)1;-plane and having center at O will generate a developable of revolution. 
If a surface of revolution in a space of four dimensions ean be mapped 
on a sphere in ordinary space, then 
do” a(d# + sin® @dg?), | 
] 
and if we make the transformation 6 = sa, ¢ = ¢. | 
dao? = ds* +- a? sin? : dt. 
a 


* Wilson and Moore, loc. eit » PP. 342. 
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Phis again represents a large class of stfrfaces but we will restrict the curve 
as above to lie in the x,2-plane. Using polar coérdinates again, we have 
s r 


r asin —, or s a sin7! 
ad a 


adr” 
dr - 7 “Ae ; 


ay — ro 


The solution of this equation is 


asin (6 4- @ 


Hence, circles passing through the origin and lying in a plane culling a pair 
of comple lely Per pe ndicular planes in lines will ye neratle a surface of revolu- 
lion which ean he Ma p pe d ona sphere y a Space of three dime NSTONS. 

The surface formed by rotating a curve C lying in the x,7;-plane has 
two systems of plane sections. The planes of these two sets of curves 
form the two generations of a quadric hypercone with vertex at O. A 
plane of one system contains a perpendicular to each plane of the other 
system. If the plane of C passes through O but does not cut two com- 
pletely perpendicular invariant planes, the planes of the two sets of plane 
sections still form the two generations of a quadrie cone, but there is no 
perpendicularity relation between the planes. If the plane of C does not 
pass through O, one system of planes (those containing C) generate a 
quartic cone and the planes containing the path curves generate a cone 
with O as vertex, formed by projecting from O the ruled surface formed by 
the lines cutting C and a line in each of the planes (4). [These lines are 
obtained as the intersection of a space of three dimensions containing C 
and cutting the planes (4).) This ruled surface will, in general, be of order 
2m where mis the order of CC. Hence the surface formed by rotating a plane 
curve of order m is, in general, of order 8m. 

6. Minimum surfaces. The general condition that a surface be mini- 
mum is the vanishing of the vector mean curvature.* To express the 
vector mean curvature we need the three covariant derivatives and for 
this purpose I shall make use of the formulas developed by Wilson and 
Moore.t 


1 m n p 1 m n q 
(20) Yu ‘ m-m men mp , Yo = = m-m msn mM-qi, 
m-? m-d w-p mi-n m:n a] ‘qd 
| m n r 
m= = mem men me”, 
( 


* Wilson and Moore, loc. cit., p 325. 
t Loc. cit., pp. 337-8. 
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where a = (m-m)(n-n) — (men 
Op ; Ge ; ps ’ F 
m=— = (rx, cost — ax sin tdky + (te) sing’ +22 cos Oh, 
OS 
+. (y.’ eos t — x,' sin ke + (x2' sin t + 24° cos U)ky, 
Op . : 
n= ci = — (ry, sin ?t + x. cos ky + (2, cos t — xe sin f I: 
al 
— (7 <1 f+ 7x: cosl } t rr. cos tf — a4 <1n f Rc 
0-0 om oe sayin atte ; 
p=. _= > =(r,’cost—axo sintj)hy + (2, sint+ 27x." cos bk. 
21 Os" Os 
r, cost—a2, sin b)ks + (x3 sint 4 vr; cost Re. 
O-p om ; ; ; aakt 
=>. : = , — (x, sint + x. cost)k; + (2, cost — re’ sin Oh. 
dsoat ot 
— (r./sint + 4; cosOk3 + (r;' cost — ry sin b)k,, 
a-p an . . 
y= =— = — (r, cost — Xo Sin f I, — (x, sini +2. cos l K: 
of- ot 
— (r, cost —a7; sin Oks; — (17, sin (+ 7, cos tk. 


Since s is the length of are of the revolved curve 


and by differentiating 

pt ae Pil (). 
If we take the path curves perpendicular to the generating curve, that is 
take an orthogonal trajectory of the path curves for generating curve, we 
have also 


MeN =X, Xo — HoT, +7, %X, —IT,7 (), 


- — 
nei DP m:p pats oer {) m-q () 
9. i te at F oe, re eee 00 en 
(22 m-T — “lid; ; np Y1X%0 — Lod + M505 — W573 (), 
go aes ' ae 
MG = 22,7; , nr = GU. a nen 2a. 





Substituting these values in (20), we have 


(2:3) wit = PB, Yi: = n, Y22 r— (m-r)m, 

From (22) it is at once seen that y1), yy, yoo are normal to the surface which 
indeed is always true of the absolute derivatives. If the curvature vector 
of a curve, traced on a surface, lies in the normal plane to the surface the 
curve Is a geodesic. Then from the first equation of (23) we see that 
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the orthogonal trajections of the path curves of a surface of revolution in space 
of four dimensions are geodesics.* The last equation of (23) shows that 
m-r = O is a sufficient condition that the path curves be geodesics. The 
integral of this is 


bg a’. 


The general condition that the path curves be geodesics is that 7 lie in the 
normal plane, that is that r be perpendicular to m and n. From (22) 
n-r = 0, consequently m-r = 0 is both necessary and sufficient. Hence 
the only surfaces of revolution on which the path curves are geodesics are those 
formed by revolving a spherical curve. From (19) we see that all such surfaces 
are developable. If m-r = 0, then n-q = 0, and (23) shows that p, q, 7 
are three normals to the surface and consequently satisfy a linear relation. 

The vector mean curvature is given by the formula (Wilson and Moore, 


p. 322 


The vanishing of this veetor is the condition for a minimum surface. Then 
the eodrdinates of the curve will have to satisfy the differential equations 


24 Yixri2ar’ + (9 rar, —27 (), / 1, 2, 3, 4. 
Multiply the first of these equations by .. and the secondly — x; and add, 
then the first by x, and the third by — .x; and add, and finally the first 
by x, and the fourth by — x; and add. We thus obtain 
| ps r,« fo a Sr. (212 ol () 
25 Da i, fe =—Z2s 2 S72. (2123 — X32 = ij 
| oa ry) wy I Sirf: (2125 — 2,4 Q) 
Ieliminating the S’s, we have 
X, x a "Le Jr r — af 7 cd rt ilies ee 
De y I) oe - I ‘Ty Ft: ‘Da — Fe Ds 
The first integral is 
ry a Tod) Cyr, 2 ¥32 Calan, — 42) 
The complete integral then ts 
i fr. + Be 
(2 Dv; 


Hence if there exists a minimum surface it must be formed by rotating a 
plane curve but we saw that the only plane curves that are orthogonal to 


*Cf. bE. BE. Levi, Sui gruppi di movimenti, Atti dei Lincet, Series 5, vol. NIV! (1905). 
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the path curves lie in planes cutting a pair of completely perpendicular 
invariant planes in lines. Then by a proper choice of axes we can take 
the curve in the x,2r3-plane. Equations (24) then become 


’ Y3°)%1 - Y)2 —- Las 1X, — 2; () 
I - J + Ya 1 v.7.')2 - J () 
If we assume the relation 
26) rf; + 25" l. 


these equations are not independent, since then the sum of the first multi- 
plied by x;’ and the second multiplied by .r;’ is zero. On the assumption 
(26) the second equation reduces to 


d?x; dr, 
, bi = 
dr, dr; 
7 - (). 
dr. = fl — T3° 
I+ 
at; 
The first integral is 
dr, C2 =~ Zs 
dr; ty + (yx; 
and the complete integral is 
Ci(r37 — ry) + 2ri73 + C2. = 0. 


Hence equilateral hyperbolas with center at O and lying in planes which cut a 
pair of completely perpendicular invariant planes in lines generate minimum 
surfaces by this rotation. These surfaces and planes are the only minimum 
surfaces left invariant by the rotation (2). 

If n-7 const., equation (25) no longer holds but in this case the surface 
is developable and there are no minimum developable surfaces. For if 
the surface is minimum, the center of the indicatrix is at the surface point ,* 
and if it is developable, the distance from the center of the indieatrix to 
the surface point is va? + 6°, where a and b are the axes of the indieatrix. 
Therefore if the surface is both minimum and developable, the indieatrix 
must reduce to a point. The only real surface for which this is true is 4 
plane. 

7. Surfaces for which the indicatrix reduces to a linear segment. .\n- 
other interesting class of surfaces in hyperspace are those for which the 
indicatrix reduces to a linear segment because those surfaces possess many 
of the properties of surfaces in three dimensions. The area of the indicatrix 
is given by the formula 


1y2YooLYi1 + GoeYiTY12 4+ Ay1Yi2TYe22, 


* Wilson and Moore, loc. cit., p. 326. 
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where the cross indicates the Gibbs vector product and a,, are the coef- 
ficients in the first fundamental form. Then 


ie 


ay, = 1, ay. = 0, deo = D2? 


The vanishing of this invariant will then be the condition that the indicatrix 
reduce to a linear segment. Substituting the values of the quantities 
previously found this reduces to 


27) [((Sr2)p — r+ (m-r)m] X [¢ — (n-q)n| = 0. 


This product will vanish if either factor vanishes or if the two vectors are 
parallel. If the first factor vanishes, we have 


28 Ya2)r," — (Sar,7x,')r,;' + 2; = 9, j = 1, 2, 3, 4. 
Multiply by «; and sum on j; we obtain 


> 2)(>0 2,2; + 1) — (Do a,2,’)? = 0. 


The complete integral is 
-r 2 = (Cs ot Ce)" 


Henee the only surfaces for which the first factor of (27) vanishes are 
developables. The set of equations (28) when treated the same as we did 
(24) lead to the same set of equations showing that the surfaces must be 
generated by rotating plane curves whose plane cuts a pair of completely 
perpendicular invariant planes. If m-n const., the argument does not 
apply. In this ease the surface of rotation lies on a sphere and (27) becomes 


Cp —r)Xq (), 


and if the first factor of this vanishes 


C27,’ +2 0 ) 1, 2, 3, 4 
The solution is 
Ss _ § 
z: A, eos-+ B,; sin -. 
Cc ¢ 


This is a plane curve and therefore a circle and can be taken in the 2x,23- 
plane. 
If the second factor of (27) vanishes, 


(>> x*)r,;’ — (Sa,2,’)x; = 90, j = I, 2, 3, 4. 
‘ 


The solution is seen to be a straight line which by the rotation (2) forms a 


plane. 




























Q? Cc. L. E. MOORE. 


Finally if the factors are parallel vectors, we have 


const., ) .. 2 & 4. 
Multiplying the numerators and denominators respectively by ty, 22’, 
v;’, x; and adding, we find the new numerator vanishes and consequently 
the denominators must vanish and we have 

at; = 
The integral is 

Sr ste 
Since Sx," is the distance from the origin to a point of the curve it is obvious 
that the only curves that will satisfy this relation are lines passing through 
the origin. Be side S planes the only surface S of revolution for which thie in- 
dicatrix reduces to a linear segment are derelopables formed by rotating plane 
CUTTES. 

S. Locus of the indicatrix. The indicatrix is an ellipse Iving in the 
normal plane and if the normal plane is revolved, in each position it will 
contain the indicatrix at the new point. Hence the locus of the indicatrix 
corresponding to points of a path curve on a surface of revolution is a 

surface of order 16 having one set of equal conies and one set of cireles with 
: center at O for plane sections. If the indieatrix reduces to a straight line 
} the locus becomes a ruled surface of revolution and consequently of order 8. 
The end of the mean curvature vector will generate a surface of revolution 
on which the circles (path curves) will correspond to the circles on the 
original surface of revolution. The circles on this surface are the locus of 















the center of the indicatrix corresponding to circles of the original surface. 

9. The General rotation. If instead of the special rotation (2) we use 
the general rotation (1) having the origin for fixed point, we obtain a surface 
of revolution having many of the characteristics of this special one. In this 
case however the path curves are not circles and indeed if mm, and ms. are 
incommensurable the path curves are not even closed curves. If we 
consider mm, 2m, and ¢ as parameters we obtain the surface left invariant 
by the two parameter group having the same two fixed planes. This is a 
developable surface traced on the sphere.* The cartesian equations of 
this surface are 


fe = ts" a, Ha + La h?, 


Many of the properties of this surface are given in my article just referred to. 


*Cf. C. L. bk. Moore, “ Rotations in hyperspace,” Proceedings of the American Academy of 
Arts and Science S, vol. 53 191S), p. 676 
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For this type of rotation there are ruled developable surfaces of revo- 
lution, viz., the surface formed by revolving the tangent lines to a path 
curve. The locus of a straight line or a plane are in this case transcendental. 

For this general rotation surfaces traced on a sphere are not necessarily 
developable. The general developable satisfies the condition 


my"(Xy" + Xo") + mo*(r37 + 2,37) = (as + D)?, 


from which we see that surfaces traced on a sphere for the special rotation 
correspond here to the surfaces traced on the ellipsoid 


" ” ” ” ” 9 ” 
my7(x17 + xro7) + me2(r37 + 24°) = 8. 


Two pairs of axes of this ellipsoid are equal. 
The condition that the curve rotated be an orthogonal trajectory of the 
path curves is 


, 
! 


, . / , , 
my(0, Le — Lok) + Mo(%3 2s — Te IT3) = O. 


equations (23) remain the same from which we see that the orthogonal 
trajectories of the path curves are geodesics. Also the only surfaces for which 
the path curves are geodesics are the surfaces traced on the ellipsoid 


my7(ay7 + %o7) + mo2(r37 + 27,7) = 6. 


It is easily seen also that the indicatrix of surfaces traced on this ellipsoid 
always degenerates into a linear segment. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 











THE CIRCLE NEAREST TO N GIVEN POINTS, AND THE POINT 
NEAREST TO N GIVEN CIRCLES. 


By Jcniman Loweint Coonimpat 


A. Suppose that we are given n points (41, Y1)(ae, Ye) -+* (Lay Yn)- 
These points were expected to lie upon a circle, but, for some reason, they 
failto doso. What circle shall we take as that which most nearly fulfills 
the condition of passing through them? 

The problem, as so stated, is lacking in precision, owing to the ob- 
scurity of the words ‘‘most nearly.” They may be given a precise meaning 
In various Ways; if, however, we are at all under the sway of the dogma of 
least squares, it seems natural to state the problem exactly in the following 
terms: 

To find a circle such that the sum of the squares of the distances from 
each of n given points to the nearest point of the circle shall be a minimums 

Let (x, y) be the coérdinates of the center of the required circle while 
ris its radius. Let us further assume, for simplicity of caleulation, that 
the origin is at the center of gravity of the given points so that 
ii (1) >? : yy: = @ ” > gaze 2 


The condition imposed may be written 


i] 


(2) Zii\ v(e— Zz L(y — y; —r}° Minimum. 











Let us write, for simplicity 
(3 Ws = z 


i)? + (y — y,)° d; +7. 


Equating to zero the three partial derivatives of (2) we have 


Sd; (), 
ae = r,)d; ( 
Pe ), 
d; +7 
(4) 
‘ey — BiG 
5 = 0. 
d,; +7 
1Vahlen “ Konstruktionen und Approximationen,” Leipzig, 1911, p. 126, says: ‘ Fir die 
konstruktive Ausgleichung . . . eines Kreises aus mehr als drei Punkten scheinen dem Bertot 
schen entsprechende einfache Verfahren noch nicht gefunden zu sein.” For n 1 he finds the 


circle whose greatest distance from any given point shall be a minimum. 
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THEOREM. The circle sought is characterized by the fact that the geom- 
etric sum of the vectors from the given points to the respectively nearest points 
of the circle is zero, while the radius is the average of the distances from the 
given points to the center. 

It is immediately apparent that it would be quite hopeless to undertake 
to solve equations (3) and (4) in their present form. We can, however, 
reach an approximate solution by assuming that the points are nearly 
concyclic so that d; is small compared with r, 7.e., that (d,/r)? is negligible. 


Then 
d d, d;\~' d, 
dj +r i (1 T ~) ~ r? 
Yd, Y(ax — ax,)d; S(y — y;)d; = 0, 
(5 N(r — a <(y — y;)? — nr? = 0, 
“(4 — 2 <(z — zi)(y — yi)? — rz=(z — 2z,) = 0, 
aia I y—-y S(y — Y; -rs(y — yi) (0) 


These equations are noteworthy for two reasons: 

1. They are just the equations we should have reached, had we started 
from the assumption, which is nearly as natural as the one which we 
actually made, that the sum of the squares of the powers of the given 
points with regard to the circle sought should be a minimum. 

2. Although apparently involving high powers of x and y they are 
quite easy to solve. Let us eliminate r*? between the first and second, 


and between the first and third; we get 


nX(xr — x,;)? — S(x — 27;)*2(x — 2;) + nd(r — 2,)(y — y;)° 
— (rx — 27,)X(y — y;)? = 0, 
(7) 
nd(y — y,;)? — S(r — zie l(y — yi)? + n&(zxz — 23)*(y — ys) 
— <(r — 2;)"S(y — y:;) = 0 
These are reduced, with the aid of (1) to 
Q(S2,*)x + 2(Sry;)y = U2z,(z77 + y,’), 
(6) . . 
2(Sryi)xr + 2(Ly27)y = Lyi(ri- + y;7). 
We thus reach our final solution 
Y2,(z2 + y2)Sy? — Sylar? + yy?) Sry: 
Q[s2,7*2y? — ([riy;)] 


" Ly i(r? + y2Z)2r? — Tari? + yK)Triy: 
o} : = Q[V yp 2N), 2 = 2 ’ 
( y 2[Sxr/7Sy2 — (Yxry;)"] 
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B. Suppose that we are given n circles whose centers are the points 
(t1, Yo) (2, Yo) «++ (Ans Yn), While their respective radii are rj, 72, +++, Tr 
These circles were supposed to pass through a common point, but failed 
to do so. What point shall we take to replace their supposed point of 
concurrence? 

The first stages of this problem are surprisingly like those of A. If 
we seek a point such that the sum of the squares of its distances from the 
nearest points of the given circles shall be a minimum, the expression to 
minimize is 


wo | (2 — Zz; ry = yy, =F 
If we make a minute change of notation whereby 


ae Y 


> = 
r, r, 


(3) Vr — a)? +iy-y)? =d +7; 


and equate to zero the partial derivatives with respect to z and y, we find 


we (a ~~ Bes 0 
as d; FJ ; 
(Q) 
9 — 7 vii 
y¥ — yds _ 9 
d; — 


THEOREM. The point sought is characterized by the fact that the geom- 
etric sum of the vectors from there to the nearest points of the given circles 
is zero. 

Let us look for an approximate solution, following our previous work 
step by step we reach 


(x — 2;)? r—z,)(y — y;)" 

N vy ‘ ‘ a y 

a = tT a ; — ZA =~ 7.) = UY 
ws ‘Pw ; P 

(10) , = 
At ~ £59 — 9s) = ge” 
2 2 +z 2 — X(y — ¥;) (0), 
: : 


It would be pleasant to follow copy from here right to the end; un- 
fortunately we can not do so, owing to the fact that we have nothing to 
correspond to the first equation (5). We may, however, rewrite (10) in 
the form 


\ 


L[(x? + y*?) — 2(rz, + yys) + (x2 + y2 - ri(* ae = 0, 


: 


>[(2? 4. y”) = 2(xz; |. YY) ibe (xr? 4. ye al ri (" | = 0. 
r2 


i 


If we put 








—_ 
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and remember (8), we easily find equations of the type 


7 Az+B — Cz +D 
7 Pz +Qz+ hk’ Y= pz +Qz2+R° 


Here z is a root of a quintic equation with known coefficients. At 
this point the geometer steps lightly aside, leaving the quintic in possession 
of the field. 


AMERICAN EXPEDITIONARY FORCES, 
Sept mber, 1918. 
























SINGULAR SOLUTIONS OF DIFFERENTIAL EQUATIONS OF THE 
SECOND ORDER. 


By Ek. M. Coon anp R. L. Gorpon, 


In the process of finding the singular solutions of differential equa- 
tions of the first order and also in finding the envelopes of families of 
curves with one parameter, some extraneous loci appear. Analogous ones 
appear in the theory of singular solutions of differential equations of 
higher order, and of osculating curves of families of curves with more 
than one parameter. In discussions concerning singular solutions of 
differential equations of higher order attention is usually called to a 
locus of cusps of the second kind, and to a singular solution of the second 
kind, which has no analogue for differential equations of the first order, 
but we have found no mention or illustrations of a locus of cusps of the 
first kind, or of a tae-locus, where non-consecutive curves have contact 
of higher order. In this paper we give a few examples to illustrate cases 
that may arise for differential equations of the second order. We also 
consider the theory of osculating curves of families of curves with two 
parameters, and illustrate the fact that besides an osculating curve, a 
cusp locus or a nodal locus may appear. 

In the first example the differential equation has two singular solutions, 
which give the osculating curves with contact of the second order with 
the family of integrals. In the second example there is a singular solution, 
and a locus of cusps of the first kind with an infinite number of cusps at 
each point. In the third example there is a tac-locus with contact. of the 
second order, a locus of cusps of the first kind with an infinite number of 
cusps at each point, and in connection with the osculating curves a nodal- 
locus with an infinite number of nodes at each point. In the fourth 
example there is a singular solution and a locus of cusps of the first kind 
with one cusp at each point. 

Let 
(1) Fiz, y,y',y 


‘y 


() 


be a differential equation of the second order, where F is a polynomial in 
xz, y, y’, y” which cannot be broken up into factors, and is of degree 
n(n > 1) iny’. A singular solution of this equation is a solution which 
is not contained in the general solution. Such a solution, if it exists, 
must* satisfy ¢,(z, y, y’) = 0, a differential equation of the first order 


* Forsyth, Theory of differential equations, part II, vol. III, chapter 15. 
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obtained by forming the resultant of (1) and 
or 


ay () 
OY 


(2) 
to eliminate y”. The general solution of ¢; = 0 is a singular solution of 
the first kind of F = 0, if it is a solution of F = 0, and a singular solution 
of ¢, = 0 which satisfies F = 0, is a singular solution of the second kind 
of F = 0. Let 


g(r, y, y’) = 0 


be the differential equation of first order obtained by the elimination of y’’ 


between (1) and 


OF OF OF 


(3 ar y ay + Dy’ = @ 

\ necessary condition* for the existence of a singular solution of 
F = Ois that (1), (2) and (3) have a common solution in y’’, or a necessary 
condition that y = s(x) be a singular solution of F = 0, is that y = s(x) 
satisfy ¢; = O and g. = 0. A sufficient condition for the existence of a 
singular solution is that (1), (2) and (3) have a common solution in y”, 
when (dF dx) + y'(0F dy) and (dF dy’) are not also zero for that value 
ol y 


In addition to the singular solution, ¢(.7, y, y’) = O may yield a locus 
of cusps of either the first or second kinds, a tac-locus on which two non- 
consecutive curves have contact of second order, or a particular solution. 
In addition to the singular solution, ¢ge(r, y, y”) = 0 may contain a 
locus of points where y’” = 0, a tac-locus on which two non-consecutive 
curves have contact of second order, or a particular solution. 

The integral curves of ¢i(r, y, y’) = 0, which are singular solutions, 
and the integral curves f(x, y, a, b) = Oof F(x, y, y’, y’) = 0 have contact 
of second order, that is, the integral curves of ¢; = 0 are osculating curves 
of the integral curves of F = 0. 

Let f(x, y, a, b) = 0 be the equation of a two-parameter family of 
curves. There may exist a one-parameter family of curves which has 
contact of second order with the given family of curves. It can be shown, 
in a manner similar to the method of finding the envelope of a one param- 
eter family of curves, that the osculating curves satisfy the differential 
equation of first’ order ¢(z, y, y’) = 0, found by eliminating a,b, and 
db da from the following four equations 


f(x, y, a, b) = 0, 


* Goursat, E., Sur les solutions singuli¢res des équations diff¢érentielles simultanées, pp. 362- 


366, American Journal of Mathematics, vol. XI, ISSS—S9. 
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GORDON. 


of _of 

ae a ge oe 

Or ~*~ OY 

of ,of 

— + 0 — = (0), 

0a ab 
a°f , ey ,( of , of 
—- + fh’ ~~ 4+ (<3 + hb’ — 0). 
oroa dxdb oyoa ayab 


Besides the osculating curves, ¢ 


QI. Y, y') 
of either the first or second kinds, o1 


= 0 may contain a locus of cusps 
Example 1. 


~a nodal locus. 


F=y’ — 4ry'y" + Sy” 0, 
r—a) 
f=(y—b)—-—a = = (), 
» 
2 P 4dr 
> F , = Se = (). 
: a6 
74 , 4a 
g=y"(y -> ) = 0, 
mf 


~é 


7 , 4r3 
g=y'ly' - a | = 0. 


y’ = 0 and y’ — 42x’ 27 = O satisfy 
integrals y = c,, and y — x',27 
kind of F = 0, and y 


= 0, ¥2 


— Co 


= (0, and ¢ = 0; their 
are singular solutions of the first 
¢c, is also a particular solution. 


y 




















a 
\ 
} \ 
‘ * 
\ \ 
7 \ 
pA’ \ 
\ + 
\ i 
* \\ 
% \\ 
a I; 
Ste! = : = v 
On oe 
Fic, 1. 


rhe dotted curves in Fig. 1 represent the integral curves, f = 0, 


obtained by giving the parameter a different values and the parameter 
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b the value zero. The equation of the curve Q’P’OPQ is y = 21/27; 
it is an osculating curve of the integral curves (b = 0), with contact of 
the second order. The straight lines y = c; are also osculating curves 
of the integral curves with contact of the second order at the points of 
inflection. Translation parallel to the Y-axis gives the complete system 
of the integral curves and their osculating curves. 
Example 2. 
Fo= 4ry’? + 2ry” — y' = 0, 


f (y— 6b — ar) + ja'*z3? = 0, 
( | () 
GQ; = Z 1 t = V, 
y 4 ) 
, , w 


Pla x’ (y | ) (). 


x = 0 satisfies ¢, = Oand ¢ 0, but does not satisfy F = 0; it isa 
cusp-locus. y' +24 = 0 satisfies ¢; = 0, ¢. = 0 and ¢ = 0, and the 
integrals y + 27/8 = c,; are singular solutions of F = 0. y’ = 0 satisfies 
only ¢: = 0, and the integrals y; = c. are particular solutions of F = 0. 








Fic. 2 


The dotted curves in Fig. 2 represent the integral curves, f = 0, 
obtained by giving the parameter a different values, and the parameter 6 
the value zero. The equation of the curve P’OPQR is y + 2°/8 = 0; 
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it is an osculating curve of the family (6 = 0) with contact of the second 
order. The Y-axis is a locus of cusps of the first kind. Translation 
parallel to the Y-axis gives the complete system; there is an infinite 
number of cusps at each point of the }-axis. 


> 


Example 3. 


F=yy°-—-yly-l 0) 

/ =3ir+ay—btty y- 3d 0 

g, = yey” y— | 0 

g=y (y—1)"{(y + 1)? — 36yy"(y — 1)'] = 0 
og = y* y= 5 () 

y — 5 = O satisfies only ¢ = 0; it is a nodal locus. y 1 = 0 satis- 
fies ¢, = Oand ¢ = 0; it isatac-locus. y = Osatisfies ¢; = Oand 9 = 0; 
it is a cusp-locus. [(y +- 1)? — 36y y"(y — 1)4] = O satisfies ¢, = 0; it 
gives a locus of points where y’” = 0. y’ = 0 satisfies g; = 0 and 


go = 0; the integrals y = ¢ are particular solutions of F (). 








yf ” 
CO A a aes = = = saenigerianemtenmniennnsetattdesneteamassiambimnibasianantn — B 4 





The dotted curves in Fig. 3 represent the integral curves, f = 0, 
obtained by giving the parameter a different values, and the parameter 
6 the value zero. Translation parallel to the X-axis gives the complete 
system of integral curves. The equation of the straight line PQ is y = 5; 
there is an infinite number of nodes at each point. The equation of the 
straight line ST is y = 1; at each point there is an infinite number of 
pairs of non-consecutive curves with contact of the second order. At 
each point of the X-axis there is an infinite number of cusps of the first 


kind. 
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Example 4. 
F = &(y" — 2)*y’ — 9y” — 2) -9 =0, 
f =y—b-— (x — a)? + (x — a)3” = 0, 


C1 y (32y’ +9 (), 


go. = (32y’ + 9) = 0, 
¢ y (32y’ + 9) = 0. 
y’ = O satisfies ¢; = O and ¢. = 0; the integrals y = c,; are cusp-loci. 


32y’' + 9 = 0 satisfies ¢; = 0, g. = 0, and ¢ = 0, and the integrals 
y + 92/32 = c. are singular solutions of the first kind of F = 0. 








Fic. 4. 


The dotted curves in Fig. IV represent the integral curves f = 0. 
The X-axis and lines parallel to it are loci of cusps of the first kind. The 
equation of the line PQ is y + 9x 32 = 0. The line PQ and lines parallel 
to it are osculating curves of the integral curves f = 0. 

Mr. Hotyoke CoLLeGce, 


June 1918. 








NOTE ON A CLASS OF INTEGRAL EQUATIONS OF THE 
SECOND KIND. 


By CiypEe E. Lovt 


$1. Irtroduction. The object of the present paper is to develop the 
elementary theory of the singular integral equation 
=x 


~ Avr, Oe(tjdt, 


where ¢(x) is the unknown function, under the following assumptions: 
The function Avr, ¢) is bounded and integrable in the square 


nt 2 Sx: bh, @=f: h, 
where 0 is arbitrary, and is continuous in the region 
i 2s a, = &; 


or if discontinuous has only a finite number of discontinuities for any one 
value of x or of ¢; the function fir) is continuous in the interval 


' Bi > a 


the functions fic) and Avr, 4) may be written in the respective forms 


where f(r) and A(z, ¢) are bounded in J and in 7 respectively, and where 


a and @ are real constants such that a + 3 > 1. 


The singular integral equation has been studied by Weyl* and Hobsont 
under hypotheses differing but slightly from those assumed above. While 
the results of the present note thus possess only a modicum of novelty, 
it is felt that the case here treated is of some interest because, as. will 
presently appear, it can be solved by a direct extension of the method of 
Fredholm. 


In what follows we shall assume a > 0. This restriction involves no 


loss of generality, since it may be removed by a mere translation of axes. 


It will be convenient to put a + 8 = y + 1, whence y > 0. 


* Math. Ann., Vol. 66 (1909), pp. 273-324. 


T Proceedings of the London Math. Soc., Vol. 13 (1913), pp. 307-340. 
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§ 2. Functions of the class K. For brevity we shall say that, if a func- 
tion satisfies all the conditions imposed above upon K(z, t), that function 
belongs to the class K. We begin by noting certain properties of these 
functions. 

First, if A‘?(x, é) is a function of the class K, the integral 


** 


K(x, x) | dx 


e/a 


exists. For, the integral 


ef 
K(x, x)dx 


has a meaning for all values of 6 > a. Let M® denote the maximum 
value of A, (x, tf). in the region 7. Then, corresponding to every 
positive value of €« we can find a value of € such that 


ve! ; © dx M” 


of vg ° '% 
for all values of & > &. 
Further, if A(x, ¢) is a second function of the class A, the integral 


= 


K(x, t) = | K(x, s)\K@(s, thds 


converges absolutely for all values of x1 and ¢ in the region 7’, represents 
a continuous function of x and ¢ in 7’, and itself belongs to the class K. 

To prove the first of these statements, we note that, the point (2, ¢) 
being any fixed point in 7’, the integral 


K(x, s)\K@(s, Ods 
exists by hypothesis, and that to every ¢« there corresponds a & such that 


J MoOMe ff de MOM® 1 
€. 


K® . s)\K@(s t)'ds ° 
J \ la, 8 Ss, S <. rt? gytl xt? yer 


We shall prove the continuity of A(x, ¢) directly, by showing that to 
every positive « there corresponds an 7 such that 
(2) |K(2’, t’) — K(az,0| <.e 
whenever 


(3) ‘2 —2'| <n, t—t'| <>». 
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Having fixed ¢, let us choose a number b satisfying the conditions 


> > z. b> ft, 
( 4MO MC ) ’ 
(4) 5 Ss rie . 
a’ ye 
Writing A(x, ¢) in the form 
K(x, t) = | Kz, s)K°(s, 0ds + | K(x, s)K(s, ds, 


we see that 
K(2r’,t') — K(z,t)) = 1,+ 1,, 


where 


, 


L= [ [K(2', )K%s, 0) — K(x, s)K%s, Olds 


i 


(| kh, ] a’. S k, Ss, if kh, 1 xr, 8 kK, 8, t) ds 
vt I 


At id rt? gytl" 


Now it is well known* that the integral 


»} 


K(r, s)\K a, € ds 


e/a 
represents a continuous function of x and ¢ in the region 7',; it follows 
at once that by suitable choice of 7 we may make 
I, < « 2 
for all values of x’ and ¢’ lying in 7’, and satisfying the inequalities (3). 
As regards [,, we have 


, 


l ] ** ds 2MOM- 
| Pe moye| — = + | ——2 ih : : rae 
Pll J, © 


ax att yb 2 


by virtue of (4). Hence, if we place upon 7 the additional restrictions 


n=b-vxz, n-b-t1, 


which is of course allowable, the relation (2) is established. 
Finally, we note that 


K(z, t) 


whence we may write 


’ 


MOMC " ds — M®Me 
Jp 8 


xt? sytl go t® vay 


K(z, t) = K,(z, t)/x*t*, 


where K,(z, t) is bounded in 7. This completes the proof that A(z, 0) 
belongs to the class K. 


* Cf. Heywood et Fréchet, L’équation de Fredholm, p. 6. 
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§ 3. The method of Fredholm. Let us put 


- L1, Xo, ee, ge) ; _ 
K ti, to, «+>, e) = |K(z.. ¢;) ’ rj = 1, 2, re} 


. Be Be. «9 =. ¥ 
k ( aes Pae 
1 ty, be, «++, be 


(1yLo +++ y)*(tyte --+ t,)8? 
where 


K T}, To, pois Ly, — K ai . * 9 
‘1 ty, lo, +++, a 7 Xi(%i, &) , i,j = 1, 2, ---, n; 


also put 


(5) D(z, t, ») = Zz. u,(2, t. dr), 
(6) D(x) = Dou, (d), 


n= 


where 


Uo (x, l, r) Ar, t), 


, — dr)” (" (" K(* Pi. ae ~. ; j 
Cuts. es “+s \ ar, +++ ar 
n! . ; ;. Zi. we l ny 
n= M a eee) 
Uo( A) ¥ 
— nr)" ¢* are <a 
un(A) = : te K dz, +--+ dz, 
nm. itn RP wis *"%*s Be 
(n = 1, 2, ---). 


The convergence of the iterated integrals u,(r, ¢, \), un(d) follows 
directly from the results of § 2. Further, denoting by VU the maximum 
value of |AK,(r, t)) in 7, we have by Hadamard’s theorem 


kh, is 3 md > vn"M", 
Bi, +++, Be 
whence it follows very readily that series (6), and similarly (5), converges 
absolutely for all values of X. 
Thus in the present instance, just as in the case of the regular equation, 
the characteristic constants, or zeros of D(A), are isolated, and are deter- 
mined by A(z, t) alone. The “ resolvent kernel ”’ 


(7) K(x, t, \) = D(a, t, +)/D(A) 


is a meromorphic function of \, and is defined as a function of x and ¢ 
except when AX is a characteristic constant. 
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In what follows we confine our attention to the case where \ is not a 
characteristic constant. 

$ 4. Properties of the resolvent kernel. It is easily seen that the func- 
tion A(x, t, \) belongs to the class A. For, it follows directly from the 
convergence of series (5) that we may write 


(8) K(x, t, \) = AK, (a, t, A)/xt? 


where A,(xz, ¢, \) is bounded in 7. Further, the determinant 
may evidently be written in the form 


i Be. con, . it Bay te Ke B Bi, ** 4 Be 
K ( . )=K 1, OK ( , )+a( ). 
- rare * ie, cee, Be f, Ze ***5 Be 


where 


Substituting in (5), we get 


9) D(z, t, +) = DA)K(z, t) + Ra, t, d), 

where 

; —.(—)” si oe oe, 2% 

(10) R(az,t, A) = Zz. = [ none | a ( . ‘ )de, ise. 
n=! . Ja Ja 9 Mhy °° °g An 


It follows from § 2 that each term of the series (10) is a continuous fune- 
tion of x and /, and it is readily seen that the series converges uniformly for 
all values of zg and ¢in 7; hence R(z, t, X) is continuous in 7. By (9), 


K(z, t,) = A(z, t) + Ra, t, X+)/DO). 


Since K(z, t, \) is equal to the sum of A(z, ¢) and a continuous function, 
and has the form (&), it belongs to the class K. 
It is now easy to establish the following fundamental formula: 


AD 


(11) K(z, t,\) — K(x, t) => | K(z, s) K(s, t, \)ds 


<a 


AD 


= | K(z, s, 4) K(s, t)ds. 








nt nee en nil nore ru 


eee tet 


—-ceeminecassm 
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Z, T1, dintied” Zn 


We note first that, after expanding a ( 
t, Ly, °° *s La 


) by minors of 
the first row, we may write* 


fo fae) ae 
| ., Ba, .***; Be Gt, +++ dis 


a 


°°» Pes) 

nr / , rf Ti, °° *y Un-1 
} K(x, s)K(s, 0K ( ) asda, +++ ALn-y 
a e/a C1, ce n-1 


e/a « 


*s = D> @ c 
Ss, £1 


5 6 SO ee 
— * aera K iz, 8 )A ( ’ Sia ) asd cee d2n-1- 
e/a ea e/a t, iy °° %y Tn-} 


Riz, t, +) = R, + Ro, 


Hence 


where 


> (— ,)*-! aL) j cee a 
R, =} » . oni K(z, s)K(s, OK ( is i ') dsr, 


ye *» La—1 


= AD(\) K(z, s)K(s, tds, 


e/a 
and 
eS r)” l *® > (°@ : Ss ***, Races 
R, =} +i ; cee K (Z, s)a( i asda: : -AXn—1 
n , (7 — ] e e/a e/a t, X11; 8, Dl 
Let us set 
X( — dh)! be x - 3. Zs om. Fs 
fn(s) = ' ee K(x, S)A i ’ : ) ar eins AZn—1, 
| / Ja Ja it Diy oe Wi : 


and apply the following theorem :+ 
If the series >, f,.(s) converges uniformly in any fixed interval (a, 6), 


while the series 


=x 


= frls ds 


n=le/a 
converges uniformly in an infinite interval s = a, then we may write 


r 7m @ 


p 3 “ fa(s)ds = > fa(s)ds. 


n=le/‘a 


In the present instance, we have by Hadamard’s theorem 


“ 


In(s)| < 


| vn rt} (~ dz, -++Of,«1 
(n—1)! axtt®sy*! (21 °** Zn~1)*™" 


e/a 


|” an"M rt! 1 
(a—1)! sfae yar’ 


* Cf. Heywood et Fréchet, loc. cit., p. 55 
t Bromwich, Infinite Series, p. 455. 
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x 
whence the series >> f,(s) converges uniformly for all values of s = a. 


Further, we have 
—_ j md? vn" Mt! } 
t s\ds P = ° _ 
e - a | ! Soo das + Nay? . 


SO that the second condition ol the theorem Is satisfied. Therefore we 


may write 


Berl Keo e yt Lal oa 


or, combining (12) and (13), 


*x ‘sz 


Rix, t, X) ADX Air, s)AKi\s, t)ds +- X Ar, s)R(s, t, X)ds. 
Substituting for R(x, ¢, \) its value from (9), we get 


D(z, t,) — DAK( 2 t) =] Kia, s) Dis, t, Xids, 
or, dividing by DO), 
Atr,t,\) — Alor, t A Air, siA‘s, t, \)ds. 


r Yr; 


Expanding A (- 7 


‘ i )bs minors of the first column and. pro- 


ceeding similarly, we obtain the second desired formula. 


Kiz,t,4) — K(t,) =X] Kia, s, AK (5, Ods. 
» 5. The fundamental theorem. We are now in position to prove the 
following 
THEOREM: If the functions Kk rt and f My satisfy the conditions of § , 


and if \ is not a characteristic constant, the equation 
Zs 
Q\L Paes t- A K r,t)¢ tydt 
e/a 
has a unique continuous solution given by the formula 


Dm 


S(x) +2 K(x, t, A)f(tdt, 








eee eee 


eae 








| 
' 
{ 
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where K(x, t, ) ts @ meromorphic function of d defined by equations (5), 
(6), (7). This solution may be written in the form 
(14) g(r) = ¢1(2)/z", 
where o,(xr) ts bounded in the interval x = a. 


First, assume that a solution of the form (14) exists.* Then 


g(t) = fit +X K a ty Yo t,)dty. 


Multiplying by A(x, ¢, \) and integrating from t = atot = «, we find 
K r,t-rA)clt dt K lm? e d)f t)di+-»r K rl rk t.t;) o(t,)dt,dt; 


it is easily shown that all the integrals here occurring exist. By means 
of (11), this equation is transformed into 


. as =x 


K(x, t, \)e(t)dt = | K(x, t, Nfithdt+ | (K(x, td) — K(x, Dede, 


whence 


( Kix, 4. xg(dt = | K(x, deat. 


Substituting in (1) we get 


15 g(r f(x) +X A(x, t, f(tdt. 


It is evident at once that the function ¢(.r) defined by (15) may be 
written in the form (14). For, let 17, and 7. denote the maximum values 
of |Ay,(7,¢,) and fy)(r) respectively. Then 


M, A MM, (" dt 


Eg 4 _ ie 


\ MM, 


ya’ 


I 

VM 
i. 

To see that the assumed solution exists, let us consider (15) as an 
integral equation in f(r). The above argument, when applied to this 
equation, shows that the solution f(r) is given by the formula 


f(x) e(r) — AX Kir, Dde(tidt, 


so that ¢(.r) as given by (15) is a solution of (1) 
Finally, assume that a second solution ¢i(.7) exists, so that 


(16) (2) f(x) +2 | K(x, te, (ddl. 


e/a 


a | f. Heywood et bré het, loc. eit., p 10). 
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Eliminating f(r) between (15) and (16), we find 


g(r) — ¢)(2) =A (tb) | K(x, t,\)—A(x,t)—X K(x, 8s, A) K(s, ds | dt 


or, by (11), 
(). 


This completes the proof of the theorem. 
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CONCERNING SENSE ON CLOSED CURVES IN NON-METRICAL 
PLANE ANALYSIS SITUS.* 


By Joun Ropert Kune. 


$ 1. Introduction. In a paper recently published in these Annals,7 I 
proposed the following non-intuitional definitiont for sameness of sense 
on closed curves in non-metrical plane analysis situs: The sense A,;B,C,§ 
on the closed curve J, ts said to be the same as the sense A2B.C» on the closed 
curve J, with respect to Ey., if there erists in Ey. a closed curve J; and three 
points As, Bs and Cs thereon such that (1) if it is impossible to join A, to 
A;, B; lo By and ©, to Cs by arcs, no two of which have a point in common 
and which lie except for their endpoints in E43, then it is also impossible to 


join A» to Ay, By to Bs and C, to C3 by ares, no two of which have a point in 


common and which lie except for their endpoints in E53 (2) uf it 1s possible 
to join A, to Az, B, to Bz and C, to Cs as indicated above, then it is also 
possible to join A» to As, Bs to Bs and C. to C3 as indicated. Otherwise the 
sense A,B,C, on J, and the sense A.B.C. on Jo are said to be opposite with 
respect to OF 


A question might naturally arise whether the sense thus defined co- 
incides with ‘‘ the ordinary sense.” The object of the present paper is: 
1) To give a set of three independent postulates or axioms in terms of the 
undefined symbol ‘sameness of sense’’; (2) to show that, if 2’ is any 
definition for sameness of sense on plane closed curves, then a necessary 
and sufficient condition that Y’ should have the properties of Axioms 1 to 
3, is that Y’ be equivalent to &. 
(Consider the following axioms for sameness of sense on closed curves 
in a space satisfying Professor R. L. Moore’s system of axioms 234 : 
* Presented to the American Mathematical Society, April 26, 1919 
+ Cf. A Definition of Sense on Closed Curves in non-metrical Plane Analysis Situs, these 
Annals, 2d series, vol. 19 (1918), pp. 185-200. Hereafter in the present paper, the above paper 
will be referred to as Definition. 
t This definition will be referred to as Definition >. 
§ In the present paper, when speaking of the sense BCA on the closed curve J, we shall 
understand that A, B and C are distinct points of J. 
Hereafter in this paper E, will denote the exterior of the closed curve J; while J; denotes its 
interior. The symbol Ey, will denote the common exterior of J; and Jx. 
© Cf. R. L. Moore, “On the foundations of plane analysis situs,"’ Transactions of the American 
Mathematical Society, vol. 17 (1916), pp. 131-64, It should be remembered that s is satisfied 
even by certain spaces which are neither metrical, descriptive or separable. 
1138 
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Axtom 1. Jf A and C separate B and D on the close d curve J,, then 
the sense ABC on J, is not the same as the sense ADC on J,.* 
AXIOM 2. If, on the are ABC of the closed curve J, , H and F are 


points such that, on the are ABC, the order AKRHFC holds whale KXF 18 an 
are such that EXF7 is a subset of I, then the sense ABC on J is the same as 


ean? 
the sense EHF on FEHFXE. 

AXIOM 3. If the sense A By ' on J, ts both the same as the sense A. Bul "9 
on J» and the same as the sense A3sB C3 on Js, then the sense AoB.C, on Jy 
is the same as the sense A;B;C3 on J. 

$ 2. Consequences of Axioms 13. THreorem 1: Jf A and B separate C 
and D on the closed curve J, while A, and By, are points of the arc ACB 
such that the order AA,CB,B holds on ACB, then the sense ACB on J, %s 
the same as the sense A,CB, on J. 

Proor. Let F and G@ denote points of the are ACB such that the 
order AA,FCGB,B holds, while / NG is an are such that NG is a subset 


a 
of J;. Then, by Axiom 2, the sense FCG on FCGXF is the same as the 
sense ACB on J; and is also the same as the sense A if 'B, on J}. Hence, 
by Axiom 3, the sense ACB on JJ, is the same as the sense A,CB, on J. 

THEOREM 2. Jf A and C separate B and D on the closed curve Jy, 


while AXC is an are such that AXC is a subset of [,, then the sense A BC on 
SS 
ABCXA is the same as the sense ABC on J. 

PROOF. Let k and H be points of J such that the order ABCHDEA 
holds. By Theorem 1, the sense } BH on./,; is the same as the sense ABC 
onJ;. By Axiom 2, the sense EKBH on J, is the same as the sense ABC 
on ABCXA. Hence, by Axiom 3, the sense ABC on J; is the same as 
the sense ABC on ABCXA. 

THEOREM 3. Jf A and C separate B and D on the closed curve J, then 
the sense ABC on J is the same as both the se nse BCD on J and CDA on J. 

Proor. Let M, 0, and N be points of J such that the order 
ABMONCDA holds while WEN is an are such that WEN is a subset of J. 


*If A, B and © are distinet points of the closed curve J, we are at liberty to regard the sense 
ABC with respect to the interior of J or with respect to the exterior of J. However, in the present 
paper, we shall regard it with respect to the exterior of J although there would be no change in 
any of our results were we to regard sense always with respect tothe interior of J. Let it be further 
understood in the present paper that the statement “the sense A,B,C, on J, is the same as the 
sense A,B,C, on J,” is an abbreviation for the following statement, “The sense A,B,C, on J, 
with respect to £,, the exterior of J, is the same as the sense AoC. on J> with re spect to Ea, 
the exterior of Jz.’ It can also be seen that we may conveniently adopt the same convention in 
where we shall replace the statement “the sense A,B,C; on J; is the same as the sense A BAC 
on J; with respect to By», the common exterior of J; and J,” by the statement “the sense A,B,C, 
on J; is the same as the sense A,B on J:” interpreted as above, 

t If ABC is an arc, then the symbol ABC denotes the point set ABC — A — RB. 


~~ 
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It is clear that on the are ABC the order AMONC holds while on the are 
BCD the order BMOND holds. By Axiom 2 the sense ABC on J is the 
same as the sense MON on MONEM. By Axiom 2, the sense BCD on J 
is the same as the sense MON on MONEM. It follows, by Axiom 3, 
that the sense ABC on J is the same as the sense BCD on J. 

In like manner, the sense BCD on J is the same as the sense CDA on J. 
Hence by Axiom 3, the sense ABC on J is the same as the sense CDA 
on J. 

THEOREM 4. Lf the sense A,B,C, on J, ts the same as the sense AoB.C, 
on Jo with re spect to Ey. but is not the same as the sense A;B3C3 on J3, then 
the sense A.B.C. is not the same as the sense A;B;C3 on Js. 


The truth of Theorem 4 is evident at once from Axiom 3 by a “‘reductio 


ad absurdum’’ argument. 
THEOREM 5. If A and C separate D and E on the closed curve Ji, 


while ABC is an are such that ABC is a subset of I), then the SENSE ABC 
—— 
on ABCDA is not the same as the sense ABC on ABCEA. 


Proor. By Theorem 3, the sense ABC on ABCDA and the sense 
ABC on ABCEA are, respectively, the same as the sense CDA on ABCDA 
and the sense CELA on ABCEA. By Theorem 2, the sense CEA on 
ABCEA is the same as the sense CEA on J and the sense CDA on ABCDA 
is the same as the sense CDA on J. It follows, by Axiom 3, that the 
sense ABC on ABCD.A is the same as the sense CDA on J while the sense 
ABC on ABCEA is the same as the sense CEA on J. Let us suppose 
Theorem 5 false. Then the sense ABC on ABCDA is the same as the 
sense ABC on ABCEA. It would follow, with the aid of Axiom 3, that 
the sense CDA on J was the same as the sense CEA on J. But this con- 
tradiets Axiom 1. Thus the supposition that our theorem is false, has 
led to a contradiction. 

THEOREM 6. If A and € separal D and E on the closed curve J while 
ABC is an are such that ABC is a subset of I. then the sense ADC on J is 

—— 
the same as the sense ABC on ABCE.A. 

Proor. By Theorem 3, the sense ADC on J Is the same as the sense 
CEA on J. By Theorem 2, the sense CLA on ABCEA is the same as 
the sense CEA on J Hence, by Axiom “9 the sense ADC on J is the 
same as the sense CEA on ABCEA. By Theorem 3, the sense ABC 
on ABCEA is the same as the sense CEA on ABCEA. It follows, by 
Axiom 3, that the sense ADC on J is the same as the sense ABC on 
ABCEA, 

THEOREM 7. Suppose J, and J» are two simple closed curves such that 
J; +1, is a subset of E>. Then a necessary and sufficient condition that 


















116 JOHN ROBERT KLINE. 


the sense A,B,C, on J, be not the same as the sense A,B,C, on Jo, ts that it 
be possible to join A,B,C, to A.B.C, simply.* 

Proor. (a) The condition is necessary. There exists at least one 
pair of ares A;VYA, and (,Z(2, which have no point in common and lie 
except for their endpoints in /,.. Suppose the condition were not neces- 
sary. Then, for every pair of ares, A; VA, and C,ZC, described above 
either (1) J, is within and /, is without or (2) J, is without and /, is within 
A,B,C,ZC.B,AX A}. 

Case I. Suppose /, is within and /, without 4,B,C,20,B,A.X Aj. 
Let D; (¢ = 1, 2) be a point of the closed curve J; such that A, and (; 
separate B; and D, on J,. It may easily be proved that the interior 
of A,B,C,ZC.DeAoX A; = AD 1C, + ABC, + 1, + 1. + the interior of 

een” ulin 

A,D,C,ZC.B,A.XA;. By Theorem 1, the sense A,B,C, on A,B,C)- 
ZC.D.A,X A, is the same as the sense A.B,C, on AyByC\ZC2DeAeX Aj. 
By Theorem 2, the sense A,B,C; on J; is the same as the sense A,B,C; on 
A,B,C\ZC:D.,A,X A,. Hence, by Axiom 3, the sense A,B,C; on J; Is 
the same as the sense 4.B,C. on A,;ByC\ZC,D.A,XA,. By Theorem 6, 
the sense A,B,C. on A,B,C\ZC.D2A2X A, is the same as the sense A.B.C, 
on J;. Hence, by Axiom 3, the sense A,B,C, on J, is the same as the 
sense A.B.C, on Jo. Thus, in Case I, we are led to a contradiction, if 
we suppose the condition not necessary. 

Case II. J. is within and /,; without A,B,C,ZC.B,A.NA,. In Case 
II, we are led to a contradiction if we suppose the condition is not neces- 
sary, just as in Case I, 

b) The condition is sufficient. Suppose A,B,C, and A.B.C, can be 
simply joined. Consider one set of ares A;VYA., By YB. and C,ZC, no 
two of which have a point in common and which lie, except for their end- 
points entirely in £y.. Then J; and J. are either both within or both 
without A, B,C\ZC,B,A.X A,.2 

Case Ib. J, and J, are both without A,B,C,;ZC,BoA.NA,. Let D, 
(2 = 1, 2} denote a point of J; such that A; and (, separate B, and D, 
on J;. It may be easily proved that J; is within and J, is without 
A,D,C\ZC,B,A,.XA,. Henee, by an argument similar in all respects 
to that given in Case Ia, it may be proved that the sense 4,D,C, on J; is 
the same as the sense A.B.C, on J. By Axiom 1, the sense 4,D,C, on J, 


*If A,, B, and Cy are distinct points of the closed curve J, (4 1, 2) where J; and J2 are 
closed curves such that J; + /; is a subset of F2, then we shall say that A,2,C, can be simply 
joined to A,BC;, if and only if, there exist ares A,X Az, B, YB, and C,ZC,, no two of which have a 
point in common and which lie except for their end points in Ej». 

+ Cf. Definition, Theorems B and H, loc. cit., pp. 187 and 195. 
¢ Cf. Definition, Theorems B and H, loc. cit., pp. 187-8. 
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is not the same as the sense A,B,C, on J. By Theorem 4, the sense 
A,B,C, on J; is not the same as the sense A,B,C, on J). 

Case IIb. /; and J; are both within A,B,C,ZC.B,A,XA,. The proof 
is similar to the proof in Case Ib. 

THEOREM 8. Jn order that the sense A,B,C, on the closed curve J, 
be the same as the sense A,B.C, on Jo, it is both necessary and sufficient 
that there exist in Ey, a closed curve J; and three points Az, Bz; and C3 
thereon such that A,B,C, and A,B,C, can both be simply joined to A3B;C3. 

Proor. (a) The condition is necessary. Let J; denote any closed 
curve such that J; + J, (7@ 1, 2) is a subset of £3. On J; select four 
points A;’, Bs’, Cs’ and D,’ such that A,’ and C;’ separate B;’ and D,’ on 
J;. Two cases may arise: 

Casella. A,B,C, and A;’B;'C;' can be simply joined. Then C;’B;'A3' 
and A,B,C, cannot be simply joined.* Hence, as in the proof of Theorem 
7, the sense C;'B;'A3' on J; is the same as the sense A,B,C; on J;. Then 
it must also be impossible to join C3'B;'A;' and A.B.C, simply. For, if it 
were possible to join C3’B3'A3' and A.B.C, simply, then by Theorem 7, the 
sense 1.B.C. on J. would not be the same as the sense A;B;C; on J3, which 
in turn would imply, by Theorem 4, that the sense A,B,C, on J; was not 
the same as the sense A.B.C, on J». But this is contrary to hypothesis. 
Hence (;'Bs;'A,;' and A,B,C, cannot be simply joined. Then A,B,C, and 
A,;’B;'Cs' can be simply joined. 

Case IIa. A,B,C, and A3'B;'C;’ cannot be simply joined. Then it 
follows as in Case Ia, that 4.B.C, and A;'B;'C;’ cannot be simply joined. 
Sut then (;'B,'A5’ can be simply joined to both A,B,C, and AsB2C>2. 

In Case I(a) let A,B,C; denote A;'B;'C;' while in Case Ila A;B;3C3 
denotes (,'B,'A,’. 

b) The condition is sufficient. Suppose there exists in £. a closed 
curve J; and three points A;, B; and C; thereon such that A;B3C3 can 
be simply joined to both A,B,C, and A,B,C. It follows from the defini- 
tion of simple joining that J, + J; (¢ = 1, 2) must lie entirely in £;. 
As A;B;Cs can be simply joined to both A,B,C; and A,B,C, it follows 
that (;B3;A; ean be simply joined to neither A,B,C; nor A,B,C2. Then, 
by Theorem 7, the sense C;B;A3 on J3 is the same as the sense A,B,C, 
on J, and is also the same as the sense A,B,C, on Js. Hence, by Axiom 3, 
the sense A,B,C, on J; is the same as the sense A,B,C, on J». 

THEeorEM 9. Suppose X' is any definition of sense in a space satisfying 
S;. Then a necessary and sufficient condition that X' have the properties of 


ae De 


Axioms 1 to 3, is that XY’ be equivale nt to X. 


* Cf. Definition, loc. cit., Theorem A, pp. 197-S. 
t Cf. Definition, Theorem A, loc. cit., pp. 197-S. 
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Proor. (a) The condition is necessary. If Axioms 1-3 are satisfied, 
then Theorems 7 and § of the present paper hold and the sense A,B,C, 
on J, is the same as the sense A,B,C, on J, if and only if, there exists In 
Ey. a closed curve J; and three points 3, B; and C thereon such that 
A;B;C; can be simply joined to both A,B,C, and ABCs. 

b) The condition is sufficient. Suppose Y”’, any definition of sense in 
S;, is equivalent to ©. We shall now show that Axioms I to 3° are 
satisfied. 

(1) Axiom 1 is satisfied. Suppose the points A; and C, separate B, 
and D, on J;. Choose a simple closed curve J; and three points As, 
B.. and C, thereon such that A,B,C; and A,B,C; ean be simply joined 
and such that J; + J; is a subset of £3. Then let A4,;Z7A; and C,XC; be 
any two ares having no point in common and lying except for their end- 
points in £,;. Then either 7; and /; are both within or /; and /; are both 
without*® A,B,C, XC;B;A;NA,;. It may easily be proved that either (1) 
ZT, is without and J, within or (2) /; is within and J, without A,D,C,X- 
C;B;A;XA;. But then A;B;C; and A,D,C; cannot be simply joined. 
Hence, by Definition, the sense 1,;38,C, on J; is not the same as the sense 
A,D,C,; on J;. 

(2) Axiom 2 is satisfied. Suppose (1) that the points A, and C, 
separate B,; and D, on the closed curve J;, (2) MW, O and N are points of 
the are A,B,C, in the order A; MONC,, (3) MQN is an are such that MQN 


is a subset of J;. Consider the closed curve J; and the three points As, 
B; and C; thereon described in the above proof that Axiom 1 is satisfied. 
Let A,M and C,N denote, respectively the ares of J; from A, to M and 
from C, to V which fail to contain D;. Let A;RM denote the are 
A,ZA; + AiM while C;SNV denotes the are (,XC; + C,N. It follows 
that either (1) 7; and the interior of MONQM are both within or (2) the 
interior of both of these closed curves is without A;B;C0;SNOMRAs3. 
Hence A;B;C; and MON can be simply joined. It follows, by Defini- 
tion, that the sense A,B,C, on J, is the same as the sense MON on 
MONQM. 

(3) Axiom 3 is satisfied. See Theorem 2 of Definition.t 

§ 3. Questions of Independence. In the following FE, is a definition of 
sense on closed curves in =; such that (1) Axiom 7 is not satisfied, (2) all 
other axioms of the set 1-3 are satisfied. 

E,. The sense A,B,C; on J; is the same as the sense A.B.C:2 on J? 
for every choice of A,;B,C;, AzB,C2, J; and J». 


* Cf. Definition, Theorems B and H, loc. cit., pp. 187 and 195. 
t Cf. loc. cit., p. 199. 




















NON-METRICAL PLANE ANALYSIS SITUS. 119 


E,. The sense A,B,C, on J, is the same as the sense A,B.C, on J» 
if and only if (1) J; and J, are identical, (2) A,, B, and C, are respectively, 
identical with A», B, and (». 

E3. The sense A,B,C, on J, is the same as the sense A.B.C. on J 
if and only if (1) the senses are the same according to S and (2) J; and Jy 
have at least one common point. 


2) 
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ON THE THEORY OF SUMMABILITY.* 
AMI 
Silvermant has defined the sum of a divergent series, whose sum to 7 
terms is s;, to be 


(I) lim lim S° s,a,(r 


nie 


where, (1) lima,(r) = 0, (2 >: a,(x). « - a(x) = 0, and (3) 


—x 


lim : a,x) = 1; and he proved that this definition is regular.f This 
n=—=x I 


paper considers similar but more general summation processes. A 
theorem which is fundamental in the theory of summability is developed. 
From this theorem certain deductions are made. The most important 
of these are: A test for the equivalences of two summation definitions, 
the regularity of the most) general definition of the type of (I) and a 
theorem on the sum of certain product series. Incidentally it is proved 
that no regular definition which employs positive convergence factors 
can sum properly divergent series. In the latter part of the paper these 
theorems are transformed so as to apply to definitions based directly 
upon the terms of the series to be summed, 

Consider the repeated limit, lim lim 3° ¢,(n, rja,(n, x), the functions 


sab act 
¢,(n, x) and a,(n, x) being defined for; 7 any positive integer, n a positive 
integer equal to or greater than 7, and x any real number. We have the 
following fundamental theorem. 

THEOREM I. Given: 
(a lim lim aln, Z (), 


— [IL nH 
v fixed, 


(b) 


* Presented to the American Mathematical Society, under a different title, December, 1916 

t Silverman, University of Missouri Studies, Vol. 1, No. 1. For other general definitions of 
summability see: ( hapman, Quarterly Journal of Mathem tics, Vol 13, and Smail, Dissertation, 
Columbia University. 

+ i : : 

+ A definition is said to be re gular when it sums every convergent series to its ordinary sum. 

§ Two definitions are said to be equivalent when every series summed by one is summed by 
the other to the same sum. . 

Phe most general in the sense that its assumptions, as will be seen, are necessary as 

well as sufficient to establish its regularity. 
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K properly chosen, 
(C) O(n, Z)| = e;, 





€ 


for all values of x and n, where e;, i = 1, 2, 3, ---, is a sequence of constants 
with limit zero. It follows from these assumptions that 














lim lim 2. o,(n, xr)a,(n, x) = 0. 


r—I ©@ I P DW i 








Proor. Evidently we have 






n I n | 
/ — . f | 
> ¢,(n, r)a,(n, x) = 2. di(n, r)a(n, 2) +) J,(n, z)a;(n, x) | 


J+) 











(2) =e > a, n, X) +>. o,(n, x)! - Qa; n, x)\, 


where e = e;,7 = 1, 2, 3, ---. Now for an arbitrary ¢ we can choose an ; 
I such that 


3) d,(n, 7)| =e; < ¢/2K, 















for every 7 > J. 


choose X and N,, (N depending on x), such that 


pS a(n, 7)) < €/2e 


1 


Then with J fixed we can, because of assumption (a), 









forz > X andn > N,. Applying (3) and assumption (6) to the second 
term and (4) to the first term in the right member of (2), we obtain 





" 


> d,(n, r)a,(n, 7) < e(e'2e) + K(e/2K) =¢€,2 > X andn> N,;, 











from which it follows that 






lim lim © ¢,(n, ra,(n, x) = 0. 







za-om 








As a corollary of this theorem we have the following test for the 
equivalence of two definitions of the sum of a series. Let 











n 


(A) S = lim lim } s,8,(n, 2) 


»>n nm 1 






and 





" 


(B) S = lim lim } s,8,’(n, 2) 


ren no 1 










be two such definitions, where s, is the ordinary sum of the series to 7 terms. 
Coroutiary I. Jf (A) sums a series, (B) sums it to the same sum pro- 
vided the difference, (8,8; — s;8;) can be expresse d as the product of two } 
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factors Q; and Q; such that Q; satis fie s (a) and (b) and Q; satisfic 8 (c) of 
Theore m ‘. 

For we can write 
> (8,3; + 8,8,’ — 8.8, = ¥ 8:8; + > (8,8,' — 8.8; 


SS eet 
P “ 


V7 ee 
es ? 


and the repeated limit of the second term on the right is zero by hypothesis. 
We will apply this test to show the equivalence of the definitions, 


(1) S lim 1 n> s,* 
and 
n . ). 
o S = lim : 8, 
—s ] iin / 


Here 


the sign depending upon whether we set 1 n 3,’, or 1/n 8; Evie 
dently a necessary condition for the existence of either (1) or (2) is 


lim s, 7 (). 


From this condition and the fact that n = 7 it follows that 


lim” ee (), 
d\ 7 T / 


— 7s 


Consequently, if (2) is known to exist, we choose 


. } Q; and ln Qa, 
Un + 7 


while if ] is known to exist, we choose 


., ik — nk 
== 82/9 QO; alit Oj. 
; nin + kh) 7 


These forms of a; and ¢, satisfy the assumptions of the corollary. 
COROLLARY II. Given: 


{ 9 . . 
a) i lim lim a,(n, x) () 
—~F is 


(b) Zz a(n, Zi < kK, 


/ . . — ’ 
(c’) lim lim 2. a(n, z) =G 


[JPR i—pPH l 


) 


Frobenius’s Mean, See Bromwich, “Theory of Infinite Series,” p. 310 
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(d) @,(n, x) ts bounded for all values of i, n and x, and the sequence $,(n, 2X), 
t 1, 2, 3, ---, converges lo ¢, uniformly in n and x. Then 


lim lim ZL O\nN, T/a\n, ('-¢. 


“27D ra— = 


For we can write 


n 


lim lim >> da, — C-¢ = lim lim © ¢,a, — ¢ lim lim > a; 
ee 


—nn os ~~ TF i “Fr i F 


lim lim >> (¢, — oda, 


~~7r is 


and the right member of the second identity is zero, since (6; — 6) 
<atisfies assumption (c) of the above theorem. 
[f a(n, x) takes the form f(z,)Az, where f(z) is absolutely integrable 


on the interval a to 6 and > Az, bh — a, and if o, is the sum to 7 terms 


of a convergent series, the conclusion of the above corollary takes the form 


lim > f(z,)o,A2 lim @ fiz)dz. 


dl 
nr i— x ’ 


This summation process is regular whenever the integral on the right is 
unity. Hence we can obtain any number of regular definitions of summa- 
Iulity by choosing different functions with which it is possible to set up 
definite integrals equal to unity, the functions being absolutely integrable 


on their respective intervals. For example, from dz we infer the 


regularity of Frobenius’s Mean, lim 1» 30s, and from sin 2dz we 
i— vr /(0 
infer this property of lim z s,(7 2n) sin im 2n. 


More generally we consider the following definition. 


S S = lim lim ¥os,a,(n, 2 


— 
-_— Fs -_- 


where a,(n, ©) is restricted as follows: 


S lim lim ain, Z (), 


—r is 


. ie aN, I) - kh, xz . \ . Mi > \ 
and 
c) lim lim >> a,(n, 2) l. 


“rie 


° e c ' - ] rpys Tr ‘ 
° That 18, 2} a, Is bounded for 7 greater th ma properly chose n X and m greater than N 


dependent upon x. This assumption is all that is essential in b) of Theorem I and Corollary IT. 
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That these restrictions are sufiicient to make |S) regular is an obvious 
deduction from corollary II]. Toeplitz* has proved that a set of restric- 
tions, equivalent to the above when a, is a function of n only are necessary 


and sufficient to make the definition S = lim 3X) s,a,(n) regular. His 


proof of the necessity of these restrictions is applicable to the case we are 
considering, that is, when a, is a function of both n and x. In this connec- 
tion it is interesting to consider the necessity of the restrictions of (S) 
in order to sum a single convergent series to its ordinary sum. We omit 
the trivial case in which all the terms of the series are zero. It is evident 
that if (c’’) holds, either (a’) or (b’) or both may fail and the series whose 
sum to / terms is constant will still sum to that constant. //owever uf 
(a’) and b’ hold, and GS sums, to its ordinary Slum, a single CONMUE rgent 


series whose sum is not zero, the i 


n 


lim lim > a, : j, 
> x nape 
if it exists. This is an immediate consequence of Corollary IT. 
An interesting special case of (S) is obtained by assuming that a, is 
positive. This assumption and (c” imply (b’). We then have the 
definition, 


(ay S = lim lim >. s.a, nN, I), ° 


b 7c n—=x 
















where a; is positive and satisfies (a’) and (c’’) of (S). 
Definition (S) may sum properly divergent seriest but (S’') can not. 
Consider the definition for which the divergence factors are 
an, — ln, 3,n, — ln, ---, {1 — 2(—1)']/n 
These forms for a, satisfy the restrictions of (S), and this definition sums, 


to zero, the properly divergent series whose sequence of sums is 


vi, 241, V2, 3 NZ, 


for 
me 0, n even 
Do sia, ; 
F (3.n) v(m + 1)/2, n odd 
{ 
7 The fact that (S’) can not sum properly divergent series is an instance of 


the following general theorem. 


* Toeplitz, Prace Matematyezno-fizyezno, Vol. 22 (1911), p. 113. 
1 A properly divergent series is one for which limnepe 8, = limnyn DT uj +* or —®, 
In theorem II, which follows, it is only necessary to consider the case in which limn—> 8n + %, 
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Let a, be not only a function of 7, a positive integer, but of any other 


n 


variables whatever and let lim’s >> s,;a; denote the result of applying 
} 


n 


any limiting processes whatever to >. s,;a,. Then we have 


THEOREM IT. /f the definition, 
S = lim’s >. 8,0, 
] 


where a, - 0, is regular, it can not sum properly divergent series. 

Proor. Let the series whose sum to 7 terms is s; properly diverge. 
Then for an arbitrary C, we can choose j such that S; = C for every 
i =j. Now consider the sequences, 


(1) Bs, BH, ba, ** *, Bi, Bia. 8 


= » 85, 8541) Sj42, °° °> 
(2) 8}, So, 83, $3, C, C.¢ 
(3) £06 + 2 =—C a, <-Cb4~€, 


The second sequence arises from a series that is summable to C. Con- 
sequently if the series from which the first series arises, that is the given 
series, is summable, we have from elementary limit theory 


lim’s >. sya; — C = lim’s ) (s; — C)ai. 
1 


Since the right member is positive however large we choose C, we conclude 


that lim’s >> s,a; does not exist. 


As a direct application of Theorem I, we have the following theorem, 
which is not without interest for its own sake. 

TueoreM III. Jf the series whose sum to i terms is 8; converges or 
oscillates between finite limits and is summable to s’, by (S), and if the series 
whose sum to i terms is s; converges to s, then the series whose sum to v terms 
is s,'s; sums to ss’, by (S). 

Proor. Since s,’ is bounded, assumptions (a) and (6) of Theorem I 
are satisfied by s,/a; whenever they are satisfied by a; Hence, in that 
theorem, we may replace a; by s,’a; and ¢; by (s; — s) and obtain 


lim lim >> (s; — s)s,/a; = 0 


roan >o 1 
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Whence 
lim lim > s,s,/a; = limlim >> ss,’q; 
=D N= PO , ~xr io l 


" 


s lim lim > s, 


— zc i> x i 


a, 


' 
SS; . 


Since many special definitions are of the form 


(a) S = lim lim > 


—— 


—> x — 


u,d,(n, r 


where wu; is the ith term of the series to be summed, it is desirable to trans- 
form Theorem I into a form that is directly applicable to such definitions. 
To accomplish this, substitute.* in Theorem I, 


t 


(2) Q; > # 
1 


and 

6, — 6, 2 n 
(2) a m A 

0 l n 
and collect the coefficients of @,, 4, ---, in the conclusion. This gives 

THEOREM I. Given: 
\¢ lim lim (6, — 6,., (), 
> ~r nis 

i fixed, 
(f) D8: — bi41) + 18,11 < K, 


or 


and bn & _ and 
(g) > 4, = €, 


u here cs, 2. = ae: *, iS a sequence of constants with limit zero, il follows 


from these hypotheses that 


lim lim >» 8, n, ©)d,(n, x) (). 
1 


— rns 
n 
From (2) we see that 6, Da. Hence (c’) of Corollary IL gives us 
1 
lim lim 6, c 


“~ 7a is Zz 


* This substitution is suggested by collecting the coefficients u » zy M3, , ins, p> Zin) Ase 


The coefficient of u; is Li an é 
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which taken with (e) and (f ) give (e’) and (f’) of the following transform 
of ( ‘orollary II. 
CoROLLARY II’. Given: 
(e’) lim lim 6, = C 
r—n ne 


v fixed. 


n—l 
(f’) > 6; — 6441. < A, z> di, n> N,, 


and 
1 

(q’) > ,(n, x) 
! 


is bounded for all values of 7, n and x, and 


> 6,(n, x) 


converges to 6 uniformly in n and x, then 


n 
lim lim >> 6,6; = C-8. 
l 


—r nD 


Consider now the definition 


" 
(u) S = lim lim >> u,6,, 
nnn ! 
where 
(e’’) lim lim 6; = 1, 


en i= 
(f’) 6; — 6541) < kK, 


x > NX and n > N,, and the definition, (u’), obtained by replacing ( f’’) 
by the assumption 


(f"’")t Bu, Bey te 


is a positive, decreasing sequence. These are the definitions into which 
GS) and (S’), respectively, transform. Hence they possess all the proper- 
ties that the latter possess. For instance, the restrictions of (uw) are 
necessary and sufficient to make it regular. A similar transformation of 
Theorem II is easily made and is not without interest. 

CARNEGIE INSTITUTE oF TECHNOLOGY. 


* Similarly we could have used limr>« limneye 2) ay = C, i fixed, instead of (a) and (c’) of 
Corollar II, p. 4. 
tL. L. Smail discusses this definition in these Annals, Vol. 20 (1918). 











ON THE CONSISTENCY AND EQUIVALENCE OF CERTAIN GENERAL- 
IZED DEFINITIONS OF THE LIMIT OF A FUNCTION OF A 
CONTINUOUS VARIABLE. 


By L. L. SuLvVERMAN. 


§ 1. Introduction.* In a recent paper Hurwitz and Silvermant have 
studied certain definitions of summability of sequences, and have ob- 































tained criteria for the consistency and for the equivalence of these defini- 





tions. Two definitions are consistent if whenever each of the definitions 
gives a value to a sequence, the two values are the same; two consistent 
definitions are equivalent when each evaluates every sequence evaluated 
by the other. In the present paper{ corresponding criteria are obtained 
for the case of certain generalized definitions of a limit of a function of a 
continuous variable. 
In a previous article§ the author has studied the transformation 

(1) u(x) aulr) + (x, yyuly)dy, 

where u(x) is bounded and integrable, 0 < r < x, k(x, y) is integrable 


s in y for each 7,0 <6 = y = 2g, and k(x, y) dy converges® for each z. 
‘ e/(0 


The function k(x, y) is the kernel and the number a the coefficient of the 
transformation. We shall denote by the symbol [a, k(z, y)] the trans- 
formation whose coefficient is a and whose kernel is k(z, y). The trans- 
formation is regular if the existence of 


3 
lim u(x) 
implies the existence of 
lim v I) 
Y and the equality of the limits. Examples of regular transformations are 
the identity 
(E) a=], k(z, y) = 0 


* Presented to the American Mathematical Socic ty, Dec mber, 1915 

t Transactions of the American Mathematical Society, vol. 18 (1917), m. i. 

¢ The author is greatly indebted to Professor W. A. Hurwitz for many valuable suggestions 
in connection with this paper. 

§ Transactions of the American Mathematical Society, vol. 17 (1916), p. 284. 

The lower limit of integration might be any number, but is taken zero for convenience. 

q{ The convergence of the integral is assumed in order to give a meaning to formula 1. 
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and the transformation 


I 

(M) a = 0, K(z, y) =-, 0 < sz. 
x 

The transformations / and M correspond in the case of sequences to con- 

vergence and to summability of the first order, respectively. To obtain the 

analog of Cesdro-summability of higher orders, we define with Landau* 
n! 

v(x) = u(z), v,(z) = pn n(2); xz > 0, 
where 


So(z) = u(x), S,(z7) = | Sr-raly)dy; n = 1, 2, 3, 


«0 
Given u(x), we can by this definition find v,(z). To obtain the functional 


relation between v,(z) and u(x) in the form (1), we shall prove the formula 


n! (*(z — y)*" 
(2) v,(r7) = — 
x" J, (h—-— 1)! 


Sa arly)dy, h = 1, a 3, coe. 
Let n be any fixed integer, and assume that formula (2) holds for some 
fixed h; then expressing S,_, in terms of S,-,-1, we have 


! wr wy h—l 
n! (rx —y)r 
v.(z) = ; S,r—-n—1(2z)dzdt 
we 5 Jo (h-—1)! aes 


n ’ ser wr (7 — y)*-* 
mee ; S (z)dydz 
s WD n—h—1\</ ~ 
ef | | (h-—1)!" y 


n! (7(r4 —2z)*. 
S,-n-1(z) dz, 


which is formula (2) when h is replaced by h + 1. Since the formula 
obviously holds for h = 1, it is true in general. Letting h = n in (2), 
we obtain 

n! (7(x — y)™" 
: ad | (n — 1)! 


v, (2) u(y)dy, 


which is of the form (1). We have thus found 


1 


(xr — y)"™~ 
me Oca, OS ySz, 


(Cy) = Q), cn(2, y) ” az" 


the coefficient and the kernel of the transformation C,, corresponding to 
the case of Cesiro summability of order n. 


* Siichsische Berichte, vol. 65 (1913), p. 181. 
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The analog to Hélder summability is defined* by the formulze 


we ‘ 
v(x) = u(z), p.(z) > r,y)dy, n 1, 2, 3, 
a x 0 
Since u(x) is bounded, 0 = x = x;, it follows that v,(2) is bounded 
and continuous, 0 =r = 2, n= 1, 2, ---. To obtain the functional 


relation between v,(27) and u(.r) in the form (1), we shall prove the formula 


l P _* 2 


We shall first show that the integral in (3) converges. If VW is an upper 
bound of u(x), we have 


1 - .fz\,. antel M art ft 
h—1 red log (;) Pauly) ey = Tn bird log (Fey 
log? (“) 
y 


° Y Py f 

=lim| “" > M{1 — 0] = M, 
i 1 a } p.- y= 8 

so that the integral in (3) converges. Now let n be any fixed number, 

and assume that formula (3) holds for some h; then expressing v,—, in 


terms of v,-,_;, we have 


] Pr ors rs 
oes lim h— nie J, | y 8" (CE Yen »—1(2)dzdy 


0 


' l = oe 2 
= yi—l . ; hing = 
rer (h—1)!2z J} J Y log E) eal 
; l » py (= 
és am! es 
lim (h _— ] ) ! =f J y log 4 ree oy: 
Since 


lin ia fr (2 a 
é=0 h I Lt, 4 wv y VE \ a On , c det 4 | 


as til M A a r _ Ms r 
lim | ark J 7 198" ( = ) ayae . lim y—- log’ (4) - 0, 


it follows that 


] = s x 
v,(L) = 7 oa re | tn-aal2) | y 9B" (=) dyae 


] Pa r 
_ hte log’ 5 Un n—1(2)dz, 


* Landau, loe. eit. 
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which is formula (3) when h is replaced by h + 1. Since the formula 


holds for h = 1, it is true in general. Letting h = nin (3), we obtain 
1 (rr - I “y n—l L = 
v,(r) = aan jie. og e u(y)dy, 9< 9 Sz, 


which is of the form (1). We have thus found 


l xr - 
(i#.) az=Q@O, h,(z, y) = Tae oe przlee(2), ‘sess 


the coefficient and the kernel of the transformation H,,, corresponding to 
the case of Hélder summability of order n. 
Let A(x, y) be integrable in y for each x, 0 < y = x; then a sufficient 
condition that [a, k(x, y)| correspond to a regular transformation* is 
N 


(a) ka, yf) 
y z*Py? 


, 


(b) lim k(x, y)dy = 1 — a, 


av 
where 0 ~ p< land N = 0. 

It is easily verified that the transformations C,, and H, satisfy these 
conditions for regularity. We shall be concerned in this paper with only 
those kernels which satisfy conditions (a) and (b). 

When the integral equation (1) possesses a solution in the form 


/ 


(2) u(x) = Bo(r) + I(x, y)v(y)dy, 


we shall eall U(x, y) the inverse kernel,j and the transformation (2) the 
inverse transformation; symbolically, if v(2) = Alu(x)], then 
u(r) = Am"[v(x)]. 
If ofr) = Afu(x)] and w(r) = Blr(r)], then w(x) = B[A(u(x)], the trans- 
formation being BA. If A and B correspond to [a, k(x, y)] and [8, U(x, y)] 
respectively, aA + bB will correspond to [aa + 68, ak(x, y) + Ol(z, y)). 
If Ay, Ao, --+ correspond to [ay, ki(x, y)], [a2, K2(a, y)], -- +, respectively, 
a,;A;, + a2A, + --+ will correspond to [a, k(x, y)], whenever 


lim [a,ay -t- QoQs + AnQ,| = a, 

n=@ 
lim [a,ki(a, y) + aoko(x, y) + +++ + ank,(x, y)] = k(x, y), 
n=@ 


the last limit existing uniformlyt in y for each zx. 
* Bulletin of the American Mathematical Society, vol. 22, p. 461. For other forms of neces- 
sary and sufficient conditions see article in Transactions, vol. 17. 
"+ In the theory of integral equations the kernel in (1) is usually defined to be — (I/a) k(x, y), 
and the inverse kernel, usually called the resolvent function, is then al(z, y). 
t The uniform approach of this limit is assumed in order to ensure the integrability of A(z, y). 



































eitniabetinges: 


= 


$2. A special class of transforma 
are regular, then for any constant « 
Landau* has studied the regular tr 


ak 


It is natural to consider the more general regular transformation 


+a,M", 


aE +a,M +a.M? +... 
or, more generally, the symbol 


ak +aM +aM 


and to ask under what conditions the svmbol defines a regular trans- 


formation. 
THEOREM 1. Jf f(z) = ao + ayz + ao2? +--+ ts analytic within and . 
on the boundary of the unit circle, and if f(1) = 1, then the symbol 


ak +a,;M + a.M? + 


To prove this theorem we shall show that the sufficient conditions 


ILVERMAN. 


tions. It will be seen that if 


1, ABandaA + (1—a)Bar 
ansformation 


l — a M. 


+a,M" + 


define sa re gular transformation. 


for regularity (a) and (b) are satisfied. Starting with the inequ 


l ] 


_ log" (t) S 


—— #t21, 
p 


letting ¢ = x,y, and dividing by vr, 


0O<p<l, n=1,2,3 


we have 


] £ ] | 
h, (So) = = log” ( ae <= 8: Q < 
r+ 1 ’ Y n ! r — y p ny Py? Y ib. 
so that 
kKiz, y)| SF Ja, \h,(z, y) * = — 
I Yy yomey p 
where the series 
a. 
=— 


@~ 
surely converges for values of p sufficiently near unity, since >. a,2” is 


analytic on the circumference of t 


xz 


the series >> |a,!/p", for a fixed admissible p, equal to m, we have 


n 


k(x, y) 


which shows that condition (a) is ss 


* Sachsische Berichte, loc. cit. 


he unit circle. Letting the 


nip 


vey? 


itisfied. 


t This inequality is easily proved by mathematical induction. Assuming it 


n =k, dividing by ¢, and integrating from 1 t 
that it holds forn = 1, we observe that for ¢ 


» t, we see that it holds for n k 


= 1, we get O = 1/p, and fort > 1, the « 
the left is less than the derivative of the right side of the inequality, 


Ag +4, - Qo r- °°? = S 


Aand B 


‘e regular. 








lalityT 


value of 


to hold for 
1. To show 
lerivative of 
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To prove that condition (b) is satisfied, we observe that, since 





] | - 
Rnsilx, y 5” ging? S< és =z, O0<p<l, 
l l 
go” x*-°G 
; 
the series 


Deanha(z, y) = kz, y) 

n=l 
converges uniformly for each z, 6 = y =x. Hence we may integrate 
term by term, and 


we 


k(x, y)dy = Da, h(x, y)dy, 





ll 


and the series of integrals converges uniformly in 6. We accordingly have* 


ws 


> a; lim | h(x, y)dy 
(=z 1 6-0 dJ§ 


Il 


lim } k(x, y)dy 


= >a, = f(1) —- a = 1 — a. 


CoroLtaryY 1. The kernel of the transformation M™® is given by the 
formula 


] ‘ s\" 
(4) h, (2, y) = Guin (=) dt, Q < 2, 0< ¥Y = 7, 


a/f 


where C is any circle including the origin. 


For 
n-2 (7 ™ I n—2 — | 1 (=) 


1 21 r\( 
= — — log? | - } t"—2-Pdt, 
Dein p! 6 y) Je 
since the first series cnoverges uniformly in ¢, its general term being less 
in absolute value than N? log? (z/y)/p!, where N is the maximum of 


‘1/t} on C. Since 
i"—*-Pdt = 0, p+n-—l1, 


_ Daa) 


p=n-—l1, 


* By a well-known theorem (see Osgood, Funktionentheorie, vol. 1, 2d ed., p. 593), the order 
of two limits, to be performed in succession, may be interchanged, provided each limit exists and 


one of them exists uniformly. 












t 
if 
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it follows that 


e/( 


Coro.tiary 2. The transformation |a, k(x, y)] ts given in terms of 


~ 


f(z), a function analytic in a circle C including the origin, by the formulae, 


l f(t) fr\'! 
dD) = f 0), k(x, Y : Irr C (=) dt, U<z4, O<y S27, 


where C, is a circle including the origin entirely inside C. 


Obviously @ = a) = fi0); it remains to derive the expression for 


m™ 


"then by the preceding corollary* 


k(x, y). Iff(z) = 7 é, 





= ] 2 . } 

k(x, y) = Doaaha(ax, y : Df ant ( dt : 

1 a Tl 9 Od Y | 

l "1 r 
ze y ‘ 


l f(t) far\'"! 
= co ¥ 2 (*) dt. 

Definition. The transformation A corresponds to fiz), a function 
analytic in some circle C including the origin, if the coefficient a and the 
kernel A(x, y) of the transformation are given by (5). 

CorROLLary 3. The kernel of the transformation corresponding to 


n!2" 
g\z) = 
1+ z)(1 + 22) (l+n-— 12) 
18 
: n y\r—! 
Cl, y =2(1-4) ; . < 2, =e = -. 
oo + ; 


For let k(x, y) be the kernel corresponding to g(z); then by the pre- 
ceding corollary 


n! {2 r\l't 
k(z, y) = 5 ( ) dt 
“mt Jo (1 + (1 + 2t)---(l+n—1t)\Yy 
provided C, is a circle about the origin of radius less than 1/(n — l). 


* Term by term integration is justified by the uniform convergence of the series whose general 
term a,t"(z/y)'/* is less in absolute value than | a, | b"(z/y)‘, where b, the maximum of Jt) on C,, 
lies inside C’, and c = R(1/t) on C). 
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Since* 
{” 
(l+0(1 + 2t)---(l+n—-10 
S(- pe l 


(7-1) 'n -—j7-1)!(97t+ 1)’ 


hence 


n!i (7S l ] x\it 
k(z, y) = ony } 2 (= ])7-! ; (<) dt 


wid Jo, fat (7 —D'n—-y-—1!jt +1ly 
nl 1 ] r\ t/t 
aes ets Ghd | f | (: 
omit (g-—D'Mn—-y—1)! Jngt +1\y dt. 
Letting ¢ = 1/s and C’ the inverse of C,, we have 


] xz \'ls ¢ \* 2rt 
facial)" Laytan(§) @=28(1-2) 
Jojt + 1X\y Jel(Jtssl\y J z’ 
Hence 


' n—l ) ny ) 
K(x, y) oe | : (1-5) 


(7—-D'n—-jy-1)! 9 


BF (- yes Ot fy —(2) 
> Jin -—7 - 1)! a xr 


n (n — 1)! y\? 
} 5) = ! 
Z j= Pan —J-V!'\2z 


THEOREM 2. If A and B corre spond lo f z) and giz) re spective ly, then 
BA corresponds to q(2z)f(z). 

Let ( correspond to g(z)f(z); then we are to prove that C = BA. 
If k(x, y), lr, y), mor, y) are the kernels of A, B, C respectively, then the 
transformations A and BA are given as follows: 


vir) = f(Oju(r) 4 Kia, yuly)dy, 
«0 

w (2) g(O)vir) 4 lor, yo(y)dy 
e/0 


glO)f(O)ulr) + | (g(Ok(x, y) + flix, y)lu(wdy 
70 


wr 


+ | | I(x, y)k(y, s)u(s)dsdy. 
7/0 0 


* This formula is easily obtained by resolving into partial fractions. 





















. 
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Interchanging the order of integration* in the double integral, and letting 


(6) q(x, s (x, y)ke y, s)dy, 


we obtain 





w(x) = giO)/f(Oulr) 4 giOk(x, y) + f(x, y) + g(a, yJuly)dy. | 


© 0 


Since the coefficient of the transformation BA is seen to be g(0)f(0), 
which is the same as that of the transformation C, it remains only to 
prove the kernels of C and BA are identical, i.e., 


(7 mx, y) = gOk(xr, y) + fila, y) + g(a, y). 


From (5) and (6) we obtain 








—_— 4r°31q Be y —_- — 4rer l fs k: Ss, y)ds ) 
“1 (9 Fs ’ l (f(t (: si 
PULSE) a JE PA (S) a 
—_ fat) Ka nf At, —Afe ledt.a 
7 / (, i" . Bf to° Y , ’ Sf af ty 
Jo dJelilelh — t: ,) i =| dt,dt,, 
where C, and (, are circles including the origin. Taking C, inside Co, 
we have 
‘ F g t; f to) (* ‘3 Ye. r t » g(t ) 
J \b2) died, J (ts ( qty . 
| t Fs t; — to) A lt.dt, | l, zt | J tlt — ,) 41 lt, 
; "f(te) f(x\" 
_ 2rig(Q) "— = ( ) dto 
Jo, t* \y 


and 


ye 


JoJo hhlt — t) 4 ~% l; 4 Li 
— Ini wy (2 1/ty f(t) — f(0) “ 
ha Je, t; y t le 


* The change in the order of integration is easily justified if we bear in mind that the kernels 
k(z, y), U(x, y) are subject to the conditions of p. 131. 





Hence 





| or 


| — 4r°rq(x, y) 


which reduces to (7). 
(COROLLARY. 


AB = BA. 





A FUNCTION OF A 


(gOS) + flO) g(t) 
— 4ntxg(x, y) = — 2ni f 2 J(0)g 


4r°a[glo)k(x, y) 


§ 4. A more general class of transformations. 
ceding section that if the function f(z) is analytic in the unit circle, then 
the corresponding transformation is regular. 
generally the function f(z) analytic in a circle C, of radius } about the point 
}, and define the corresponding transformation f(.M) by (5), where the 


transformation, referred to in the first section, are satisfied. 





CONTINUOUS VARIABLE. 


J t 


r\"e 
(: ) dt 
Y 
: [Oe 
+ 2m f° = 
. f r y ) 


+ fiO)l(x, y)| — 4x°xm(z, y) 


, 
c 


dt, 


If A and B correspond to f(z) and g(z) respectively, each 
of the functions being analytic in some circle including the origin, then 


We have seen in the pre- 


We shall now consider more 


1 + ¢€ (e > 0) about the point }. 


If f(z) is analytic inside and on the boundary of the circle 


1, then the transformation corre- 


We shall show that the sufficient conditions for the regularity of a 


By (5) 
1 ws ‘ t) (2 1/t 
Sate | 2 =] dtdy 
l f(t) i (= aye 
Init f p | “) dydt 
6 \i-ut 
| 1 — (* ) | av 


circle (,; is now to be taken of radius 3 
THEOREM 3. 
of radius } about the point }, and if f(1) 
sponding to f(z) ts regular. 
we have 
} Te Y dy 
} 


Now [f(/FU — 1/0 


is f(t) 6 \i-le 
Ja oe (5) - 





= f()/t(t — 1) 
cordingly has a maximum. 


is continuous along C; and ac- 


Hence 


> ( 1—1/¢ 
= N (2) at 
. R(1—1/) 
= N } (2) dt | = 
Jy w 
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for. since ¢ lies on the circumference of ©), 


We have also 


. f t) 
dt = 2ril f(1) — f(0)] 
Jc tt = 
Hence 
Air, y)dy = lim Ii, ydy 
fil) — fi0 1 — fi0 li—a. 


since by definition a = f(0).. Thus condition (p) is satisfied. 
Secondly, letting .V, represent the maximum of fif) © on (,, we have 


dt 


since 


we obtain 


Hence, letting 


which is condition (a). The transformation has accordingly been shown 
to be regular. 

We shall now consider the function f(z analytic in © except for poles, 
and study the corresponding symbol i M). 


LemMMaA 1. The function f(z 1 — p) (z — p), where p is a point 


inside or on the boundary of the circle C, does not define a regular trans- 
formation. 

The proposition is obviously true for the cases p Q and p 1. In 
every other case the function f(z) defines a transformation f(.M), which 
we shall show is not regular. To show this, define 


l 
p 
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and find u(x) by applying to v(x) the transformation corresponding to 


] oe 
f(z) l—p’ 
Thus 
u(x) ——~ ¢ . ¥ l 
= vir) + ( 
l—p ” ba ped, “way 
— p 1 x 
= Br — p 
l—p t (l — mo y dy 


{ ~ ] x? “id 
. etn 4i)i—_7? 


lim u(x) = 0. 


2D 


Hence 


On the other hand, from the restrictions on p, 


R(p) = 0; 
accordingly, since 
lim {z?| = o, R(p) > 0 
z?| = 1, R(p) = 0, 
it follows that 
lim v(x) 


is not zero. Hence the function (1 — p) (z — p) does not define a regular 
transformation. 

THeoreM 4. Jf f(z) has at least one pole in C, but ts analytic except 
for poles within and on the boundary of C, and if f(1) = 1, then f(z) does 
not define a regular transformation. 

The proof of this theorem, based on function-theoretical considera- 
tions, is identieal with the one given for the case of sequences in the paper 
referred to above,* and is accordingly omitted here. 

§$ 4. Consistency and Equivalence of Regular Transformation. We shall 
now use the term analytically regular to describe a transformation f(.1) 
corresponding to a function f(z), analytic throughout C, and such that 
f(1) = 1. A number of properties of such transformations follows imme- 
diately from the results of the preceding sections. 

THEOREM 5. All analytically regular transformations are consistent. 

Let A and B, two analytically regular transformations, evaluate 
lim,.. u(x) to u; and uw, respectively; then BA and AB evaluate this limit 
to u,; and wu, respectively. By the corollary to Theorem 2, AB = BA; 
hence u; = Uo. 


* Transactions (1917), p. 15. 
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THEOREM 6. Jf f(M) and g(M) are analytically regular transforma- 
tions, a necessary and sufficient condition that f(M) should evaluate every 
expression lim,_. u(x) which g(M) evaluates, giving it the same value, ts that 
all the zeros of g(z) in C, should be zeros of at least as high order of f(z). 

The proof of this theorem and that of the next theorem are omitted, 
being the same as those in the case of sequences in the paper already 
mentioned. 

THEOREM 7. Jf f(M) and g(M) are analytically regular, a necessary 
and sufficient condition that they be equivalent is that f(z) and g(z) have in C 
the same zeros with the same orders. 

CoROLLARY 1. A necessary and sufficient condition that the analytically 
regular transformation f(.M) be reversible (equivalent to the identical trans- 
formation) ts that f(z) does not vanish in C. 

CoROLLaRY 2. The Holder and Cesdro transformations of like order are 
equivalent. 

From corollaries 1 and 3 of Theorem 1, the transformations H,, C, 
correspond respectively to the functions 


n!z" 


"(1 +2)(1 + 22) ++ (1+ n—12) 


=m 


Each of these functions is analytic in C, having no zero except z = 0, 
which is in both cases a zero of order n. Hence the two transformations 
are equivalent. 





A GREEN’S THEOREM IN TERMS OF LEBESGUE INTEGRALS. 
By H. E. Bray. 


The present paper contains the proof of the Green’s Theorem which 
is associated with the integral form of Poisson’s equation, that is to say, 


(= - . [i - 
og Vy ; | 2” y)dxdy. 


The method of proof, that of approximating polynomials, was sug- 
gested by Professor G. C. Evans, who uses it in the proof of a similar 
theorem,* where, however, the functions u, dudr, f, ete., have to obey 
certain restrictions as to continuity owing to the fact that the integrals in 
the equation are of the ordinary kind. Here, however, Lebesgue integrals 
are used; consequently, as might be expected, the properties of u, du dz, 


with the equation: 


f, ete., are less restricted. 

The region, ?, here considered is a rectangle. 

The works cited in footnotes are the Cours d’analyse of de la Vallée- 
Poussin and the article Sur lintegrale de Lebesgue by the same author 
in the Transactions of the American Mathematical Society, Volume XVI, 


1916. They are referred to, briefly, as Cours d’analyse and Transactions 


respectively. 

$1. The following theorems and definitions will be used in the course 
of this discussion. 

THreoreM A.t If the transformation 

M1 = (hy, Y2), to = W(Yr1, Yo) 

establishes a one-to-one continuous correspondence between two measur- 
able sets, E, and F,, and if, moreover, the formule of the transformation 
are differentiable on E,, at every point of £,; and if f(x, x2) is summable 
in E,, then F-|J|t will be summable on E,, and 


{ f(x, 2)dP. = { s\yiap, 
vert o/ Ky 
provided that we agree to put f- J) = 0 at every point where |.J/ | 
vanishes, even when f becomes infinite. 


* Cambridge Colloquium Lectures, September, 1916. 
+ De la Vallee Poussin, Transactions, p. 500. . 
tJ is the Jacobian of the transformation. 
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The theorem ean be extended to the case of more than two variables, 
Tueorem B. If u(x, y) is an absolutely continuous function of y for 
every value of «(a= x= b,¢ = y = d), and is summable linearly with 
regard to x, for every value of y, and if du dy is summable superficially 


in the same region, then 


Ei y) = U(v, Y da 
is an absolutely continuous function of ¥. 
For since du dy is summable superficially, and u linearly, 


f(y’) — fly’) = lu oe — Uuzr,y da 
% 7” Ou 4 "du 
dx r= dy = dxrdy. 
« ey OY ; e/ Ria , e OY ; 
Therefore 
- o) . , ee 
- re ‘ : ou 
>| ita — f(V > dxrdy, 
=i INSU NS ax | 
where FE is a denumerable set of rectangles Roly, = y ~~ yi.3,a = xr = OI. 


Since the double integral is absolutely continuous, >> { f(yisi) — flys] 
ns , 
approaches zero with m(F), i.e., with Do (y.., — y,). Thus our theorem 
is proved. | 
Uniform absolute continuity.* (onsider a sequence of summable fune- 
tions f, (2) which converge to the function fiw) over the set EF. 
Derinition. The absolute continuity of the integrals 


f dx 


is said to be uniform over the set /, if to every positive « there corresponds 
a 6 such that 


| f,dr|<e 


independent of yu, provided that e be a portion of FE, of measure less than 6 
(Vitali 
THEOREM (.+ If the absolute continuity of the integrals 


f (aejdx 


“de la Vallee Poussin, Transactions, pp. 445 et seq 
+ de la Vallee Poussin, loc. cit 
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is uniform over the set F, f(x) is summable over E and 


lim j.d@2 = f(x)dx. 
wawame st JE 

The definition of absolute continuity and the proof of the theorem 
(C) can be extended to the case where the functions f, involve more than 
one variable. 

We generalize the notion of uniform absolute continuity as follows: 

DrEFINITION. Let us suppose that the function f(x, y, a) is summable 
over the set E(x, y) for all values of a belonging to a set A(a). Then if 
the integral 


F(a) = f(x, y, a)drdy 
e/Khe 
is such that to every positive e there corresponds a 6 such that 
} fix, y, a)drdy < « 


for all values of a in A, provided only that m(e) < 6, the absolute con- 
tinuity of the integral F(a) is said to be uniform with regard to a. 

This definition includes the previous one. 

Tueorem D. If u(x, y) is limited and summable (linearly) with 
regard to y for all values of x in the region [a = x = b,¢ = y = dj and if 
wis absolutely continuous in x for all values of y, and if du dx is summable 
superficially in the same region, then the function 


I L,Y) = wiz. n)dn 


is a continuous function of the two variables x and y. For consider the 
expression 


UT, n)dn —_ UL NXo, n)dn 


e/a 


u(x, n)dn — u(r, n)dn + 


u(x, n)dn + [u(ar, n) — U(X, n)|dn. 


. 


The first term ean be made as small as we please by taking y — Yo 
small enough, independent of x, since wu is limited. The second term 


. ~ Ou . "Ou 
t= —- didn, 
| dn | aids | 5 i 


e/ Ri .a pe 


ean be written 











4 
a 

































since u is absolutely continuous in x, and du dé is summable superficially. 
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For the latter reason the integral 


se dtdy 
Siti, it. €% 
approaches zero with m(R), ie., with x2 — a. Hence finally, F(a, y) 
— F(x, yo) approaches zero with v(r — xo)? + (y — yo)’, and this is 
what we wished to prove. 

$2. I. Tueorem. If (1) ulr, y), v(x, y), are limited and summable 
superficially) throughout the region R(O ~— r= 1,07. y= 1), 

2) u, likewise rv, is an absolutely continuous function of x for every 
value of y, and of y for every value of wr, 

3) du dx, du dy, dv Ox, dv dy, Considered where they exist, are sum- 
mable (superficially) in R, 

4) fir, y), gir, y) are summable in R, 

5) the following equations are satisfied for every rectangle DIX, = 2 = Xe, 


Y,= y= Y2) inside R, for which the left-hand members have a meaning: 
Ou Ou a a 
(A) - dy —- dz = rte. drdy, 
Js * OV J Jp : : 
"ov ani ae 
B = dy —+dr= Giz. u drdy, 
Je OF * OV e D- 
6) the rectangle S{fa = 2 = b, ¢ = y = d| is such that the absolute 


continuity of the integral f(du dx)dy is uniform in the neighborhood of 
z= a,x =; similarly the absolute continuity of f(du dy)dz is uniform 
in the neighborhood of y=c,Yy d. 
7) at nearly every point of the boundary of S, u, du dr, du dy, », 
dv dx, Ov Oy are the superficial derivatives of their respective double 
integrals f/f u dr dy, ete. 
then for eve ry such re clangle S 
d 2 Ou Ov Ou Ov vis 
(C) (» —- —U- .) dy _ (»! —U. ) dz = nf — ug)dxrdy. 
al Ol Ou OY OV ee 
It is to be noted that, since u, du dr, du dy, ete., are summable super- 
ficially, the values of a, (c), for which the lines x = a, (y = c), do not 
satisfy condition (7), form a set of zero measure.* Also, for the same 
reason, the values of X;, Xs, ¥,, Yo, for which the left-hand members of 
equations (A), (B) do not have a meaning, form a set of zero measure.t 
Hence conditions (5) and (7) are satisfied by nearly every rectangle in R. 


* A summable function is the derivative of its indefinite integral nearly everywhere 
t Cours d’analyse, vol. I], pp. 117 et seq 
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Similarly, since u, v are limited, equation (C) will have a meaning for 
nearly every rectangle S in RP. 

II. The proof of the theorem is obtained by the use of approximating 
polynomials,* defined as follows: 


] . 
P,lu(z, y)) = 75 | [ ws, n){l — (€ — x*)|*[1 — (n — y)*}*dédn, 
. e /k 


where 
e! 


kK, =2 (1 — ¢)*dt, 


e/t 


] °l—z "I—y 
P,lu(z, W) = 75 | dé uE+aj,yn+ yl — &)"[1 — 97]*dn. 


Let 
_ l vr+e ; y+ e€ ; ; : 
Plu L, y)| = i? dé u(é, n)[l — (& — x)*|*{1 —(y7— y)*|“dn, 
sis t 
where € is a positive number, less than any of the numbers a, 1 — b, ¢, 
1—d. Evidently 
P i " ae ¥ '* a oa | l +2] 2\"d ; 
,lu(ar, y)] = po} dé u(éta,nty)[l — &]"[1 — 7°]"dn. 


It is well known that P,,[u(a, y)] approaches u(x, y) nearly everywhere in 
S, and therefore by condition (7) nearly everywhere on the boundary of S, 
as w= ©. It is to be noted that the functions P,{u(zr, y)], P,[u(z, y)] 
are limited in their sets. It is also well known that 


Q,[u] = P.lu) — Pub) 


approaches zero and that P,{u] approaches u as up = ~%. 
Ill. The method of proof is as follows: Since P,[u], P,[v] are poly- 
nomials, they satisfy the conditions of Green’s Theorem, as usually stated, 
and we can therefore write: 


0 ge u| 
Ox 


aP,le} | 


OP {ul OP |v] 
Ox | ‘ 


dy — | Pin — P jul iy | dx 


Plu) OY 


(1) { | Pv] 


= | fi P lew’ Pla) — Pfulw?P,[e] | dxdy. 


It is proved that, on the boundary of S 


AP lu Ju . OP fu Ou 
a Eo lim a 


lim Ox Ox ww «OY OY 


w= @ 


* Cours d’analyse, vol. II, pp. 126 et seq. 
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and that, in S 
lim VP, [ul = fir, y) 


and similar relations are proved for P(r]. It is shown moreover that the 
limits of the above integrals, in (1), are equal to the integrals of the limits 
of their integrands. We thus obtain, by taking the limits of both sides 
of (1), the formula to be proved: 


*/rdau Or Ou Ov ae 
- = 46 = dy — (, —_ — Y- dr rf — uqj)dxrdy. 
= Or Ov : OY oY ese , 
We have to prove that the absolute continuity of the integrals in (1) is 
uniform with regard to u (Theorem (). 
IV. We consider now the quantity: 
()., u(r, y)| Plu 2 vi = P ilu x, U 


A glance at the diagram of the regions of integration of P,[u] and 
Pfu} will show that Q,[u] is the sum of eight terms of which the following 
are typical: 


1 ¢ . 
a 1 7 = > dn | \ ¢ | mui —_ J | ~~ 2 d 
/ . . 
] . . 
*. + 19 / m3 dn u 7 l1— =— 2) | | — (7 7] “dé. 
i With regard to «w,, we see that the inner integral is an absolutely 


continuous function of x for all values of »; hence, using Leibnitz’ rule, 
and differentiating with respect to 2, we obtain: 

Oa, ] ] i / | . 

“eof dal u(f, »)Djl — (¢ — z)Pll — (9 - 

ox Sik? 3 ae pieeti. : 7 y 


e/y-e e 


—paf wr te, ml — tl — (yn — y)I*dn. 


Since the integrand of the second term is an absolutely continuous 
function of x for all values of » we can differentiate again, using Leibnitz’ 
rule for Lebesgue integrals* and obtain: 


Oa, ] = _ . ; 
Ax? ped. is u(§, DAL — (& — x)*[1 — (9 — y)*]*dy 


* Cours d’analyse, Volume 
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The expressions for da, dy and d°a, dy? are similar to those for da, /dz, 


O°a,, Ox". 


Differentiating 8,[u(r, y)] we obtain: 


Op, ] wre ; , 
ox iJ dn J u(E, DAL — (§ — x)**{1 — (y — y)*I*dé 


i—e r € 


] ey e 
— i [we te nll - ell -— @- yd, 


€ 


73, ] . € *! 
we pel anf us, Del — (& — 2)4[1 — Cy - ya 


> + 6,9) {DAL -— (& — x)" fl — (n — y)*I"dn 


7 
a 
~ 
Er 
. 
—_ a 
— 
—_ 
>) - 
* 
“ 
~ 
~ 
mw 
etl cite till 


l  @ ae P 
~is —MKs + 6, 9 (1 - € \*{1 te a y)*|"dn. 


] »! + € 
” dé u(&, nfl — (& — x)*|*[1 — (ny — y)*|"dn 


V3 ] *) . P 
= j- | dé u(é, n){l1 — (é—-2 ‘D1 —(y#— y)*|*dn 
1 (’ | | 
toa f way + oll — (E-a)l - eds 
] i 
~_ | - u(t, y — e)[1 — (€ — x)*I]*[1 — &)*dé, 
a) ) l ‘ ‘ . — “a . — 
;, P . 
taf wat oll = (§ = 2 DAL = Oy = WT yeas 
] sl , . 
— pap wey — OM = (= 2) EDA = (9 — Wl gene 
Met alice i 


[i sa — 
+ I: a u(é,y + &){1 — (£ —x)*]*[1 - é}"dé 


ira . ce ate 
~ ko? | ay u(t, y — &)[1 — (§ — x)*}*[1 — &]*dé. 


V. From the expressions for da, 0x, da, dy, 08, 0x, 08, dy We can 
now deduce the fact that (0 dx)Q,[u] is an absolutely continuous function 
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of x, and that (d dy)Q,[u] is absolutely continuous in y. For, consider 
da, Ox. The first term is of the same character as a, itself, which is 
the sum of terms of the type 


Ax'y dé E'ntuls, n)dn, 
which is obviously, absolutely continuous since u is limited. The second 
term satisfies the conditions of Theorem B, and is therefore an absolutely 
continuous function of x, for all values of y. The same kind of reasoning 
can be applied to the discussion of da, dy, da, dx, 03, dy and we can 
infer therefore that (4d dxr)Q ful, (0 dy)Q,[u] are absolutely continuous 
functions, respectively, of x and y. 

VI. We have next to show that (0° d2°)Q,[u] and (0° dy°)Q,[u] are 
summable, superficially, in the rectangle S. It will be seen that the only 
terms in the expressions representing @°a, 02°, Pa, dy°, 03, dx*, 3, dy" 
whose summability is not evident are of a form of which the following is 
typical: 

pe : u(t, y — e){l — (£ — x)*]*dé. 


a 7 


The presence of the factor [1 — (£ — x)*|* in the integrand will evi- 

dently not affect the discussion. We shall therefore consider the function 

: ~ - 0 

I tu) = —— Ue = ~¢ dé ul’, Yy— e€ dé 
‘ Oy , , 


; OY, 
and change the variable of integration by putting 


Emete+ (1 —2— oi. 


We thus obtain 


. d 
Fiz, y) = ay ul; +e + (1 —axr—e)t,y — fl —x — edi. 


eo 


Consider now the function (@0Y)u(X, ¥) which by hypothesis, is 
summable in the square [(0= X¥ — 1, O= Y= 1). If we define the 
function 

“A, ¥, 7) = w(X, VY) 
for all values of 7, it is evident that (6 0Y)u[X, Y, 7] is summable in the 
three-dimensional region [(0= X=1, O= Y=1, 0O= 7T=1). It is 
therefore summable in any measurable subregion of this cube, for instance 


in the region E(X, Y, 7) bounded by the planes 


T=a,T=b6; Y=c—-~¢«<,¥Y =d-e: X=T +e, X Be 
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Let us now perform the following transformation: using the results of 
Theorem A 


X=r7r+e4+(l—e-—~r2), 1-i 0 l—e-@ 
Y=y- 6. J = 0 ] 0 
T= rf, 1 0 0 


J|'}=1l1—e-—-7z. 
(0,0Y)ulX, Y, T] = (0/0Y)ulX, Y] thus becomes 
0 - se 
ay Ula +et+(l—e-nz)t,y —el 
and the integral, 
. . . a P : : P ; : 
| Jf 5 uf[XYT\dXdY¥dT 
Jex,y, rd J OY 


»/ 


,) 
| | | = ulr +e+(1—e-—a)t,y — el[l — € — r]dzdydt. 


We have now shown that (0 dy)ujr+e+(1l—e—2z)t, y—el[l—e—2z] 
is summable in the region corresponding to E(X, Y, 7), i.e., infa = x = b, 
c= yud, 0=t= 1). We therefore know that F(z, y) is summable 
in S,* and we can write, in fact 


Fir, yj)dxrdy 
~ [ drdy f= uja +e+(1l—e-—-a)t,y — ¢[l — € — ade. 
ene ; i e/) OY ; ; ie 
VII. We next show that the absolute continuity of 


| A’Q),dxrdy 


is uniform with regard to up. The term 
" @ 


(1 — &)” 
-u(t, y — e)f1 — (& — x)*I]"dé 
iE? J au y — e){1 R r)*|*dé 


a 


is typical of those which go to make up A*Q,[u]. Ignoring the factor 
(1 — €)*/k,2 which approaches zero as p = ©, and writing 


( AG y, t)dtdxdy 
5 [ [ { = ulzt+e+(l1—e—z)t,y—dll—e-—a 


x [1 — fe + (1 — € — a)t}*)*didrdy 


* Cours d’analyse, volume II, pp. 117 et seq. 
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we see that 


r(x, y, t) = h(x, y, O[1 — fe + (1 — € — a)t}?}" 
and that z,(r7,y,0) = Alexey, t) , where 
h(x, y, t) = (0 dyjule +e + (l—e—art,y — ell —e — 2]. 
We have shown that A(x, y, f) is summable in the region S'la = xr = b, 
exy=d,0=t=1). Hence h(x, y, t). is summable in S’ and x, the 


product of two summable functions, one of which is limited, is also sum- 
mable in S’, therefore 


rf | drdy r r(x, y, tdt - (  dedy [" hiv, y, t) dt. 


Since h is independent of u we see from this equation that the absolute 
continuity of the integrals 


( [ ardy rf, y. tldt 


is uniform is S, and our statement is proved. 

VIIL. We need to show that (6 d.rj)Q,[u} and (6 dy)Q,|u] are con- 
tinuous functions of the two variables x. and y. It will be sufficient to 
consider the quantity da, dx 


The first term of da, dr is like a, itself, which is a sum of terms of 
the type 
Ar'y dy ETntul sé, ndé, 

which is continuous if the integral itself is continuous. But the integral 


has a limited integrand and is evidently a continuous function of (x, y 
The second term of da, dx is a sum of terms of the type 


By nulsr —- €. 9 dn, 


which is a continuous function of 2 and y if the integral is itself continuous. 
But the integral is of the type considered in Theorem D, and is therefore 
continuous. We have now proved that: 

dQ), dz, OQ, dy are continuous functions of x and y in S, 

dQ), dx is an absolutely continuous function of x in S, 
| dQ), dy is an absolutely continuous function of yin S. 
i? VQ, is summable in S. 

In fact, if we remember that ¢ is less than a, 1 — b, ¢, 1 — d, it be- 
comes evident that the above statements apply also to the rectangle 


, 


Sla-—-e€=xr=b+e,c-—e€ =y=d+ |, where é’ is a small positive 
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constant such that 


/ “ 


ete <a,1—b,c,1—d. 


We can now apply Green’s Formula,* and obtain for any square s 
inside of S, such that s contains the point (xo, yo). 


"AQ, OQ), ‘ef. 
Ox dy sa ay dx =| | v°Q, dady. 


Therefore, since ¥°Q,,dxrdy is summable, 


ee 


, l "AQ, 
lim "dy — 
mis) Or : 


mis 0 ‘ . 


OQ), - 
ay A = V°Q,[u(xo, yo)] 


for nearly every point (29, yo) of S, consequently of S. 
IX. Consider now the expression 


ra) l as a 
, » @ 7 (2 = . ) a L218 aa 2]uqé 
ag Pole, Wl = of dn f srw + 2,04 yl — SP - ode. 
[t is easy to show by means of Theorem A, as we applied it to the 
function (0 dyjulr + ¢€+ (1 —e—2)t, y — é, that the function 
0 


—uléi+27,yn+ y) 
Or « 


is summable in the three-dimensional region 


[— e: e¢— €,@ - r=b—e=n €}. 
Hence we can write, treating du dy in the same way, 
l P 0 ‘4 
~~ Pululdy — ~— Pululdx 
J 5, Pululdy — 5, Put) 


c. 


| 7 ~ —_ oa 1] fdulé+a,n+y) 
ped anf ert 9 | . 


Oo, Ox 


dulE+2z,n+ y) 
oy 


cof dr fir ert are ff ie +2, 1+ waedy, 


14 € 


lx 


where o is the area of a square containing the point (£ + 2, 7 + Yo) as 
center. Let us choose a sequence of numbers ¢; approaching zero as a 


limit as» = «©. Then, if the absolute continuity of the integrals 
ve ve - eS 1 > . ae 
dé dy(1 — &)*(1 —7n")* = f(E+a, n + ydrdy 


* Cours d’analyse, I, p. 124. 
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is uniform with regard to 7 over the rectangle [— « = §= ¢, —-e= 7 = 4], 
we can Write 


‘ 1 re) D oO 5 , ; 
lim - 5g Poluldy — 5 Palulda 


o=v e 


l T ve . : 
~ hk? dy (1 — &)*(1 — 9°)*f(xto + & yo + n)dé. 


uw @ « € 


To prove that such is the case we can ignore the factor [1 — £?|*{1—1°]*, 
which is positive and limited, and consider the integral 


[oae [oa l [ [i t+a,n+ y)dxdy 


de. ¥ 


Ria 


e =—y 


SS fess + x, + y)didndrdy, 


since, as is easily shown by Theorem A, fi£ + x, » + y) is summable in 
the four-dimensional region 


Rie, clor[—e=EtH=e4, —e=n=e«, 


No; ; No, No, No, 


The last integral can be written 


Aint = : 5 = ; 1 ve oe : 
dx dy fié+ ar, + y)détdn. 
3 sa ~ S ome ’ Ci a Ps ‘ 


Now, since f is summable two-dimensionally in the fundamental 
region R(O= X= 1, O= Y=1), by the definition of absolute con- 
tinuity of an integral, 


| | f(é+ 2, 4+ yjdédy 


Ss? 


approaches zero with the measure of e(£, 7) (which is a part of the ree- 


tangle (—-e=E=€, ~€=7 = €) inde pendent of x and y, provided only 
that (z, y) lie in the rectangle S. Hence 


“a; ~ 


wes FT 1f ¢ 
[dy fue are ff se + 2,04 wdtdy 


n) 
7 
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where w approaches zero-with the measure of e(£, 7) independently of 
x,y. Hence 


> ae d= oO — 
lim - [ or! ,lujdy— iy P fuldx 


g=0 J cia 


1 € ve 
= mf dn | (1 el £°]*(1 = n’|*f(Xo + & Het n)dé. 


a € 


But we have proved that 


. l a] 
lim > a Q,[ujdy — 


a e o 


ra] , ; 
jy Cululdx = V'Q,[u(xo, yo)].- 
Hence by addition 
. t-f #8 a] 

: ? oo ‘ 
lim - az Paluldy — 5, P,lulda 


= ¥°Q,[u(zoyo)] +), » dy (1 — £)*(1 — 92)"f (xo + &, yo + n)dé. 


Therefore, since f is summable and lim y°Q,[u(xo, yo)] = 0, 


“ 2) 


lm V7P,[u(ro, yo)] = f(%o, Yo) 
Ma es) 
at nearly every point (2o, yo) of the region S. 
Similarly we can write 
lim V°P,[v(20, yo)] = g(Xo, Yo). 
iv x 
X. We now have to discuss the absolute continuity of the integrals 
appearing in equation (1), with regard to uniformity. 
The functions P,[u], P?,,[{r] are limited in their sets: they will therefore 
not affect the discussion. We therefore consider the integral 


=e 2 : =“ 2 : 
| | ap lus, y)| | dy = | | ,[u(a, vi| dy 


ad 4 
+- / | MA Q,[u(a, »1| dy, 
mi Ox = 


for which we have to prove the uniform absolute continuity. 

I say that the quantities da, dx, 08, dx which are representative of 
those which make up dQ, dx are limited in their sets. . For the integrands 
in the expression for da,/dx both contain the factor [1 — (n — y)*}* 
= (1 —e&)* and sinee (14/,°2)(1 — &)" approaches zero as p= ®%, U 
being limited, it is evident that the functions [da, 02] are limited in their 





{ 
; 
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set. Moreover, the integrands in the expression for 03, dx contain 


the factors D.{1 — (£ — xr)*}* and (1 — &)* respectively. But. since 
Dj1 — (¢ — x)*|* is an infinitesimal of the order of pill — (£ — x)*|*~! 
< w(l — &)*7 and since 
(1 — « : 
: : & @ 
i? 
asu = £, wesee that the functions [d3, dr] are limited in their set. It 


follows therefore that the functions [dQ, 6.r] are limited in their set, and 
obviously approach zero everywhere in D. 
Hence 


Or 


' “TAQ [ulr, y)] 
lim -— _— | dy = 0 
u=@e . 


and 


' r OP ns ; : d 
lim — P,{u(z, y)] dy = lim — P fu(z, y)] dy. 
vs Ox wre _" ‘ ox *' on a 


Zz e-c Zee 


We have now to show that the absolute continuity of the integral 


. a ; 
— P fur, y dy 
or ** a ‘ 


is uniform with regard tou. Now 


a ee 
ca P[u(r, y)] dy 


ia l ie 2 
: | diy I. | | . | ay Bie = 2 a+ Yu | | — ¢-)* | — % \“dédn. 


sv means of Theorem A, it is easy to show, by the method of VI 
that [(¢ dx)u(é + xr, » + y)| is summable in the three-dimensional region 


[—e-: .—-£—- €>7>-¢€,¢C>= 7 = d), 


we can therefore write 


"Ta - 7 
art ulu(a, y)} dy 


| . f° - “Tg 
a po f a [anit ~- or ~ 9 | | ap lls + 2 0 +- y) dy. 


We now make use of the statement (6) of our hypothesis, that the 
absolute continuity of the integral 


0 } 
AN © 
| 3, Ux, ydy 
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is uniform in the neighborhood of x = a. So far we have not made use 

of the fact that the constant € can be chosen as small as we please. We 

now choose ¢ so small that the absolute continuity of f(d dx)u(zx, y)dy 

will be uniform for all values of x in the intervala —-e=x2=a+e. 
Then 


. " ; . . 
| 5 Palu(a, y)| | dy : i 7 de | dy(l —e)«(1 — "eo , 


where w = O with mie(y)| independent of € and yn. Thus our statement 
is proved. 

XI. With regard to the right-hand member of equation (1) we proceed 
as follows: 

We have shown that 
. , . 1 ve v« om — ‘ 
VP, lu) = V°Q,[u] + E 2 ] dy (1 — &)*(1 — 1°)"f(r0 + &, Yo + ndé 
and we have shown that the absolute continuity of SS V°Q,[ujdrdy is 
uniform in S. We have now to show that the absolute continuity of 


rl [ Pl fir, y)|\drdy 


is uniform in S, 
Since, as we have stated before, fir + & 7 + y) is summable in the 
four-dimensional region 


la * r=zb.c: y= d,—e: E=e.—-€2 9: el, 


we can write 


[ P (flax, y)|drdy 


3 { dé [ay 1— &)"(1 — n°)" J fix 4 


e/Se 


Str 


,y¥ + n)dxdy. 


But since f(x,y) is summable in R [OS x= 1, 0= y = 1] by the 
definition of absolute continuity, since « < a, 1 — b,c, 1 — d, the absolute 
continuity of 

S Shet &y + nydrdy 


is uniform for all values of the parameters £, 7 in the region 






: 
| 
| 
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Hence 


rtd x, ldardy - /- ¢ ) &*| || cal \“dn — @, 


where w = 0 with mie(r, y)| independent of € and y. The proof is now 


complete: for in view of the nature of the rectangle S, we know that 


0 dx)P ful, (d dy)P. lu) approach du dx, du dy nearly everywhere along 
its boundary. 

Moreover ¥°P.[u] approaches fir, y) nearly everywhere in D. Similar 
statements apply to (¢ dx)P,{r], (0 dy¥)P,[r] and to T°P, [rv]. Taking the 
limits of both sides of equation (1) as « = * we obtain finally 


4 Ou Ov : Ou Vp ; - : 
a) ee ) dy — ee Yi ut} — Uuq drdy. 
or or ' OV 5 ' . : 


Tue Rice INstTITUuTE 














BILINEAR OPERATIONS GENERATING ALL OPERATIONS RATIONAL 
IN A DOMAIN 2. 


By NorsBert WIENER. 


The notion of a corpus, or domain of rationality, is familiar to mathe- 
maticians. It can easily be extended to cover sets, not of numbers, but 
of functions of one or more variables (which may, indeed, degenerate 
into numbers), exhibiting the group property with reference to the four 
fundamental operations —addition, subtraction, multiplication, and divi- 
sion barring only division by 0. Now, it should be noted that these 
four operations are not only methods of combining functions, but are 
themselves functions of two variables. Thus 2+ y is a function of 
randy. To combine two functions f(r) and g(r) by addition is to elimi- 
nate wand v from the three equations 


z=urty, 
u = f(z), 
v = g(x), 


and thus to define z in terms of x. 

It is thus possible to regard a function-corpus containing addition, 
subtraction, multiplication, and division, as a set S of funetions or opera- 
tions which contains a sub-set Y’ such that every combination of opera- 
tions of © by operations of ¥’ belongs to ¥. In certain cases, 2’ and > 
will coincide. Thus let © be the set of all rational functions with coeffi- 
cients rational in a domain @: if F(x, te, «++. ta), fi(Yury Yrs cots Yue); 

~ 


fol(Yors Yors +++ Yards +e ty Sn(Ynis Ynrs ***%y Yum) belong to S, F( fi, fo, +++, Fn) 


will also belong to X, and this whether the y’s are all distinct or not. 
A set of operations, whether a functional corpus or not, which possesses 
this invarianey under iteration, may be called an ‘erative field. 

Iterative fields constitute one of the generalizations of substitution- 
groups in fact, substitution-groups are iterative fields of functions of 
one variable. Now, in a group it is often possible to pick out a very 
restricted set of elements—a so-called basis—which by their combination 
generate all the elements of the group. Iterative fields likewise have 
bases addition, multiplication, subtraction, and division constitute a 
basis for the iterative field consisting of all rational operations with rational 
coefficients. It thus becomes a matter of some interest to determine 
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the smallest possible basis of an iterative field—in particular to determine 
if and how the field can be generated by the iteration of a single operation. 
If this is possible, it corresponds to a cyclical group. 

In this paper the question at issue is how an iterative field consisting 
of all rational operations with their coefficients rational in a domain Q 
may be generated by the iteration of a single operation of the form 


A+ Ba + Cy + Dry 
TY b+ Fe + Gy + Hry’ 


The chief result obtained is that if 2 is the domain of rationals, the neces- 





sary and sufficient condition that x y constitute a basis is that there is a 
linear transformation 7 such that 77!) Tir) T(y){} or T7'| Ty) T(2)} is of 
the form 


r-y 


r+ Ay’ 


where A is any rational number, or else of the form 


nr— ie IY) 
ny + ry 
when n is any integer other than 0. Thus (r — y) (32 + 6y) and 
ry + 3x — 3y — 2) (ry + 24+ 3y + 3) both serve as bases for all ra- 


tional operations with rational coefficients, since the first is of the form 


and is a transform of 


r-—y 
I zy’ 
while the second may be written 
(2 +1) —(y+1) + lr + Ily +) 


Ay+1) + (x+ 1)(y +1) 


and is a transform of 


“y+ ry 
1. Definitions. A bilinear operation is a binary operation of the form 


A+ Br+ Cy + Dry 
E+ Fr + Gy + Hey’ 
An operation rational in a domain @ is a rational operation whose 
coefficients belong to Q, 
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An operation f(x, %2, +--+, 2,) is said to generate a class K of operations 
and numbers which may be considered as operations on no variables, 
when it has the following four properties. 

(1) A contains f. 


(2) If K contains g(x, 22, +++, Vi-3, Li, Vint, © °°, Vj—-1y Vjy Vigay °°) Te), 
K contains g(%1, 22, +++, Xi-1, Li, Liar, °° *, Vj—-1y Vip Vj-ty °° *, Ze), and also 
NS ty Ze, ***) Bay Vj, Diets <* *s Lja—1y Diy Ditty °° *5 Tel 

(3) If AK contains g(x, %, +--+, x.) and h(y;, ys, ---, yd, K contains 
the operation on 21, %2, +++, 1, Tint, ***, Ley Yr» Yr» °° *,» Yr Obtained 


by substituting h for z;. 
(4) A contains no proper sub-set AK’ with properties (1), (2), and (3). 
Infinity will be considered a proper argument for an operation, and 
f(«) will be defined as lim f(x), if this latter expression has a unique 


«2 
significance. Infinity will be considered as a member of every domain. 
If 7 is the non-singular linear transformation 


Po é => bx 
; c+ dx’ 
the transform of f(a,, %2, ---, r~) by T is defined as the operation which 


-, ©;, and is expressed in implicit form 
in the following set of simultaneous equations. 


expresses y in terms of 2), 2X», 


, , 


gy’ = f(z;', Ze’, «++, Za), 


a oe by 
y * c+ dy’ 


pf = $F % si=h). 
2. Theorem.* Every transform of (x — y)/(2 + Gy) by a T rational 

in 2,,, generates all operations rational in Q,, if only @ + — 1. 
Proof. For the sake of brevity, we shall represent the operation 
(x — y) (x + Gy) by the symbol x/y. If we can show that whenever 
G + — 1, we can build up a chain of definitions wherein addition, sub- 


traction, multiplication, division, and G are derived from iterations of 
r\y, it is clear that every operation rational in Q,,, can be derived from 
x'y by iteration. The formation of ad hoc definitions to cover all cases 
where the iterations given become indeterminate offers no difficulty. 

There are two cases. First. let G + +1. Our chain of definitions 
will read as follows. 


* In this and the following theorems, the operations generated by the bilinear operations in 
question may be undefined for a set of isolated values of their arguments. 
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OHVra 
l=vr7 0 
ry=1'\(yja 
ry = 2z (ly) 
A(x) = 1 [(x 1) 1] fin ordinary symbolism, A(x) = (G + 1 — a], 
r—y = {rAl[(y r)A(O)]} AO), 
r+y=ar-—[ia-y) -—al, 
G=f{a—1(0x)] —a. 
If G = 1, this chain is replaced by the following sequence of definitions: 
O=71 
l=r 0 
—l=O0a 


r—y=xBy nr), 
rty=2-—-—(-l)y. 

Since x y is rational in @,,, it only generates operations rational in 
Q,,, while we have just seen that it generates all operations rational in 
Q,,.. A transformation 7 rational in @,, is simply a permutation of the 
numbers and operations of 2,, among themselves. Hence the 7-trans- 
form of x y generates all operations rational in @,,, and no others. 

3. Theorem. Lrery transform of 


he — 2 = 2 


ny -. ry 


by a T rational in .;, generates all operations rational in Q 3, if n ws a 





non-O integer in Q);,. 


Proof. The discussion of the last theorem applies in toto, except that 
the chair of definitions must be altered. We shall denote 





nr — y + Ty) 
ny + «ry 
by r y. Three cases arise. 
(1) n = 1. Consider the following definitions: 
QO = (zx x) 2, 
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F s 
A(r7,y) = —{|-—(-27'-27)'-[(-y -y)\(-y — whi | ie — |, 
Y 


x—y =r7Aly, x), 
r+y=a2x-—|(a—y) —al. 
2) n> 1. Consider the following definitions: 
a‘(x) = z/2, 
ak*'(r) = a'[a*(x)] [Le., a*(x) = nx (kx + n)], 
OQ = a"(r) 2, 
— | = Olz. 
L zit. 
P(x, y) = a™(x) a" (y) [Le., (x — y + ry} (y + ry)), 
— 4 © i(r|— 1), 
Atr, y —P\}—P(-2z,-— 27), —P\|P(- y, -— y), Pl- y, -— y)]} 
[as before], 
] P(o, « 


r+y=2-[|(a—y) —al. 
3) nis negative. x yisatransform by y’ = y (y+ 1)of —nliy-—2 
+ ry) (— nx + xy), which differs from the cases considered in (1) and 
(2) merely by the interchange of x and y. 
4. Theorem. Jf x y is a bilinear operation generating every operation 
rational in any domain, it is a transform by a linear transformation rational 


in some Q,,, either of 


r-y y-e 
or of , 
oT OF “UY t+ ax 

where ais a number in Q,,, other than ~ or — 1, or of 


nix — y+ ry) 
ny + xy 


’ 


where nis a number in Q,, other than « or 0. 
Proof. Let 
A+ Br + Cy + Dry 
9" E+ Fxrt+ Gy + Hry’ 
Consider the roots of the cubie equation x x = x. If for any of these 
roots, 7), fs, Or r3, 7; Tr; is determinate, then no sequence of iterations 
of | onr, can generate anything but r;. As the condition we have supposed 


r 


: 














f(xy, Yo, +++, X,) is an operation derived by the iteration of xy, and if 
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is equivalent to the assumption that x y be continuous when x and y 
are in the neighborhood of r,, it follows that when x and y are in the 
neighborhood of r7,, x y is also in that neighborhood. It results that if 
X), to, +++, x, are all in the neighborhood of r,, f(1), te, «++, tn) Wul also 
be in that neighborhood. This restricts f to a relatively narrow range of 
variation. In particular, it cannot be any constant other than r, itself. 
Since the four fundamental operations +, —, X, and + generate all 
rational constants, it follows that x y cannot generate these, and hence 
cannot generate all rational operations with rational coefficients. 


Consequently every root of x «2 = 2x, be it finite or infinite, is also a 
finite or infinite root of both the quadraties, 
) Hx + (F+@r+E =0, 
and 
(2) Dz? + (B+ C)r+A = 0. 


If these two equations are not equivalent, the algorithm of the greatest 
common factor leads to the common root 


Dy H 
A D 
; F+GH 
B+cC D 


This is rational in the domain of the coefficients, and is furthermore, 
from what has been said, the only finite or infinite root of rr = 2. 
This we shall call case A. 

If (1) and (2) are equivalent, it may be seen on inspection that each 
of their roots is also a root of x x = rT, which is in extenso 


“ 


He? +(F+G-D)r24+(FE-B-C)xr-—A = 0. 


This will then have the root r; = D H, which is rational in the domain of 
the coefficients. It follows from what has been said that r; is a root of (1). 
The other rvot of (1) is 72 = (FH) (D/H), or ED, which is also rational 
in the domain of the coefficients. The roots of (3) are then the double 
root r; and the single root r2.. This we shall call case B. 

We have seen that a linear transform of an operation has essentially 
the same iterative properties as its original. Accordingly we may subject 
the xy of case A to the transformation u’ = u +r, thus obtaining the 
operation 

A’ + B’r + C’y + D'ry 
\ 


LY = ’ ” 4d . 
4 KB + Fle + Gly + H'zy. 
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We shall now have 0 as a root of the quadratic 


(1’) H'c? + (F'+G))2 + EF’, 


and a triple root of 
(3°) H’x* + (F’ + G’ — D')x? + CE’ — B’ — c’)z — A’ = 0. 
It follows that A’ = EF’ = B’' + C’ = F’ + G’ — D' = 0, whence 


B'x — Bly + (F' + Gry 
F'x + G'y + H'xy 


The transformation u’ = B’u [F’u + (F’ + G’)] reduces this to the form* 


L\|y = 


nr— y + ry) 


bs y = ny ra ry 


Exceptional cases might seem to arise where B’ = 0 or F’ + G@’ = 0. If 
B’ = 0, on transforming x y by u’ = 1 u, we get 


riy=G@rt+Fyt+H’, 


and it is manifest that the iteration of this can only lead to linear opera- 
tions. If F’ + G’ = 0, x) y reduces to the form 


r-y 
P(x — y) + Qry’ 
If we transform this by u’ = u (Pu + Q) we get 


y= # 


bo y = : ry 


Be it noted that the degree of every term in the numerator is odd, while 
the power of every term in the denominator is even. It is easy to show 
that if f and g be two rational operations each in the form either of the 
quotient of a polynomial whose terms are all of odd degree by a polynomial 
whose terms are all of even degree, or of the quotient of a polynomial 
whose terms are all of even degree by a polynomial whose terms are all 
of odd degree, the operation obtained by substituting f as one of the 
arguments of g will share in this property. Thus if f(7, y) = (@ — y) ry 
and g(x, y, 2) = (@ + y+ 2) (x + yz), gla, y, flu, v)) will be (2rty? 
+ xy? + x? — Qry + y*) (2*y? + a?’y — 2ry° + y*), where all the terms 
of the numerator are of even degree and all the terms in the denominator 
are of odd degree. Hence the iteration of an operation in this class can 
never lead beyond the confines of the class, and must consequently fail 
to generate all operations rational in any domain. 

*n #0, as the expression would otherwise reduce to a constant. n # ©; otherwise, 


whatever z, z ||| z = z. 
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In case B, submit x y to the transformation uo = (ru — 7,)/(u — 1). 
x y will go into an operation 
A’+ Brert+ Cy + D'ry 
TLY = B+ F'e 4 Gy + H'xy? 
The double root of x xr r, or ot 
HH’ + (F' + G4 — D))2° + (b' — B' - C')x — A’ = O, 
will be 0, while the single root will be «. Hence 
A’=H’=EF'-B-C =0. 
Since 0 and « are also roots of 
H's? + (F' + Gr + Kk’ = 0, 


and of 


D's? + (B'4+ Cx + A’ = 0, 


D’ and FE’ also vanish. From these facts concerning the coefficients, it 


may be seen that ZLiiy reduces to 


Ve + Ny 
Transforming this operation by wu’ u M, the result is of the form 
. Y 
! al 


If VW = 0, the above transformation is impossible, but if we transform by 
“uo = —-U N. We GeL (yt — Z)/ Pz, of the jorm (yy — 7 YT G2}. 

We have thus actually carried through the transformations which 
reduce rs y to one of the standard forms, and have found them to be 
rational in the domain of the coefficients of xy. 

). Theorem. /f a transform of nix — y + ry) (ny + xy) generates all 
0 pe rations rational in any domain, then n is of the form Pq: where p is an 


integer in Q.,, and q isa natural number sharing with p no numerical factor, 


while there is some natural number I such that q is a factor of a. An 
example of the situation contemplated in this theorem is p 1+ w— 5: 
q=2;hk =2; p*§ = —44 2v-—5 = q(—24 w—5).) 


Proof. Consider the class of all numbers in @,,, of the form 


p* + aq 
p 4 bq’ 


Where q and / are natural numbers, a and b are integers in Q,, and p is 
an integer in @,,, sharing no numerical factor with g. Suppose that every 


number in @,,,, can be represented in this form. Let r,s be any number in 
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Q,,) and let r and s be integers in Q,,).. Then 


(r — s)p* = qt, 


where ¢ is an integer in Q,,), namely sa — rb. By properly choosing r 


and s, r — s may be made to contain no factor, actual or ideal, in common 
with g. Hence, if all numbers in @,,) are reducible to the above form, 
for some value of k, ¢ is a factor of p*. 
Now, if n = pq, and 
nist — y + Ty) 
tly = 
, ny + TY 


generates all operations rational in Q,,,, (p' + aq) (p! “se bq) must assume 
all values in Q,,,. For if we let x and y be (p* + aq) (p* + bq) and 
(p' + aq) (p' + 8q), it follows that 


(pqirx—yt+ ry) 


ry (pqQy +r ry 
p{[p*+aq_ p'+aq , p’+aq p'+aq| 
q| p* + bq i p' + 3q bal p* + bq , po + oq ( 
p pra, p* + aq Pp + aq 
q pi+6q- p*’+ bq p' + B¢ 
print Ag 
~ p ti! + Bq’ 
where A and B are integers in Q;,).. Hence if A is the class of all members 


of Q.,) of the form (p* + aq) (p* + bq), when x and y belong to this class, 
x y will also belong to this class. If x y is to generate all operations 
rational in @,,), and a fortiori? all numbers in Q,,,, A must coincide with 
Q,,,. In the previous paragraph we have seen this condition to be equiva- 
lent to that expressed in the formulation of the theorem. 

6. Theorem. The necessary and sufficient condition that the set of all 
operations generated by the rational bilinear operation x y be the set of all 
rational operations with rational coefficients is that x y be a rational trans- 
form of 

r-y y—2 
x+ Ay ad y + Ax’ 


where A is any rational number other than — 1, or of 


n(x — y + zy) 
ny + xy ‘ 
where nis any integer other than 0. 
Proof. This results immediately from 2-5, if the domain in question 
be made that of the rationals. 
Massacuusettrs INSTITUTE OF TECHNOLOGY, 
CAMBRIDGE, Mass. 































































ON THE ENUMERATION OF PROPER AND IMPROPER REPRESENTA- 
TIONS IN HOMOGENEOUS FORMS. 


Br 5. 7. Bete. 


1. By the usual definition, a particular representation of n in the form 


(1) 2a;;2;2;, (t,) = 1,2, ---, 74), 
e.g., through (x), %e, ++. %) = (a), ®’, «++, 2’), is proper or improper 
according as the G.C.D. of the xr’ is = 1; and two representations 
(ay’, Fo’, +++, te), (01, te”, «++, 2,'’) are identical only when 

f; = 2;",(t = 1, --+,F 


Let T(n), P(n) denote respectively the total number of representations, 
and the number of proper representations of n in (1). Then, the = 
referring to every positive d such that n d° is an integer, we have* directly 
from the definitions 

2) T(n) = =P(n/d?). 


Similarly, if in place of (1) we have a homogeneous form of degree s, 
there is between the corresponding 7, P the relation 


(3) T'(n) = ZP(n/d’*), 


the ¥ extending to all positive d such that n d* is an integer. Practically 
nothing of importance, except in the case of binary cubics, being known 
concerning 7’, P when s > 2, we shall confine the discussion to (2), merely 
indicating in $15 the nature of the easy extension whereby all of the 
general formule for s = 2 can be carried up to s > 2 whenever specific 
theorems for the latter cases shall be available. 

2. If the strictly arithmetical theory, due principally to Eisenstein, 
H. J. S. Smith and Minkowski, be used to find 7(n), P(n), the natural 
(and historical) order appears to be first the determination of P(n), and 
thence by (2) the deduction of T(n). If, however we seek T(n), P(n) 
algebraically, either by elliptic functions or otherwise (ef. § 9), Tn) 
always appears first, P(n) entering, if at all, only through cumbersome 
and artificial transformations of the analysis appropriate to T(n). It 

* For a detailed discussion of a particular case, ef. Bachmann, Die Arithmetik der Quadratischen 


Formen, p. 602. Note that in accordance with modern usage we have not assumed a,; = aj, 
in (1). 
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seems in fact that without previous knowledge of the results to be attained, 
suitable transformations of the fundamental identities would present 
themselves but seldom. On the other hand, it has frequently been 
pointed out* that where solutions of arithmetical problems by elliptic 
functions or other algebraic means exist, they are in general much simpler, 
shorter, and less delicate in application than the corresponding investiga- 
tions by processes peculiar to the theory of numbers. Hence it is of 
some importance to invert the present problem, deducing the P(n) directly 
from the 7(n), the latter in many instances being given very simply by 
algebraical methods. It will be seen in §$§$6, 7 how this may always 
be done, and how, in $$ 8-11, for one of the most important classes of 
representations the general formule assume simple and interesting shapes. 
By means of the formule developed the deduction of P(n) from T(n) is 
immediate; in $$ 12-14 a few illustrations are given in the derivation of 
P(n) theorems due to Eisenstein and Liouville, the proofs for which seem 
not to have been published hitherto; also in writing down some new results 
for 6,8, 10 and 12 squares. But the object of this paper being the general 
method, and not special consequences, applications are included only in 
sufficient number to make clear the use of the formule. It may be 
mentioned that by means of the formule in $$ 10, 11 all of Liouville’s 
numerous P(n) theorems which he published without proofs in the second 
series of his Journal, may be demonstrated almost at a glance. His 7(n) 
theorems were all proved by Pepin, ef. § 9; the proofs of the rest, all of 
which have been found by the methods of this paper, will appear in the 
Journal de Mathematiques for 1919. Theorems such as those of Liouville 
and Eisenstein concerning special quadratic forms are of importance as 
guides in the general theory of (1), which still is far from complete. 

3. All letters m, n, d, 6 denote positive non-zero integers; the m’s are 
always odd, and the n’s arbitrary. We define n to be simple if it is divisible 
by no square > 1; and adopting Sylvester’s convenient term, call the 
number of distinct prime factors of n its multiplicity. Consider 


(4) Fil) = i, F(nyns) = F(n,)F (ne), D(ny, ne) = 1, 


where D(n,, ne) is the G.C.D. of ny, mn. Funetions F, f, g, --- satisfying 
(4) we shall eall factorable. If by the nature of the function, factorable 
f(n) is undefined for n = 1, then by convention f(1) = 1; also, f(x) = 0 
when x is not a positive integer. We shall require Mébius’ y(n), which 
= () if n is not simple, and which otherwise = + 1 or — 1 according as 
the multiplicity of n is even or odd. It is readily seen that y(n) is factor- 

*See, for example, Glaisher’s remarks in the Proce. London Math. Society (2), 5 (1907), 
pp. 489-490, § 16. 





| 
| 
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ible, and that 
a > u(d) =O, n> li, 


the notation >> indicating that the sum is taken with respect to all divisors 


d of n. The fundamental property (5) is well known; nevertheless we 
recall one of the shortest ways by which it may be established, as the 
same applies to all subsequent identities concerning factorable functions. 


Sinee u(n) is factorable, it suffices to verify (5) for n p’, where p ts 
prime. The divisors d in this case are 1, p, p*, «++, p®; and from the 
definition of win): wil) = 1; wp) — 1; pp") = 0, a> 1. In the 


same way each of the factorable function identities given later may be 
proved by verifying them for n = p* directly from the definitions of the 
particular functions involved. These verifications, presenting no diffi- 
culty or interest, will be omitted. 


4. Let (d, 6) denote any pair of conjugate divisors of n, so that n = dé. 
Form the value of ¢:(a2)y(y) for (2, y d, 6), sum ¢;(d)y¥(6) over all 
pairs (d, 6), and denote the result by 5° gy(d)yi6). Let (6), 6.) denote any 


pair of conjugate divisors of 6, so that 
r= dé. 6 = 6162, Vi 66>. 


Put y(n) = Do ¢2(d)¢3(6); whence, 
> ¢1(d)W(6) = D> [eild) dS ¢2(6:) ¢5(82)] = YS gi (di)ga(de)e3(d 


the last summation extending to all triads (d,, ds, d;) such that n dj dods. 
With this notation, and (p,q, 7), (7,7, kh) any permutations of (1, 2, 3), the 


following is obvious: 


Zz. le, d) } ® ¢ 4/61) ¢-(b2)] 7. gildyej(dsje.l(d 


n 


& learly this may be exte nded to any number of functions Crip Cay *%*y Cpe 
It will be found that the case r = 4 is required in some of the verifications: 


ds | Le »(dy) 2 ¢3( 61) ¢4(62)| = 2, gill) golds) ¢3(ds) ¢4(dy), 


" 


in the first of which 5°, 3°, }* refer to all (d, 6), (dy, do), (6), 6») respec- 
n d é 

tively such that n = dé, d = dydz, 6 = 6,62; and >> in the second to all 

tetrads (d,, do, d3, dy) such that n = d,d.djd;. Also it is evident that 


2. [ pa ¢,(di)¢,(d2) 2. ¢g ; [¢,(d) bm ¢; 6;) ox (be )¢1( 63 )], 


where in the second, >), >> refer respectively to all (d, 6) such that n = dé, 


o> 
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and to all (6), 62, 63) such that 6 = 6,6.6;; and (p, q, r, s), (7, 7, k, l) are 
any permutations of (1, 2, 3,4). By the method of § 3 it is easily shown 


that if ¢1, ¢2, ¢s, ¢s are factorable, then each of the multiple sums in this 


paragraph is a factorable function of n. 
5. It is known that if g,(7), go(n), g3(n) are factorable, then a factorable 
fin) exists such that 


(6) > f d)q,(6) = > gzo(d)g3(6). 


Moreover, if fim), gin) both satisfy (6), then f(n) = g(n) for all n; viz., 
6) has a unique factorable solution. The following special case is of 
importance presently. Write u,(n) = n'; then clearly u,(n) is a factor- 
able function of », and (5) may be written in the form 


Dd u(d)uo(d) = (), n>. 


Hence, if gin) is given and factorable, a unique factorable f(m) may 
always be found such that 


> f(d)g() = 1; > f(d)g(6) = 0,n > 1. 


1 n 


It suffices to observe that f(m) is uniquely determined by 
> f(d)g(6) = ¥ wld)uy(6). 
‘ n 


6. Returning to $1, let e(n) = 1 or 0 according as n is or is not a 
square. Clearly e(n) is factorable. Replace (2) by its equivalent, 


(7) Tin) = Dd e(d P(5); 
and hence, for 6 any divisor of 7, 
(8) T(5) = Do €(61) P(52). 


Multiply (8) throughout by /(d), where d is the conjugate of 6, and sum 
with respect to all pairs (d, 6). By § 4 the result may be written 


(9) >» T(d)f(6) = [P(d) 2 €(6;)f(6s)). 
Hence if f(n) is determined as the solution of 


(10) 7S dje(6) = Dd uo(d)u(4), 


we shall have by the last of $5 the following unique expression for P(n) 


in terms of 7T'(n): 


(11) P(n) = >> T(d)f(6). 


Write win) X p(n) u(r); then u(r) being factorable, so also by the 
last of $4 is }° w(d)u*(4), since u?(n) obviously is factorable; and as in $3 


" 
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it may be verified without difficulty that the factorable function of n, 


bd [e(d) 2, u(d,)u7(d2)] = 1 or O 


aecording as n = l orn > 1; that is, 

12) f(n) = > u(d)y*(4) 

is the required solution of (10). Finally, then the inversion (11) of (2) 
may be written 

15 P(n) = p |T\d yu 5,)u*(de)]. 


7. To reduce (11), (13) to forms whose arithmetical significance is 
immediate, consider fin), which henceforth shall denote the function 
defined in (12). As in $3, on verifying the statement for p*, it is clear 
that fin) vanishes unless n is the square of a simple number, when the 
value is + 1 or — 1 according as the multiplicity of vn, or what is the 
same thing, the multiplicity of n, is even or odd. Hence (11), (13) may 
be paraphrased: The number of proper representations of n in (1) is 
equal to the sum of the total numbers of representations in (1) of all 
those divisors of n whose conjugates are squares of simple numbers of 
even multiplicity, diminished by the sum of the total numbers of repre- 
sentations in (1) of all those divisors of n whose conjugates are squares of 
simple numbers of odd multiplicity. It follows that the second sum never 
exceeds the first. 

8. By (12) or $7, for p prime we have 

14) f(p) = 0; f(p?) = -1; f(p*) = 0, a > 2. 
Combined with f(1) = 1, (14) has several important consequences which 
we proceed to develop. Let y(.r) denote any function of 2 which vanishes 


when z is not a positive integer; and note that until further restricted, 
v(x) is not necessarily factorable. Call I'(n) defined by 


15 lin) = 3S y(d)f(5) 

the conjugate of y(n). We shall always denote the conjugate of a given 
function by capitalizing; thus the conjugates of g(n), ¢(n), &’(n), 

are G(n), Z,(n), Z,'(n), +++ respectively. Consider ['(p*), where p is 
prime. By (15), 

16) (pt) = yA) fp") + y(p)f(pt) +--+ + ey(ptf(p) + v(pyf()); 


and hence from (14), 
17) rip) = yp); I'( p*) v\p") — y(p*"*), a > 1; 


both of which are included in the second, without the condition a > 1, 
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since y(p™') = 0. Again, if nis prime to p, 
P(ptn) = [>> y(p'd)f(p*-*5)] 


= ) 2 [iyv(d)f(p2) + y(pd)f(p2) + +--+ + y(pt"d)f(p) 

+ y(p*d)f(1) jf(4)], 
the last on noticing that p® and 6 being relatively prime and f factorable, 
f(p*5) = f(p*) f(b). Whence, on applying (14), 

(18) (pin) = > [\y(ptd) — y(pt-*d) }f(8)], 
for p prime and not a divisor of n. By repeated application of (18) we 
get a remarkable symbolic form of the inversion (11). Let 
n= pd? ---r = Iip* 

be the resolution of n into its prime factors; and let 

I[y(p*) — y(p*~*)], I’[y(p?) — y(p*~*)] 
denote respectively the ordinary product 

ly(p*) — y(p°~*)ILv(q’) — v(q’*)] «++ [y@") — ve], 


and the like taken symbolically as follows: After distribution, each term 
in Il’, such for example as y(p*)y(q’) --+ y(r°~*), is to be replaced by the 
y of the product of the several arguments of the y’s in that term, e.g., the 
particular term selected is to be replaced by y(p%q’ --- 7~*); and the 
signs are to be as determined by the formal multiplication. Then from 
(18) we infer, on putting n = qg’n,; where n, is prime to q, reapplying (18) 


and continuing thus until all the distinct prime powers q’, ---, 7° are 
exhausted, 
(19) n = IIp*, (n) = Il'[y(p*) — y(p*~?)]. 


The complete induction is immediate from (18), and need not be written 
out. Hence* from (11), (15), (19), 


(20) n= Ilp*, P(n) = I'[T(p*) — T(p*-*)]. 


9. The special cases of (19), (20) in which y(n), 7(n) are factorable 
have a particular interest and importance. The 7(n) may be divided 
into two classes according as they are or are not factorable. The first 
includes all of the classical theorems of Gauss, Jacobi, Eisenstein, H. J. 5. 
Smith and Liouville concerning representations of numbers as sums of 

* Either (20) or its equivalent in §7 may be proved from the definitions of T(n), P(n) by 
what H. J. 8S. Smith (Papers, I, p. 36) called the principle of cross-classification. The same 


principle gives also (5) and (19). 
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2. 4, 6, 8, 10 or 12 squares, with the exception of two additional theorems 
stated by Liouville, and proved by Glaisher, using elliptic functions, 
concerning 10 and 12 squares; it includes also the theory of those quad- 
ratie forms other than sums of squares to which the processes of elliptic 
functions are naturally adapted. Also when 7(n) is factorable, 7'(n), 
Pin) may both be ealeulated in finite form directly from the real divisors 
of n alone, without the invention of other functions, always more or less 
complicated, depending upon the representation of numbers in the given 
quadratie form in one of lower order. For forms other than sums of 
squares, the first three factorable Pin), T(n) theorems were stated by 
Eisenstein in his famous memoir, Neue Theoreme der hoheren Arithmetik 
Crelle, 35 (1847), p. 134); but the great mass of known results in this 
direction is due to Liouville, cf. § 12, footnote. It may be shown* that 
Liouville’s ‘formules générales’ are equivalent to elementary identities 
in elliptic functions, whence they follow by a simple method of paraphrase. 
Hence all of Liouville’s Pin), Tin) theorems ultimately depend upon the 
elements of elliptic functions, Pepin? having deduced the 7T(n) results 
from the formules générales, and the P(n) being consequences of these, 
as we shall presently indicate. The relation of Eisenstein’s results to 
elliptic functions will be glanced at in § 14, footnote. It seems, in short, 
as lately suggested by Mordell,f that elliptie funetions may have played 
a greater part in the discovery of many theorems than has been commonly 
supposed. In speaking of his Pin) results, Liouville remarks (J. des 
Math. (2), 7 (1862), p. 16), Ilva du reste A ce sujet, une méthod générale 
qui s ‘offre d’elle-méme.”’ Since the solution (12) is unique, (11) or its 
equivalent (13) must be what Liouville had in mind. We shall now ex- 
amine the factorable case in some detail; (11), (20) apply to any case, 
factorable or not. 

10. For Gin) the conjugate of factorable gin), and for T(n) factorable, 
we have from (19), (20), 


Al i= Ip’, ni = Il g p") oe J p" )); 
22) n = IIp", P(n) = I[T(p*) — T(p*)). 


For many forms (1) it has been found necessary or convenient to 
distinguish several T(n) according to special factors of n; thus§ for m 
prime to 3, and 

n=23’m=2?4+y4+24+: 

“In a series of papers presented to the American Math. Society, Oct., 1918, Liouville’s 
general formula are derived incidentally. 

Journal des Math., S90, pp. 1-64 

t Quarterly Journal Math., 48 (1917-1918 , WO, 189. 


§ For the details ef. Liouville, J. des Math. (2), 8 (1863), pp. 105-114; 193-204. 
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the 7(n) take different forms (which, however, may all be included in 
one general formula), according as a = 0, a= 1, a> 1, and 8 = 0, 
B=1,8>1. We say that 7(n) for this form has special characters 
with respect to the primes 2, 3. Let pi, ps, ---, p, be the primes with 
respect to which, for a given form, 7(n) has special characters. Then 
P(n) is most readily investigated either by (18) or by 


n = no[] p.*, P(n) = P(n.) TI (Tp) -— Tip2*)), 
1 


wherein ny is prime to p; (¢ = 1, ---, 7). Examples will be found in the 
illustrations. The importance of (21) is that for T(n) factorable, P(n) is 
the conjugate of a factorable function; hence we require such conjugates 
for (1). 

11. A few g(n) occur repeatedly in determinations of T(n) for (1). 
All those in the literature are included in the following, or in simple 
modifications of them which it is unnecessary to consider here. Hence 
we shall find their corresponding Gin), the notation being that of § 10, 
in order that the necessary data for writing down the corresponding P(n) 
by (21), (22) may be readily aecessible. Bw the usual convention the 
value of (a 6), the Legendre-Jacobi symbol, is zero if a, b are not relatively 
prime, and (a b) is non-existent when b is even. In the following list 
the II-notation has the same significance as in $8; the II-forms of the 
g(n) are immediately evident from the definitions of the specifie g(n); 
and the deduction from these of the corresponding conjugates will be 
sufficiently clear from the full derivation of one of them. We recall 
that m is positive and odd. That all of the functions except \ are factor- 
able is clear from their definitions. 

(i) Let 1 denote an odd positive or negative constant integer prime to 
m, and define the w, w’ functions by 


w, (m, 0) = >» (d l)d’, w, (l,m) = =. (l d)d’, 


m m 


w,’(m, l) = >) (8 Dd’, w,'(l, m) = >> (Ll d)d’. 


m 


Hence for m = IIp*, we have: 


taas re r(atl) __ a+ 
w, (m,l) = Il ia = ae 2): w, (l,m) = |? oo as af 
and it is easily seen that 
w(m, l) = (m')ew,’(m, 0); w,(1, m) = (Ll) m)a,'(l, m). 
Observing that (p7*! J) = (pt J), and hence 


. p atl) pre 1) = : | 
wr (p*, 1) — wr (PP, ) = or pi =P [1 +! D5} 
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we have from (21) for the conjugate of w,’(m, 0), 


l 
2,’(m, 1) = T[w,'(p*, 1) — w,'(p?, D] = m'll E + (p ) |. 


Any conjugate may be found in the same way. We get thus 
Q,’(1, m) = mT} 1 + (lp mE 1 + (— DOP ep 1) — I, 
‘ p 
the last on using the extended law of quadratic reciprocity; and 
Q,(m, 1) = (m D2,"(m, Dd; Q.(1, m L m)Q,"(1, m). 
The first form of @,’(/, m) presents itself directly in the consideration of 
1); the second is better adapted to computation, and is equivalent to 
that occurring (for special values of r, /) in the writings of Eisenstein, 
Liouville and others. With these are two companions for the even case: 


i w(m) = > (2\d)d, —w,"(m) = J (2/8)d". 


y |) 
From these definitions we find as above, 

l 
p 


From the definitions it is clear that w.(m) is the sum of the rth powers of 


O’(m) = (2 m)Q,(m) = m’Il 1+ (2 p 


all those divisors of m which are of either form S/ + 1, diminished by the 
like sum for the divisors of either form Sh + 3: @,’(m) is the sum of the 
rth powers of all those divisors whose conjugates are of either form Sk + 1, 
diminished by the like sum for the divisors whose conjugates are of either 
form 8k + 3. Similarly, for l prime, w,(m, 1) is the sum of the rth powers 
of all those divisors of m that are quadratic residues of 7, diminished hy 
the like sum for the divisors that are quadratic non-residues; w,(l, m) 
is the sum of the rth powers of all those divisors of m of which / is a quad- 
ratic residue, diminished by the like sum for the divisors of which / is a 
quadratic non-residue; and w,’(m, 1), w,/(l, m) are the corresponding 
functions in which the divisors are segregated into classes according to the 
quadratic characters of their conjugates. 

il) For! = — 1 the w-functions take important forms which, as they 
occur so frequently, are denoted by special letters. These appear first 
in the cases when (1) degenerates to a sum of squares; thus, they are 
familiar through the investigations of Jacobi, Eisenstein, H. J. S. Smith 
and Glaisher for 2, 6, 10, 14 and 18 squares; they also enter when (1) is 
a sum of 3, 7 or 11 squares.* 

*In a paper presented to the American Mathematical Society, April, 1919, the Tn) are 
given in the form of finite sums of the funetions defined in § 11 when (1) is a sum of 3,5, 7,9, 11 
or 14 squares, the arguments of the functions forming recurring series of the second order, and 


the number of odd squares in the representations being either pre-assigned or arbitrary. 
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Write 


w,(— 1, m) £,(m), wr (— 1, m) = &'(m); 


whence 
t '’(m) = ( — 1)‘™ 
sr 


, 1 
=, (m) = mt + (-— l'p)— | = mat + (— 1) = |; 
J ie Pp 


and £,(m) is the excess of the sum of the rth powers of all those divisors 
of m that are of the form 4/ + 1 over the like sum for the divisors of the 
form 44 — 1; &(m) is the similar function in which the conjugates of the 

For n = 2*m we have 


“D2 (m), =r(m) = (— 1)" 72,’(m), 


divisors are of the respective forms 4k + 1, 4k — 1. 


e ij - gs / ¢ rs / 
E(n) = £&(m), &,(n) = 2°&,'(m); 


and noticing that by an obvious extension w,(n, 1), w,’(n, 1) may be defined 


for a > 0, the following conjugates: 


=, (2m) = =,(m); =, (2°m) = 0,a> 1; 
=, (2m) = 2°=.’(m): =, (2*m) = 2°-27(22? — 1)E/(m), a> 1. 
(iv) For n = 2*m, a = 0, and n = IIp* the resolution of n into prime 


factors, ¢,(n), €'(n) the respective sums of all, of the odd divisors of n, 


we have in the same way: 
. dtl. ; 
C(n) I] : c (n) = &,(m); 
J r v ‘a Jia—l)r/9r Yy 
ZA(n) =n li} l+—l; Z(2*m) = 2-Yr(2" + 1)Z,(m), a > O; 
P 


Z,'(2m) = Z,'(m) = Z,(m); Z,' (22m) = 0,a> 1. 

(v) Closely related to these are the two following: a,(n), = the sum of 

the rth powers of all those divisors of n whose conjugates are odd; and 
the non-factorable A,(n) defined by 


A-(n) = [2(— 1)" + 1]e,"(n). 


For the respective conjugates we find, using (18) for A,: 


A,(m) Z.(m): A,(2m) = 2°Z,(m); 
A,(2%m) = 27¢-2)(22" — 1)Z.(m), a> 1: 


— Z,(m); A,(2m) = 3 Z,(m); A,(4 m) = 4Z,(m); 


A,(2°*m) = 0, a > 2. 


A,(m) 


12. Asa first illustration of the formule we take Eisenstein’s theorems.* 


* Kisenstein, Crelle, 35 (1847), pp. 184-135, 
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We shall assume the 7(m), all of which, occurring among the forms con- 
sidered by Liouville,* are proved in Pepin’s memoir, and from them 
deduce the P(m). The forms are 
rt+yt243v, rPtyt224+2uz+ 2; Pty +2 4+ ou’; 
and when m is prime to 3 for the first two, prime to 5 for the third, the 
several cases of Eisenstein’s Tim) may be written for the three forms 
respectively: 
7 nt lw 3, mm Be 5, ml Cw, myo 
A = (2(— 1|m) + 1][3(— 3'm) - 1] 
B = [2(—1 m) — 1)[8(-— 3 m) 4+ 1] 
C= 5(m'\d) + I 
It is convenient to separate A into two cases, A’ for m 1, 7 mod 12, 
A” for m = 5, 11 mod 12: 
A’ = 21 + 2(3' m)], A” = 4[2(3 m) — 1). | 
Hence for the first form when m i, 4 mod 12, we have by (22) and § 11 | 
(1). 
: P(m) = 2[2,:(3, m) 4+ 221'(3, m)] 2[(3 m) + 2)0,'(3, m); | 
, : | 
i and when m = 5, 11 mod 12, 
P(m) = 4[20,'(3, m) — 2,13, m)] 12 — (3 m)JQy(3, m 


It is readily seen that both are included in either of the single formule, 
the second following at once from the first by § 11 4 


Pim) = (3: mJ)AQ,{(3, m), P(m) AQ,(3, m), 


either agreeing with the four cases stated by Eisenstein. Similarly, on 


separating B in the same way mod 12 into 


B’ = 4[-— 1 4+ 213 m)], : 2[1 + 2(3 m)], 
; we find for the second form 
a P(m) = (3: m)BQ,'(3, m), Pim) BQ,(3, m): 


and for the third, without separation, 


= ‘ , - ‘ - 
P(m) = (m 5)COQ,'(m, 5), P(m) = CQ,(m, 5). 


Thus in all cases we may pass from 7 to P by changing w into Q, a special 
case of a general theorem which need not concern us here. 


* Journal des Math. (2), vols. 4 





11 (1859-1866). 
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13. The treatment of special characters ($10) is exemplified by 
Liouville’s* 
z+ 2y? + 42? 4 4u’, 
for which he states 
T(m) = 2w,'(m); T(2*%m) = 2[2* — (2 m)]e:'(m), a > 0. 


Hence by $11 (ii), P(m) = 20,'(m); and for a > 0, as in deriving (18): 


P(2*m) = ¥ [T(d)f(278) + T(2d)f(28) + --- + T(2d)f(a)); 


whence for a > 1, 


P(2m) = y B T 2d)f 5), P(2*m) : >» [;— T(2*-*d) + T (27d) \f(8)]; 


and as in § 12 on substituting the values of 7(2d), T(2%d) for a = 2, 3, 4, 
we find 


P(2m) 2(2 — (2 m)JQy'(m); P(4m) = 2[3 — (2 m)]Qy'(m); 
P(2*m) 3-22-10,'(m), a > 2 


agreeing with the statements of Liouville, loc. cit., § 4. 

14. Asa last example, let us find the ?(n) when (1) is a sum of 4, 6, 8, 
10 or 12 squares, from the known factorable 7(n), all of the latter having 
been most simply derived by elliptic functions. 

(i) For four squares we have 


T(m) = S8€,(m); T(2¢m) = 24¢,(m), a > 0. 


*J. des Math. (2), 7 (1862), pp. 62-64. The P(n) for the following papers in the same 
volume may be proved as in $13: 145-147; 148-149; 201-204; 205-208. 

f See the cited papers of Glaisher and Mordell for theorems and references, to which add the 
following for 10, 12 squares: Liouville, J. des Math. (2), 11 (1866), pp. 1-S; 6 (1861), pp. 369-377; 
235 238. Proofs for the remarkable general 7'(1) formule in these papers of Liouville will appear 
shortly in the Bulletin of the American Math. Society. Combined with those proofs, the formule 
for Z.(n), =,(n), =,'(n) in § 11 above give at once the proofs for Liouville’s general P(x) formule, 
ibid., pp. 373-376. The relation between the 10 and 12 square theorems and the rest of Liou- 
ville’s 7) results is simple and striking: the ‘“formules générales’? whence Pepin proved the 
latter are direct: paraphrases of trigonometric identities arising from elliptic identities such as 
sneer nr & mr, when for snr, sv? are substituted their Fourier developments and coefficients 
of q° equated; the general theorems whence Liouville deduces his 10 and 12 square results come 
from precisely the same identities when for the elliptic functions and their powers are substituted 
their power-series CXPANsions, and coefhicients of wv’ equated. Thus all these apparently diverse 
results are seen from the standpoint of elliptic functions to be ultimately the same, differing only 
in algebraic details. The use of the “formules générales” can be avoided entirely, by assigning 
rthe values 7/2, 7/3, 7/4, 2/5, 2/6, 7/8 in the trigonometric identities, the procedure thence on- 
ward being obvious from the first sections of Pepin’s memoir. As further indicating the connec- 
tion with elliptic functions of Kisenstein’s 10-square and other results, all of his assertions concern- 
ing 10 squares are proved by Glaisher’s formula (1), Q. J. Math., 38 (1906-7), p. 22. The P(n) 
formulw for 4 and the ?(m) for 6 squares found above agree with those determined arithmetically, 


ef. Bachmann, Quadr. Formen, pp. 602, 652. 
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Hence by § 10 and § 11 (iv), 
P(m) = 8Z,(m); P(2m) = 24Z,(m); P(4m) = 16Z,(m); 
P(2°m) = 0,4 > 2. 
ii) For six squares the known 7'(n) is 
T(n) = $/[45, n) — £o n)]; 


and therefore by § 11 (iu): 


P(m) = 4[ 42.’(m) — E.(m)] = 4[ 4 -— (-— 1 m)]=E.'(m); 
P(2m) = 4{162,’(m) — =.(m)] = 4[16 — (— 1) m)]E."(m); 
a 2'm 13d -2%= mn a l 
ili) For eight squares, T\n — 16(— 1)"[263'(n) — &3(n)]. Hence 
Tim) = 16€2(m 77(2¢m 16|2 — 15] fm), a 0) 


P(m) = 16Z.2(m): P(2m 112Z3(m 
P(2°m 144.2 nZ mm), a > f. 


iv) For ten squares the only factorable case is for n 2’m, b = 0 
m = 3 mod 4: 


To find Pin) we have, by the general formuke, 
P(m) = » Td) fd); P(2m LT (2d) f(s 
P(2°m) = > [T(2*d) — T(2*-*d)]f(6), a > 1. 


The divisors d remaining in these formule after reduction will all be of 
the prescribed form 2°’(4/ + 3) when and only when m is a prime = 3 
mod 4. Hence in this case only we get the following for the numbers of 
proper representations as a sum of ten squares: 


P(m) = T 1)f(m) + Tim)ft1) Tim 


the only divisors of m being 1,m. For this value of m, £,/(m) —14+ Mm‘, 
E,(m) = 1 — m': hence P(m) = 606m‘ — 1). Similarly 

P(2m) = T(2)f(m) + T(2m )f(1) T(2m) ; 

P(2¢m) = T(2*m) — T(2*-?m), a > 1: 


and hence, after obvious reductions, 


P(2m) = 1020(m‘* — 1); P(2¢m) = 255.22°-)(m* — 1), a > 1. 


es 
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There are no similar theorems for m not a prime of the form 4k + 3. 
(v) For twelve squares a factorable Tn) exists only when n is even: 


317 (2¢m) = 24(21 + 2°**!.5]¢;(m), a > 0. 
Hence, at once by § 11 (v), we find P(2m) = 264Z;(m); a result stated 


without proof by Liouville in a letter to M. Besge (J. des Math. (2), 5 
(1860), p. 145). Fora > 1: 


P(2*m) = >> [T(2*d) — T(2*-d)] f(8). 


Now 2°d, 2°*d will both be even when and only when a > 2; and we find, 
on simplifying, 
P(2¢*'m) = 495 -2°*-6Z.,(m), a > 2. 

15. The extensions of the fundamental formula (11) and $7 to (3) 
are obvious and at present of slight interest: it is sufficient to replace f(n) 
by the factorable f,(n), which vanishes unless n is the sth power of a 
simple number, in which case its value is + 1 according as the multiplicity 
of n is even or odd. 
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Hence by § 10 and §$ 11 (iv), 

P(m) = 8Z,(m); P(2m) = 24Z,(m); P(4m) = 16Z,(m); 

P(2°m) = 0, a > 2. | 


(ii) For six squares the known 7'(7) is | 


and therefore by § 11 (ii): 
P(m) = 4[ 42./(m) — E.(m)] = 4[ 4 -— (-— 1 m)JE.’(m); 
P(2m) = 4[162.2'(m) — Z.(m)| 116 — (— 1 m)|Z,’(m); 
P(2¢m) = 15-222 (m), a l 
ili) For eight squares, T\n — 16) — 1)"[26,'(n) — &s(n)]. Hence 
Tim) = 16€3(m); 7D 2!m 16[2%77" — 15] f3(m), a > 0; 
P(m) = 162Z3(m); P(2m 112Z3(m 
P(2*m 144.2%°-"Z3(m),a > 1. 
iv) For ten squares the only factorable case is for n 2’m, 6 = 0, | 
m = 3 mod 4: 
Tin) = 4[&,(n) + 16€,'(n)]. 
To find Pin) we have, by the general formule, 
Pim) = > 3 Tid f 6): P(2m > T (2d f 6): | 
P(2°m) = 2. [T(2¢d) — T(2¢-"d lf(6),a > 1. 
The divisors d remaining in these formule after reduction will all be of : 


the prescribed form 2’(44 + 3) when and only when m is a prime = 3 
mod 4. Hence in this case only we get the following for the numbers of 
proper representations as a sum of ten squares: 


P(m) = T(1 f(m) + Tim yf(1) = Tim 


the only divisors of m being 1, m. For this value of m, &;/(m) —l+m, 
E,(m) = 1 — m':; hence Pim) = 60(m' — 1). Similarly 

P(2m) = T(2)f(m) + T(2m)f) T'(2m); 

P(2¢m) = T(2*m) — T(2*-?m), a > 1: 


and hence, after obvious reductions, 


P(2m) = 1020(m* — 1); P(2¢m) 255.22°4-D(m* — 1), a > 1. 


— 








Oe 
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There are no similar theorems for m not a prime of the form 4k + 3. 
(v) For twelve squares a factorable 7'(n) exists only when n is even: 


317(2¢m) = 24[21 4+ 2°**!.5]¢5(m), a > 0. 
Hence, at once by $11 (v), we find P(2m) = 264Z;(m); a result stated 
without proof by Liouville in a letter to M. Besge (J. des Math. (2), 5 
(1860), p. 145). Fora > 1: 


P(2*m) = YO (T(2"d) — T(2*d)] f(s). 


Now 2°d, 2°~"d will both be even when and only whena > 2; and we find, 
on simplifying, 
P(2¢*t'm) = 495-2°*-*Z.(m), a > 2. 

15. The extensions of the fundamental formula (11) and $7 to (3) 
are obvious and at present of slight interest: it is sufficient to replace f(n) 
by the factorable f,(n), which vanishes unless n is the sth power of a 
simple number, in which case its value is + 1 according as the multiplicity 
of n is even or odd. 
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A PROOF OF JORDAN’S THEOREM ABOUT A SIMPLE CLOSED 
CURVE.* 


By J. W. ALEXANDER 


$1. We give below an easy proof of Jordan’s theorem that a simple 
closed curve subdivides the Euclidean plane into two and only two 
regions.t The argument is based on elementary combinatorial properties 
of chains, or systems of polygons, and may be generalized at once to 
any number of dimensions, as will be shown in a subsequent paper. 

The necessary properties of chains are somewhat weaker than the 
properties of polygons which are used as the starting point of most 


art I, following the general 


proofs. They are recalled Very hastily in | 
lines exposed by Prof. O. Veblen in a paper ‘*On the Decomposition of an 
n-Space by a Polyhedron” = which deals with a more inclusive problem 


and to which we refer for fuller details. 


I. Chains and Their Properties. 


$2. A chain will be a sort of generalized polygon consisting of a 
finite number of non-intersecting edges (which may be either line segments 
or rays), and vertices (the end points of the edges), where at each vertex 
there end an even number of edges. A chain need not be connected. 

Suppose we have a chain whose edges are all segments. Then if two 
vertices, Y and Z, may be joined by a broken line made up of elements 
of the chain, they may also be joined by a second broken line which has 
no edge in common with the first. For if we remove from the chain the 
edges of the first broken line, there will still remain an even number of 
edges abutting at every vertex except Y and Z where there will now 
remain an odd number. But, within each connected group of edges and 
vertices, the total number of times that edges abut on vertices is equal 
to twice the number of edges and is therefore even. Hence, the vertices 
¥ and Z still belong to the same connected piece and may again be joined 
by a broken line. 

A simple illustration of a chain would be a pair of broken lines con- 

* Read before the American Mathematical Society, July, 1916. 

First correctly proved by O. Veblen, Trans. of Amer. Math. Soc., vol. VI, p. 83; 1906. 
Simplified proofs have been given by L. E. J. Brouwer and others. Cf. Brouwer, Mathematische 
\nnalen, vol. 69, p. 169; 1910. 

t Trans. of Amer. Math. Soc., vol. XIV, No. 1, pp. 65-72; Jan., 1913. 
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necting the same two points, Y and Z, and having only a finite number 
of points in common. 

$3. A chain, k, like a simple polygon, has two “sides,” though the 
sides are not in general connected regions. We may determine them as 
follows.* 

We complete the lines to which the edges of the chain k belong and 
thus obtain a system of lines which subdivide one another into a finite 
number of line segments and rays, b;, bs, ---, b,, while they subdivide the 
plane into a finite number of convex regions, a), do, ---, Gn. Now, the 
boundaries of the regions a; are chains made up of sets of elements b; and 
their end points. Out of the symbols for the elements in these sets, we 
shall form the expressions 
(1) ad, =b;j + b2+b3 + --- +b (@ = 1,2, ---, m), 


which will be used to designate the boundaries of the various cells a;. 
The expressions (1) will be combined by adding corresponding members, 
collecting terms, and reducing all coefficients modulo 2. In this way, we 
can obtain new combinations defining new chains whose edges can be 
read off from the right-hand members. 

Now it can be shown without difficulty that any chain such as / 
composed of elements 6; and their end points can be derived from the 
elementary chains (1) in two and only two ways, 


(2) 2:4; =k 
and 
(2’) Tod; = I, 


and that the boundary of each region a; occurs in one and only one of the 
combinations. Therefore, the points of the plane fall into two classes 
according as they belong to the interior or boundary of a region occurring 
in the first combination or of a region occurring in the second. These 
two classes of points will be ealled the sides of the chain k. 

$4. We point out one more theorem that will be used later. Suppose 
we have two chains, £; and /.. Then the set of points which are on 
given sides both of the chain /; and of the chain /, may be subdivided 
into a finite number of convex regions. Therefore, the set is bounded by 
a chain composed of the sum, modulo 2, of the boundaries of the convex 
regions. By combining this chain with the chain /,, we obtain a new 
chain ky. 

Il. Jordan’s Theorem. 

§ 5. In the following discussion, a region will be a set of points each 

of which is interior to a triangle enclosing only points of the set while 


* (Cf. Veblen, loc. cit., for details. 
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any two may be joined by an are made up of points of the set. The first 
condition is satisfied by the complementary set to any closed set of points 
in the plane. Moreover, when the second condition is also satisfied, two 
points, Y and Z, of the region may always be connected within the 
region by a broken line which may be so chosen as to have only a finite 
number of points in common with any preassigned finite system of lines, 
a property which we shall use later on. 

To prove this property, we observe that about any point, P?, of the 
are joining the points Y and Z, we may place a triangle which encloses only 
points of the region. Therefore, within this triangle, we may find a 
sub-are containing the point P?, such that any two points of this sub-are 
may be joined by a broken line of the required type and such that the 
point P is not an end point of the sub-are unless it is an end point of the 
are YZ itself. Since the whole are is covered by these sub-ares, it may be 
covered by a finite number of them, by the Heine-Borel theorem. We 
may therefore construct a broken line connecting the points Yo and Z 
by piecing together a series of broken lines running from one sub-segment 
to an adjacent one, and so chosen that no two of them have more than a 
finite number of points in common. The broken line thus obtained 
may cross itself a finite number of times. When this is the case, we can 
clearly obtain a broken line without singularities by merely suppressing 
a certain number of supplementary loops, but for the purposes of this 
paper there will be no objection in allowing a broken line to have a finite 
number of singularities. 

\ 6. Lemma. Let ACB be a simple are passing through a point (' 
and ¢ nding at the points A and B. and let Y and Z be any tivo points of the 
plane not on thearce ACB. Then. if the points Y and Z are nol se paral d by 
eithe r of the sub-ares AC or ce. ( ithe r are the Y S¢ paral d hy the arc ACB ib se If. 

For the points ¥ and Z may be connected by a pair of broken lines, a 
and b, such that the first does not meet the are AC nor the second the are 
CL. Moreover, by $5, the broken line b may be so chosen as to meet the 
broken line a in at most a finite number of points, in which case, it may 
be combined with a to form a chain k. 

Now, consider such points of the are CB as are either on the chain k, 

that is, on the broken line a), or on the opposite side of the chain & from 
the point C. Each of these points may be enclosed within a triangle 
which neither meets nor encloses a point of the are AC or of the broken 
line b, and since the set of all such points is closed, they may all be enclosed 
within a finite number of these triangles, by the Heine-Borel theorem. 

Following § 4, let us add modulo 2 to the chain k the boundaries of 
the finite set of convex regions made up of points which are both interior 
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to one of the triangles and on the opposite side of the chain k from the 
point C. We thus obtain a new chain, k’, which still contains the broken 
line 6, as well as a supplementary piece, a’, made up of segments which 
neither meet nor end on the are ABC. Therefore, by § 2, the points Y 
and Z may be joined by a broken line within the piece a’ and consequently 
by one which does not meet the are ACB. 

$7. THeoreM. The points, of the plane not on a simple are AB do 
not form more than one connected region. For we shall prove that any two 
such points, Y and Z, may be joined by a broken line which does not meet 
the are AB, 

About any point, C, of the are AB, we may place a triangle with 
respect to which Y and Z are exterior points. Therefore, by remaining 
within this triangle, we may find a sub-are of the are AB which does not 
separate the points Y and Z, which contains the point C, and which 
ends at the point C only when C is one of the points A or B. The are 
AB may thus be covered by a set of overlapping sub-ares, and conse- 
quently by a finite set of overlapping sub-ares, such that no one of them 
separates the points Y and Z. But the end points of this last set sub- 
divide the are AB into a still smaller finite set of non-overlapping sub-ares. 
Therefore, since the are AB may be built up by piecing together these 
sub-ares, it cannot separate the points Y and Z, by § 6. 

$8. THeorem. The points of the plane nol ona simple closed curve 
do nol form more than two connected re gions, For we shall prove that, 
given any three such points, XY, Y, and Z, two of them, at least, may 
always be connected by a broken line which does not meet the curve. 

Let A, B, and C be any three distinct points of the curve. Then, by 
$7, the points Y and ¥, ¥Y and Z, and Z and X may be joined by three 
broken lines, a, >, and ¢, respectively which do not meet the ares CAB, 
ABC, and BCA respectively. Moreover, the broken lines a, 6, and c¢ 
may be so chosen that no two of them have more than a finite number of 
points in common, so that they may be combined to form a chain, /. 

Now, of the three points A, B, and C, two, at least, must be on the 
same side of the chain /, and we can assume without loss of generality 
that the points B and C are. It then follows by a direct paraphrase of the 
reasoning in $6 that the points Y and Z can be joined by a broken line 
which does not meet the curve. For we have only to substitute the are 
CAB for the are AC and the broken line be for the broken line 6} and repeat 
the rest of the argument word for word. 

$9. THroreM. The points of the plane not on a simple closed curve 
form at least two connected regions.” 

Choose any two points, A and B, on the curve and denote by AB and 
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BA respectively the two ares of the curve bounded by these points. 
Then any line, /, which separates the points A and B meets the ares AB 
and BA in two closed sets of points. 

Now, every point of the first set is interior to some interval of the 
line 7 which contains no point of the are BA, hence, by the Heine-Borel 
theorem, the entire set may be covered by a finite number of such intervals. 
Moreover, by combining intervals when necessary, we may so arrange 
that no two of them either touch or overlap. We shall prove that the 
end points of this last set of intervals, 7, are not all within the same region 
by showing that, however we may connect them in pairs by a system of 
broken lines, one or more of the broken lines will always meet the curve. 

Consider such a system of broken lines, assuming, as we may, that 
no one of them meets the line / or another broken, line of the system in 
more than a finite number of points. Then the svstem of lines may be 
combined with the intervals 7 to forma chain, /. Moreover, if we add to 
the chain / the boundary of one side of the line / (that is, the line / itself), 
we shall obtain a second chain /’ made up of the broken lines combined 
with the segments, s, of the line / complementary to the intervals 7. By 
the definition of the sides of a chain (Relations (2) and (2'), $4), it is 
clear that one or other of the chains / and /’ separates the points A and B. 

Now, if the chain / separates the points A and B, it surely meets the 
are BA. But the are BA cannot meet the intervals 7 and must therefore 
meet one of the broken lines of the system. Similarly, if the net /’ 
separates the points A and B, the other are AB must meet one of the 
broken lines, since it cannot meet the segments s. Therefore, in either 
case, the curve meets one of the broken lines, proving that the ends of 
the intervals 7 do not all belong to the same region. 

S10. COROLLARY. A point Z not ona simple closed curve may hye 
connected to any are of the curve AB hy a broken line z which. exrce pl for one 
end point, lies wholly within the same re gion as the point } a 

For let Y be any point on the opposite side of the curve from Z. 
Then, by § 6, the points Y and Z may be connected by a broken line which 
does not meet the other are BA of the curve and which therefore meets the 
are AB. This broken line evidently includes the required broken line z 
connecting the point Z to a point of the are AB. 

Since the point Z and broken line z may be chosen on either side of the 
curve, and since the are AB may be made arbitrarily small, we also have 
at once the following proposition: 

Corollary. In the neighborhood of any point, A, of a simple closed 
curve, there are points from each side of the curve. 

This would also have followed at once from $9 if we had used an 
arbitrarily small triangle about the point A instead of the line J. 
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LINEAR ORDER IN THREE DIMENSIONAL EUCLIDEAN AND 
DOUBLE ELLIPTIC SPACES.* 


By Grorce H. Hauer, Jr. 


1. Introduction. In this paper I shall deal with Euclidean and double 
elliptic geometries of three dimensions, the notions of point and order 
being undefined. A representation of double elliptic geometry of three 
dimensions is a geometry on the hypersphere 


aetytaetu’ = 1 


| | 


in space of four dimensions. A plane in this geometry is the intersection 
of this hypersphere with a three-dimensional space through the origin 


ax + by + cz + dw = 0. 


The unit sphere in x, y, 2-space 


is a particular plane. A line is the intersection of two distinct planes. 
In particular all great circles on the above-mentioned unit sphere are 
lines. Complete treatments of three-dimensional Euclidean and double 
elliptic geometries in terms of point and order have already been given.t 

The problem of this paper may be stated as follows. Two sets of 
postulates A and B are desired such that 

l. Every proposition of Euclidean geometry of three dimensions can 
be deduced from the postulates of A. 

2. Every proposition of double elliptic geometry of three dimensions 
ean be deduced from the postulates of B. 

3. No postulates of either set ean be derived from the other postulates 
of that set. 

4. All the propositions true for a line in either geometry can be derived 
from postulates of the set corresponding to the geometry which do not 
necessitate the existence of a point off the line. 

* Presented to the Society, April 27, 19LS. 

+O. Veblen, “A System of Axioms for Geometry,” Transactions of the American Mathe- 
matical Seciety, vol. 5 (1904), pp. 343-384. 

J. Ro Kline, “Double Elliptie Geometry in Terms of Point and Order Alone,” Annals of 
Mathematies, vol. IS (1916), pp. 31-44 

tT have not completely proved that my Double Elliptic sets satisfy Condition 3. Cf. 
footnote below concerning 72. 
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5. The sets A and B have in common a set of postulates C. 

6. The number of postulates of A and B which do not belong to C is 
as small as conveniently possible. 

7. The postulates of C are natural for both geometries. For example 
no parts of postulates are vacuously satisfied in either geometry. 

8. No postulate of A which does not belong to C is natural for double 
elliptic geometry, and no postulate of B which does not belong to C is 
natural for Euclidean geometry. 

This problem was suggested by Professor Robert L. Moore, to whom 
I am likewise indebted for Many valuable suggestions in its solution, 

I give three pairs of sets of postulates, Si-e Use is made of notions 
of order somewhat different from those used by Veblen and Kline. 
Veblen’s axioms are satisfied by a geometry of ordinary Muclidean space 
in which three points A. Band © are regarded as having the order ABC 
if they are all distinct and B lies between A and C on the straight line 
joining them. S,A4, S.A and S34 are satisfied by a Euclidean geometry 
in which the additional orders AAB, ABB and AAA are true for every 
pair of points A and B. This notion is due to Kempe.” Kline's axioms 
are satisfied by a double elliptie geometry in which A, Band C are in the 
order ABC if B lies between A and ( on an are of less than ISO” of one of 
the great cireles which constitute the lines of the reometry.7 All WV 
double elliptic ~ets are satisfied hy geometries in which the are from A to 
C through B is ISO-.) ‘Two points which are the end points of an are 
of 1SO° are called opposites. If a,b, e, d) isa point on the hypersphere 


r+yt24ut =, 


—a, —b, —e¢, —d) is its opposite. Every point of the geometry is 
between any two such points with my revised notion of order. 

When this proposition is established it becomes very powerful in the 
further development. In £,B, 2.B and ¥,B the orders AAB, ABB and 
AAA are true for every pair of points A and B. 

To show that S,-S; satisfy conditions 1 and 2 it is sufficient to 
show that the equivalents of Veblen’s axioms for the notions of order 
used can be deduced from each of the sets S;A, S.A, N,A. and that the 
equivalents of Kline’s axioms ean be deduced from each of the sets |B, 
~.B, >,B. The categoricity of my sets then follows from the eategoricity 
of Veblen’s and Kline’s sets. 

To show that Condition 3 is satisfied hy each set it is sufficient to 
give for each postulate of the set an independence example, a geometry 

* A.B. Kempe, “On the Relation between the Logical Theory of Classes and the Geometrical 
Theory of Points,” Proceedings of the London Mathematical Society, vol. 21 (1890). pp. 147-182, 


Chis notion was first introduced by Halsted in his Rational Geometry. 
3 
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in Which that postulate is not satisfied but all other postulates of the set 
are satisfied.* 

In this paper I shall make frequent use of Veblen’s and Kline’s papers. 
I shall not acknowledge each item separately. 

2. The Set Y;. PosruLatre 1.* There exist two distinct points. 

DiriniTion.t Bis belween A and C if ABC or CBA. 

PosTuLATE 2. Jf A and B are any two distinct points, there exists a 
point © between A and B and distinct from both. 

PosTuLaTe 3.8 Jf ABA, B = A. 

PosTuLaTe 4.* Jf ABC then CBA. 

PosrTuLaTe 5. If ABC and ACD then BCD. 

PosruLaTe 6.7) If ABC and ABD, then either ACD or ADC or A = B. 

Drrinitions.= If C is a point in the order ACB but not in either of 
the orders CBA, BAC, the line ACB is the set of all points in some order 
with © and either A or B. If A and B are two distinct points of a line J, 
the segment AB of Lis the set of all points of / between A and B other than 
A and B, which are called the end points of the segment. 

PosTuLATE 7. Separapitiry. Jf [S] is an infinite set of distinct 
points all On thie Sadie line. the re erists a countable * sel of points [A | On that 
line such that between every two distinct points of |S] there is a point of [K]. 

PostuLarE S&S. Tf [T| is a countably infinile set of distinet segments 
contained in a segment AB such that (1) every point of AB is in infinitely 


many segments of |T| and (2) no two distinct points of AB are in infinite ly 


*In none of mv double- lliptic sets have I succeeded in constructing such an example for 

Postulate 7B 
This is Veblen’s Axiom 1 

t In this paper letters denote points unless otherwise stated. The abbreviation *ABC™ 
will be used for the expression “points 4, Band C are in the order ABC.” 

$In Veblen’s and Kline's treatments this proposition ean be proved by means of the two 
dimensional triangle axiom (Veblen’s Axiom S, Kline’s Axiom 7, my Postulate 10), but cannot 
be proved on the basis of the one-dimensional axioms. Condition 4 is therefore not satisfied in 
their treatments In Veblen’s treatment the proof involves Axiom 5 (my Theorem 9.4), in the 
proot ol which Postulate 2 is needed in my treatment. 

The expression B A means that Band A are the same point. B+ A means that B and 
A are distinct points. 

(Cf. Veblen’s Axiom 4 

¢ The « (quis ilents of Veblen’s Axiom 2 an | Inline ‘s Axiom 3 are sper inl causes of this postulate. 

** Postulates 5 and 6 are used in place of Veblen’s Axiom 6, which, if expressed in terms of 
point and order alone, is somewhat complicated, 

++ The definition is given thus in order that the same definition may serve in both geometries 
and that the mere existence of a point off a line may not imply anything about order on the line. 
In view of Theorems 3 and 4 and Postulate 4 the condition that CBA and BAC are false is equiva- 
lent in the ce velopment from this set of postulates to the condition A + C + B, 

\ countable set of points is one whi h ean be brought into one-to-one correspondence with 


the set of all positive integers or a part of that set. All the points of [A] may thus be represented 


by the sequence K - Ks, Az, °°: 
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many segments of |T], then if |T’] consists of an infinite number of the seg- 
ments of [T], there exists a point P between A and B such that 1) if A+P+B 
every sub-segment of AB containing P contains a segment of [T°], and (2) 
if P = A (or B) every sub-segment of AB determined by A (or B) and a 
point of the segment AB contains a segment of {[T’}. 

In place of Postulates 7 and 8 Veblen uses the Heine-Borel Theorem 
(Axiom 11) and Kline uses the Dedekind Cut Postulate (Axiom 10). If 
it were not for the requirements of Condition 4 either of these propositions 
might be used here with slight modifications instead of Postulate 8. 
Examples 7 would serve as independence examples for either. But in 
his paper entitled Definition in Terms of Order Alone in the Linear 
Continuum and in Well-ordered Sets (Transactions of the American 
Mathematical Society, vol. 6, 1905, pp. 165-171) Veblen gives an example 
for his uniformity postulate with the aid of which it may be seen that 
separability would not follow from the linear postulates of the set obtained 
from XY, by replacing Postulate S by the Heine-Borel or Dedekind Cut 
Postulate. Moreover separability could not be assumed here in addition 
to the Dedekind Cut Postulate without destroving the independence of 
the set. For Professor Robert L. Moore has shown that separability 
follows from the Dedekind Cut Postulate and the order postulates with 
the aid of the two-dimensional triangle postulate (my Postulate 10). 
This was done in his paper On a Set of Postulates which Suffice to Define 
a Number Plane, Transactions of the American Mathematical Society, 
vol. 16 (1915), pp. 27-32. Separability could not be assumed in addition 
to the Heine-Borel Theorem for a similar reason. The diffeulty is ob- 
viated by assuming Postulate S in addition to separability and proving 
the Dedekind Cut Postulate and the Heine-Borel Theorem with the aid 
of these two linear postulates. This solution of the problem is due to 
Professor Moore. 

PostuLaTeE 9. No line contains all points. 

PosTULATE 10. If ABC and BDE are two lines and E is not on the 
line ABC, there exists a point F between A and E and on a line containing 
Cand D. 

Derinitions. If A + B and C is not on a line containing A and B, 
the triangle ABC consists of all points between two of the points A, B, C. 
The plane ABC consists of all points of all lines containing two distinet 
points of the triangle ABC. 

PosTULATE 11. No plane contains all points, 

Derinivions. If A, Band C determine a plane and D is not in that 
plane, the tetrahedron ABCD consists of all points whieh are between 
two points of a triangle determined by three of the points A, B, C, D. 
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The space ABCD consists of all points of all lines which contain two distinct 
points of the tetrahedron ABCD. 

POSTULATE 12. If four points determine a space, there is no point 
which does not be long to that space. 

PosTULATE 13A.* If A, B,C and D are four distinet points, then 
there ccists a point Ein the order ABE and not between C and D. 

PosTUuLATE 141. If ais any line of any plane a and there is a point 
of a noton a, then there is some point of a not on a through which there is not 
more than one line of a which contains no point of a. 

PosTuLaATe 138. If A. Band C are any three points and there exist 
points N and Y in the orders ABN and ACY.7 then there exists a point D 
in the orders ABD and ACD. 


INDEPENDENCE EXAMPLES. 


MXAMPLE 1.f) No points. No order. 

MXAMPLE 2.) Two points. No order. 

MXAMPLE 3. Three distinct points. All possible orders. 

ExXaMpLe 44. Euclidean geometry$ with the following modification. 
There is a unique line / through a unique point A. BCA is never true if 
Band C lie on / to the left of A and A, Band C are all distinet. All other 
usual orders are true. 

ExampLe 4B. Double elliptie geometry with the modification that 
on a certain line there are no clockwise orders except those involving 
opposites or two identical points. 

ExamMpLes 54 anp 5B. Euclidean and double elliptic geometries 
with the modifieation that AAA is never true. 

ExampLes 64 anp 6B. Euclidean and double elliptic geometries 
with the convention that ABC implies that A, Band C are all distinct. 

ExamMpLe 7A. [G] is a well-ordered set of symbols in one-to-one 
correspondence with the set of all points on a line. All rational functions 
of the symbols of [G] are called numbers. Two such numbers are equal 
if one ean be reduced to the other by ordinary algebraic operations. To 
compare two polynomials in the symbols of [G] proceed as follows. Let 
G,, Gs, »-» G, be the symbols of [G] involved so arranged that G, follows 

* This modifieation of Veblen’s Axiom 5 is useful not merely in satisfying Condition 4, but 
also in proving another four-point proposition (Theorem T1) from Postulates 5 and 6. 

t This condition is imposed in order that Postulate 138 may not imply Theorem 3 which is 


easily proved from postulate s of the common basis 


* Toyele pengle nee ¢ xamiples are numbered to correspond to the postulates whose independence 


they prove. When, as in this case, the same example will serve in both systems, no letter is used, 


Otherwise the example in X)A is marked A and the example in Y,B is marked B. 
S$ Euelidean geometry” or ‘double elliptic geometry” will mean in this paper the geometry 


given by the full set of postulates under consideration 
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G,., fori = 1, 2, --- n— 1. Regard G., +--+ G, as positive constants 
and allow G, to inerease indefinitely. If as G, increases one polynomial 
becomes and remains greater than the other irrespective of the values 
assigned to Gs, --- G,, it is greater. Otherwise regard G,, Gs, Gy, +--+ G, 
as positive constants and allow G, to increase indefinitely. If one poly- 
nomial thus becomes and remains greater than the other, it is greater. 
Otherwise continue this process as many times as may be necessary to 
reach a decision. \ decision will always be reached unless the two 
polynomials are equal. .\ positive polynomial is one greater than zero. 
To compare two fractional functions of the symbols of [G], reduce to a 
common positive denominator and compare numerators. The number 
system thus ordered satisfies Postulates 1-6. It is not separable and the 
Dedekind Cut Postulate fails. Postulate S is vacuously satisfied. 

On this number system a three dimensional geometry similar to 
Euclidean geometry may be built as follows. A point is a set of three 
numbers (a, b,c). A point (a, b, ¢) satisfies an equation 


I(x, y, 2) 0) 


if the equation is satisfied when the substitutions Ki a, y h, zZ Cc 
are made. The set of all points satisfying a particular linear equation 


C10 - Coff + Coz Ca (} 


is called a plane. A line is the set of all points common to two distinet 
planes. Points Atay, y). 21), Bors, yo, 22) and Crs, ys, 23) have the order 
ABC if A = B or B (". or one oft the sets of inequalities 


- ~ - me ~] .° — 


is true and A, B and C are on the same line. 

EXAMPLES SA AND SB. Rational Euclidean and double elliptie geom- 
etries. 

EXAMPLE 94. One-dimensional Euclidean geometry. Geometry on 
a line. 

EXAMPLE 9B. One-dimensional double elliptic geometry. Geometry 
on a circle. 

EXAMPLE 10A. Euclidean geometry with the following modification. 
Chere are two distinet peculiar points, A and B: | is substituted for 
B and B for A in any order involving at least one point off the line AB. 

EXAMPLE 10B. Two planes divide the remainder of double elliptic 
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space into two pairs of precisely similar divisions. The pairs are not 
similar unless the planes are orthogonal. All points of one pair are 
retained, all points of the other discarded. All points of one bounding 
plane are retained, all points of the other which are not points of the first 
are discarded. Order among the remaining points is the same as in the 
full double elliptic system. 

ExaMpLe 114A. Two-dimensional Euclidean geometry. Geometry 
on a plane, 

IexXaMPLE 118. Two-dimensional double elliptic geometry. Geom- 
etry on a sphere. 

XAMPLES 12A AND 12B. Euclidean and double elliptic geometries of 
four dimensions, 

MXAMPLE 13A. Double elliptic geometry. 

MXAMPLE 144.*  Bolyai-Lobatchewskian geometry. 

MXAMPLE 138. Euclidean geometry. 


THEOREMS DERIVED FROM THE COMMON BASIS. 


THeoreM l. Jf A + B, ABB. 

Proof. There exists C in the order ACB such that A + C (p.¥ 2 and 
p. 4). Since ACB and ACB and A + C, ABB (p. 6). 

THeoreM 2.) If A is any point, AAA. 

Proof. There exists B distinet from A (p.1). BAA (th. 1)... AAA 

Pp. 9). 

THeorem 3. If A and B are any two points, ABB and AAB. 

Proof. ABB and BAA (ths. l and 2)... AAB (p. 4). 

THeoreM 4. If ABC and ACB, B = C, 

Proof. BCB (p. 5). o. B C (p. 3). 

CoroLiary.f Jf ABC, BCA is not true unless B= C. 

THeorem 5.§ There exist three distinet points in the order ABC. 

Proof. There exist two distinet points, A and C (p. 1). There 
exists B distinet from both in the order ABC (p. 2 and p. 4). 

THeorem 6. If ABC and ACD, ABD. 

Proof. BCD (p. 5). DCA and DCB (p. 4). -. DAB or DBA or 
D ((p.6). If D C. ABC means ABD. If DAB, DCA gives CAB 

p. 5). Since CBA (p. 4), A B (th. 4). «. ABD (th. 3). If DBA, 
ABD (p. 4). Thus in any case, ABD. 

*In view of this example the common basis here given will serve as a common basis for 
Euclidean, Bolyai-Lobatchewskian and double elliptic geometries, and the common basis together 
with Postulate 134. will serve as a common basis for Euclidean and Bolyai-Lobatchewskian 
Leometries, 

t In proof references, p. = Postulate, th. = Theorem. 

Cf. Veblen’s Axiom 3. 


§ This is the equivalent of Kline’s Axiom 2. 
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THeoreM 7.* Jf ABC and ACD and B + C, B+ D. 

Proof. If D= B, ACB. But ABC. «. B = C (th. 4), contrary to 
hypothesis. 

THeoreM 8. Jf ABC and ABD, BCD or BDC or A B. 

Proof. ACD or ADC or A Bip. 6). Tf ACD, ABC gives BCD 
p. 5d). If ADC, ABD gives BDC (p. 5). 

Theorem 4 may be substituted in XY, for Postulate 3. If this is done 
the same independence examples will serve and the development proceeds 
as follows. 

THEOREMS 1-3 as before. 

PostuLaTE 3’. Tf ABC and ACh, B= C€. 

THEorREM +. Jf ABA, B A. 

Proof. If A + Bthen AAB (th. land p. 4). But ABA. oo. B A 
p. 3 

The development then continues as before. Postulates 3 and 3° are 
thus seen to be equivalent in the presence of Postulates 1, 2, 4-12, 134 
and 144 or Postulates 1. 2, 4-12 and 138, or in fact Postulates 2, 4, 5 


and 6, the only other postulates used in proving Postulate 3° from Postu- 


late 3 and Postulate 3 from Postulate 3’. 


EUCLIDEAN GEOMETRY FROM %,-1. 


THEOREM 9.7 If A and B ar any two pornts, there exists a point C 
distinet from B in the order ABC. 

Proof. Case 1. A = B. There exists C distinct from B p. | 
ABC (th. 3). 

Case 2. A + B. There exist points D and EF such that ADBLA 
+ D + B) and AED|A + FE + D| (p. 2 and p. 4). B + EF, for other- 
wise B = D follows from ADB and ABD (th. 4). «. A. B, D and E are 
all distinct. There exists therefore a point (‘in the order ADC and not 


between FE and B (p. 138A). ABD and ADC. «. AEC (th. 6). ADC 
and ADB and A + D. «. ACB or ABC (p. 6). If ACB, AEC gives 
ECB (p. 5), contrary to hypothesis. .. ABC. Since C is not between 


E and B, C + B (th. 3). 

THEeoreM 10. Jf ABC and ADC, ABD or ADB. 

Proof. There exists FE distinct from A in the order CAE (th. 9). 
CBA and CDA (p. 4). 2. EAB and EAD p. do and p. 4)... ABD or 
ADB (th. 8). 

THEOREM 11.) Jf ABC and BCD then either ABD or B = C. 

Proof Case 1. A = B. ABD (th. 3). 

tee’. Az CC. CHK. B C (p. 3). 

*Cf. Theorems 6 and 7 with Kline’s Axiom 5 

Cf. Theorem 9, Case 2 with Veblen’s Axiom 5 
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‘ase 3. OA D. ABC and ACB (p. 4). B = C (th. 4). 
"US¢ 4 B dD. BCB., B yy \p. 3). 
‘ase’. € D. ABD. 
‘ase 6. A, B, C and D all distinct. There exists E in the order 
ACE and not between Band D. ABC and ACE. .«. BCE (p. 5) and 
ABE (th. 6). BCD. «. BED or BDE (p. 6). But E is not between 
Band D by hypothesis. .. BODE. EDB and EBA (p. 4). «. ABD 
p. 5 and p. 4*). 

THEOREM 12.7 [f A and B are any two distinct points there is just one 


~~ -. ~ -z; 


line ACB and a necessary and sufficient condition that a point X be on this 
line is that it be in one of the orders NAB, ANB, ABX. 

Proof. Let C be any point such that ACB, but not CBA or BAC. 
Then ACB is a line. C is distinct from A and B (th. 3). Let X be any 
point on the line ACB. 


Case]. XAC. ACB. .. XAB (th. 11 
Case.2. AXC. ACB. «. ANB (th. 6). 
Cased. ACK. ACB. «. CNB or CBN (th. 8S). See Cases 5 and 6. 
Case 4. NCB. ACB. «. XAC or AXC (th. 8). See Cases 1 and 2. 
Case 5. CXB. ACB. .. AXB (th. 6). 
Case 6. CBX. ACB. «. ABN (th. 11 


The necessity of the condition is thus established. 

Now let X be any point in one of the orders YAB, AX B, ABX, and 
(as before any point such that ACB, but not CBA or BAC. 

Casel. XAB,. ACB... XAC (p. 5). 

Case 2. AXB. ACB. .«. AXC or ACX (th. 10). 

Case 3. ABX. ACB. .. CBX (p. 5). 

The sufficieney of the condition is thus also established. As the 
condition stated in the theorem does not involve C and lias been proved 
equivalent to the definition of a line, it follows that there is not more 
than one line ACB. As there is always a point C (p. 2 and th. 4) and a 
point in some order with A and C (th. 3), one line always exists. 

THeoreM 13.¢ Jf C and D are any two distinct points of the line AB, 
A is a point of the line CD. 

Proof. C is in one of the orders (a)CAB, (3) ACB, (vy) ABC (th. 12). 
D is in one of the orders (a)DAB, (D) ADB, ()ABD. 

Caseaa. BAC and BAD. .«. ACD or CDA (th. 8). 

* Hereafter Postulate 4 will be used without reference 

t This theorem establishes the equivalence of Veblen’s and my definitions for a line, In 
view of this equivalence the equivalents of Veblen’s Axioms 7, 9 and 10 follow from my Postulates 
9, 11 and 12. 


t This theorem is the equivalent of Veblen’s Axiom 6 in view of Theorem 12. 
If Veblen’s order were 


The proof of 


this theorem illustrates the advantage of the Kempe notion of order. 


used, 25 eases would have to be considered instead of 9. 
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Case ab. BAC and BDA... CAD (p. 5). 

Caseac. CABand ABD. .. CAD (th. 11 

Case Ba. BCA and BAD. «. CAD (p. 5). 

Case 8b. ACBand ADB. .«. ACD or CDA (th. 10). 
Case 8c. ACBand ABD, .«. ACD (th. 6). 

Case ya. CBA and BAD. «. CAD (th. 11 

Case yb. ABC and ADB. «. CDA (th. 6). 

Case yc. ABC and ABD. «. ACD or CDA (p. 6). 


Thus in any case A is on the line CD (th. 12). 

THEOREM 14. If Cand D are distinet points of the line AB, the line 
CD is the line AB. 

Proof. Suppose C + A. Then the lines AC and AB are identical. 
For let X be any point of AB. If X (ANC (th. 1) and XN is on AC. 
If X +C,AisonCX (th.13). .«. AXC, XAC or XCA. .. X ison AC. 
Similarly, since Bis a point of AC (th. 13), every point of AC is a point of 
AB. The lines AC and CD are similarly identical. Therefore the lines 
AB and CD are identical. 

IfC =A, D +A. By reasoning similar to the above, 


AB AD CD. 


CoROLLARY. Tuo distinct lines cannot hare more than one point in 
COMMON, 

For the sake of brevity [ shall assume in the remainder of the develop- 
ment certain properties of linear order which follow easily from those 
already established. 

THEOREM 15.* Jf ABC|A + B+ C) and BDE|B + D + FE) and E 
is noton the line, AB then C + D and there exists a point F on the line CD 
such that EFA\E er + Ai, 

Proof. Line ABC = line AC (th. 12). Bis on AC and distinet from 
A. .. ABC = AC = AB (th. 14). 

C+D. For if C = D, AB and EB have in common two distinet 
points B and C, and are therefore identical (th. 14). But EF is on EB 
and not on AB by hypothesis. 

There exists a point F on the line CD between A and E (p. 10). 

A +F. For if A F, AB and CD have in common two distinet 
points A and C and are therefore identical. The lines AB and BE have 
only B in common. Since D is on BE and is distinet from B, D is not 
on AB, gut Dison CD. «. AB + CD. 

k+F. Forif E = F, CD and BE have in common the two distinet 
points Dand FE. «.CD = BE. BE has only B in common with AB. 

gut CD has C in common with AB. «. CD + BE. 


* Cf. Veblen’s Axiom &. 
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THEOREM 16.) Derpekinp Cur PosruLarr. Jf all the points of a 
segment AB are divided into two sets |S;| and |So| such that no point of either 
is between two points of the other, there exists a point H between every point 
of |S,| and every point of |S.). 

Proof. There exists a countable set of points [A] on the segment 
AB such that between every two distinct points of AB there is a point of 
[A] (p. 7). The set of all segments determined by pairs of points of [K] 
is countable. Let this set be A,B,, AeB., AzBs, ---. Let A, Ca, Cy, 
--» (,,,.B be for every integer 7 the set of points A, B, Ay, By, As, Ba, 

- A,, B, arranged in the order in which they occur on the line AB, 
each point being counted only once. A countable set of segments [7'] is 
determined as follows. 7, AC yo, Te = ACy, T; = CyB, TT, = Ci ve, 


T, = T,* = Cxw2B, Tiar = ACx, Taye = ACn, Tiss = CaCo3, Tas 
= CnCn, ++ Tas = ComB, Trstgir = ACs, Trhinig = ACs, Tins 
= (3,Cy;, ete. One of the segments 7), JT, --- 7; has one end point in 
[|S], the other in [S.]. Call the 7 of lowest subscript having this property 
T,’. Similarly one of the segments T)4.04:.01, Tie snaes te Tran snanay 


has one end point in [S;| and the other in [S.], and the segment of lowest 
subseript in this set which has this property is called 7,,’. 

Every point of AB is contained in infinitely many of the segments 
of [7], for every point of AB is contained in one of the segments 
T hatter, Dyg+teey °* Tye-41,4¢1444, for every integer 7. 

No two distinct points P and Q of AB are contained in infinitely 
many of the segments of [7]. For there exist distinet points A,, A», and 
AK, of [AK] in the order PA, A,A;Q. Either the segment A,A» or one 
included in it is a segment 7’; of [7]. No segment of [7] following 7’; in 
the sequence 7), Ts, T3, «++ contains both P and Q. 

There exists a point H between A and B such that (1) if A + H + B, 
every segment of AB containing H contains a segment of [7"] = Ty’, T2’, 

and (2) if H = A (or B) every segment of AB having H as one end 
point contains a segment of [7"] (p. 8). Either AS,S,B or AS,S,B is 
true for all points of [S,] and all points of [S.].. We may assume without 
loss of generality that AS,S.B is always true. Suppose A + H + B. 
Then H belongs to either [S,] or [S.]. If it belongs to [S,| there is no 
point of [S,] distinet from H in the order AHS,B, for the segment AS, 
in that case would contain H but no segment of [7]. Similarly if H is a 
point of [S.], there is no point of [S.] distinet from H in the order AS.HB. 
Therefore H is between every point of [S;| and every point of [S.] unless 
H =A or B. But H + A, for otherwise, if S; is any point of [S,], the 
segment AS, contains no segment of [7"]. Similarly H + B. 





7 Here l, 5. 
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It has been shown by Veblen that the Heine-Borel Theorem, Veblen’s 
Axiom 11, follows from the Dedekind Cut Postulate and certain other 
properties of linear order which have been established.’ 

The equivalents of all of Veblen’s axioms have now been proved on the 
basis of Syl. Sy is therefore categorical. 

DOUBLE ELLIPTIC GEOMETRY FROM SB. 

THEOREM 9. Every point is between two points distinet from it. 

Proof. Let A be any point. There exists D) distinct from A (p. 1), 
and B such that ABD{A + B+ dD) ip. 2). There exists C such that 
BAC and BDC ‘th. 1 and p. 8B). Th € A, ADB. But ABD. 

. 8 = DP (th. 4), contrary to hypothesis. Salis between B and C 
and distinet from both of them. 

DEFINITION. A) is said to be an opposite of A if there is no point B 
distinet from A’ in the order AAS, 

THEOREM 10.7) Every point has an opposite. 

Proof. Let A be any point. A ois between two points C and D 
distinct from it (th. 9). There exists a point A’ in the order ACA’ and 
ADA p.13B). Suppose 6 is a point distinet from A’ in the order AAR, 
Since ACA’ and ADA’, CA’B and DA'B (p. 5)... ACD or A'DC 

th. S). Since ACA and AVDA, CDA or DCA tp. 5). Sinee CAD, 
D=A or ( A (th. 4), contrary to hypothesis, Therefore there is no 
point 3 distinct from A’ in the order AA’B, and A’ is an opposite of A. 

Coroutuary. Jf ABC|A +B +C), BAD and BCD, then D is an 
opposite of Bh. 

THEOREM 11. No point has more than one opposite. 

Proof. Suppose A’ and A” are opposites of A. There exists a point 
X in the orders AA’X and AAUN (p. 13B). By the definition of an 
opposite, X A’ A”, 

COROLLARY. If A’ is the opposite of A, A’ + A, 

THEOREM 12.) [f A’ is the opposite of A, every point is between A and A‘, 

Proof. Let P be any point. ikea Aor A’, APA’ (th. 3). Suppose 

A+P+ A’. There exists a point Q@ in the orders PAQ and PA'Q 
p. 13B). @ + A, for otherwise AA’? and P = A’ (by definition), 
contrary to hypothesis. There exists a point A” in the orders APA” and 
AQA”™ (p. 13B), and A” is an opposite of A (th. 10, eor.). 2. A” A’ 
mse) BA’. 

THeoreM 13. If A’ is the opposite of A, A is the opposite of A’. 

Proof. Tf A is not the opposite of A’, there exists B such that A’AB 

"Cf. O. Veblen, “The Heine-Borel Theorem,” Bulletin of the American Mathematical 


Society. vol. 10 (1903-04 pp. 446-439 
+ Cf. Kline’s Axiom 1. 
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and B + A. But A’BA (th. 12)... A = B (th. 4), contrary to hypothe- 
SIs. 

THeoreM 14.* Jf ABC, then A'CB, B'A'C and A'B'C’. 

Proof. ACA’ (th. 12). 2. BCA’ (p.5). Similarly B’A’C and A’B’C’. 

THeoreM 15. Jf ABC and ADC, then ABD or ADB or C = A’. 

Proof. A'CB and A’CD (th. 14). .«. A’DB or A’BD or C = A’ 
p. 6). «. ABD or ADB (th. 14) or C = A’. 

THeoreM 16.) Jf ABC and BCD, then ABD or AB'D or B = C. 

Proof. BCA’ (th. 14) and BCD... A'DB or DA'B or B = C (p.6). 

ABD or AB'D (th. 14) or B = C. 

THeoreMm 17.7 Jf A and B are any two distinct non-opposite points, 
there is gust one line ACB and a necessary and sufficient condition that a 
point X be on this line is that either XAB, AXNB, ABX or ANX'B. 

Proof. Let C be any point distinct from A and from B such that ACB. 
By Theorem 4 neither CBA nor BAC. Then ACB is a line. Let X be 
any point on the line ACB. ; 

Case l. NAC. ACB. «. XAB or XA’B (th. 16). If XA'B, AX’B 
th. 14). 

Cases 2-5 are the same as Cases 2-5 respectively in the proof of 
Theorem 12.4. 

Case 6G. CBX. ACB. «. ABX or AB'X (th. 16). If AB’NX, AX’B 
th. 14). 

The necessity of the condition is thus established. 

Now let X be any point such that either YAB, ANB, ABX or AX’B 
and let C be selected as above. 

(‘ases 1-3 are the same as Cases 1-3 in the proof of Theorem 12.A, 
except that Theorem 15B replaces Theorem 10A in Case 2. 

Case 4. AX’'B. ACB. AX'C or ACX’ (th. 15). If AX’C, X’CB 
(p. 5) and CBN (th. 14). If ACN’, NAC (th. 14). 

The sufficiency of the condition is thus established also. It follows 
(ef. proof of Theorem 12A) that any two distinct non-opposite points 
determine just one line. 

TuroreM 18.t) Jf C and D are any two distinct non-opposite points of 
the line ABS, A is a point of the line CD. 

*Cf. Kline’s Axiom 4. 

+ This theorem establishes the equivalence of Kline’s and my definitions for a line. In view 
of this the equivalents of Kline’s Axioms 6, 8 and 9 follow directly from Postulates 9, 11 and 12 
respectively, 

t Here again the Kempe notion of order is of great advantage. Wline had 64 cases to con- 
sider instead of 16. If he had adopted the notion that every point is between any two opposites, 


but not the Kempe notion, he would have had 36 cases. 
§ “The line AB” implies that A and B are distinct and not opposites, so that they determine 


a single line. 
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Proof. One of the orders (a)CAB, (3)ACB, (y)ABC, (6)AC'B is 
true, and one of the orders (a)DAB, (b) ADB, (ce) ABD, (d)AD'B is true. 

Cases aa-c, Ba-c, ya-c are similar to the same cases in the proof of 
Theorem 13. 

Case ad. CABand AD'B. «. CAD’ (p. 5). ACD (th. 14). 


Case 8d. ACB and AD’B. .«. ACD’ or AD'C (th. 15). CAD or 
CA'D (th. 14). 

Case yd. ABC and AD'B. .. AD'C (th. 6). CA’D (th. 14). 

Case 6a. AC’Band DAB. «. DAC’ (p. 5). CDA (th. 14). 

Case 6b. AC’Band ADB. «. ACD or ADC’ (th. 15). CAD or 
CAD (th. 14). 

Case 6c. AC’Band ABD. .«. AC’D (th. 6). CA’D (th. 14). 

Case 6d. AC’Band AD’'B. «. AC’D' or AD'C’ (th. 15). CDA or 


ACD (th. 14). 

THEOREM 19. If C and D are distinct non-opposite points of the line 
AB, the line CD is the line AB. 

The proof is similar to the proof of Theorem 144. 

THEOREM 20. Tuo distinct lines have at most a point and its opposite 
in Common. 

Proof. If the lines are lines determined by pairs of non-opposite 
points, the theorem follows immediately from Theorem 19. Consider 
the line ABA'[|A + B + A’). Any point X on this line is in one of the 
orders XAB, AXB, ABX, XA'B, A'’XB, A'BX. «. XAB, AXB, ABX 
or AX’B (th. 14)... line ABA’ = line AB. Therefore all cases reduce 
to the case first considered. 

THEOREM 21.* Jf ABC[A + B+C + A’) and BDE|B + D+E 
= B'| and BE is not on the line AB, there exists a point F such that 
CDF|C + D + F + C'land EFA[E + F +A + E’. 

Proof. By reasoning similar to the proof of Theorem 15A, there 
exists / on the line CD [C + D + C’| and such that EF A[E + F + A). 
A + E’ since F is not on the line AB. 

F + C, for otherwise AB = AF (th. 20), contrary to the hypothesis 
that F is not on AB. Similarly F + C’ 

F + D, for otherwise AF = BE (th. 20). AB + BE since E is not 
on AB. Therefore AB and BE have only B and B’ in common (th. 20). 
But if AE = BE, they must have A in common also. Similarly F + D’. 

Since F is on CD, one of the orders FCD, CFD, CDF, CF’D is true. 

Suppose FCD. AFE. D is not on AE, by the reasoning used to 
prove that F + D. Therefore there exists X between Ho and D and on 
the line AC (p. 10). Since the lines ED and AC have only the points 


* Cf. Kline’s Axiom 7. 
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B and B’ in common (th. 20), X = Bor B’. .«. EBD or EB'D. But 
EDB and DEB’ (th. 14). «. B = D or EF = B’ (th. 4), contrary to 
hypothesis. 

Suppose CFD. Then FDC’ (th. 14). AFE. Since AC’ = AB and 
FE is not on AB, C’ is not on AE (th. 18). Therefore there exists X on 
ED and between A and C’ (p. 10). Since AC’ and ED have only B and 
B’ in common, X = B or B’. ... ABC’ or AB’C’. ... CAB or ACB (th. 
14). But CBA. .«.A = Bor B = C (th. 4), contrary to hypothesis. 

Suppose CF’D. Then FC'’D (th. 14). AFE. D is not on ABE. 
Therefore there exists X between D and F and on the line AC’ = AB 
(p. 10). Since DE and AB have only B and B’ in common, X = B or B’. 
“. DBE or DB'E. But EDB and DEB’ (th. 14). «. B = Dor E = B’, 
contrary to hypothesis. Therefore CDF. 

The proof of the equivalent of Kline’s Axiom 10 is similar to the proof 
of Theorem 164A. 

The equivalents of all of Kline’s axioms have now been established on 
the basis of ©,B, which is therefore categorical. 

3. The Set XY». » is a set in which Postulate 4 of S, is replaced by a 
third four-point postulate. Postulates 1-3, 5, 7-12, 138A, 144, 13B are 
the same as the corresponding postulates in  , except that the first 
definition is modified as follows. 

DerriniTion. B is between A and C if ABC. 

PostuLaTE 4. If ABC and BDC, CDA. 

PosTuLaTE 6. If ABC and DBC, ADC or DAC or B = C. 


INDEPENDENCE EXAMPLES. 
All examples are those given under >, except the following. 
ISXAMPLES 4A AND 4B. Euclidean and double elliptic geometries 
with the modification that ABB is never true. 


DEVELOPMENT. 

THreoreM l. Jf A + B, AAB. 

Proof. There exists C distinct from B in the order ACB (p. 2). 
Since ACB and ACB and C + B, AAB (p. 6). 

THEeoreM 2.* Jf ABC, CBA. 

Proof. If C = A, B = A (p.3). CBA means ABC, which is true by 
hypothesis. 

If C + A, AAC (th. 1). Also ABC... CBA (p. 4). 

THeoreM 3.¢ If ABC and ABD, ACD or ADC or A = B. 


. Postulate >,4. 


+t Postulate 2,6. 
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Proof. CBA and DBA (th. 2).0 “. CDA or DCA or A B (p. 6). 
“. ACD or ADC or A = B (th. 2). 

~, has now been proved on the basis of S., which is therefore categorical. 

As before Postulate 3 may be replaced by Postulate 3°. Postulate 3 
may be proved from Postulate 3’, with the help of Postulates 2 and 6, 
as follows. 

If ABA, B = A. 

Proof. If A + B, AAB (th. 1). ABA by hypothesis. .. B= A 

p. 3), contrary to supposition. 

4. The Set S;. Although Postulate £10 has been so phrased as to 
apply only in space of two or more dimensions, it applies in one dimension 
also if stated simply as follows. 

If ABC and BDE, there exists a point / in the orders CDF and AFE. 


This is due of course to the revised notion of order used. The same is 





true of Veblen’s Theorem 13, which is used as a postulate in this set. 

PostTULATES 1-3, 6-10 anp IIA are the same as Postulates 1-3, 7-9, 
11, 12 and 138A respectively of X., except that the definition of a plane is 
modified. 

PostuLaTe 4+. Jf ABC and DBC, ADC or DAC or B = €, 

POSTULATE yi: If ABC and ADE, there erists a point I in the orde rs 
BFE and CFD. 

Derinition. If A + Band ( is not ona line containing A and B, the 
plane ABC consists of all points of all lines containing two distinet points 
in some order with two of the points A, B,C. 

PosTULATE 12A.* If l is a line and C' is any point, there is not more 
than one lineina plane containing Land © and contain ing (‘hut no point of 4 

PosTuLATE 118. If A, Band © are distinct points, there exists a 
point D in the orders ABD and ACD. 





INDEPENDENCE EXAMPLES. 
EXAMPLES 1-3, 6, 7A, 8-10, 114, 124, 11B are the same as the ex- 
amples for the corresponding postulates of S). 
EXAMPLE 44. Euclidean geometry with the modification that ABC 
implies that A, B and C are all distinet or all identieal. 
EXAMPLE 4B. Double elliptic geometry with the modification that 
AAA’ is never true. 


The one-dimensional and two-dimensional cases of Postulate 5 are 








quite dissimilar in substance and might be regarded as separate postulates. 
If this were done the set Y; would still satisfy all the desired conditions. 
Independence examples for the one-dimensional case are Kxamples 2,5, 
for the two-dimensional case Kxamples 5,10. 





pon homaneepeeiae am 


* Postulate 2,14A follows from this postul ite. 




























ELLIPTIC 





EUCLIDEAN SPACES. 





AND DOUBLE 


DEVELOPMENT. 


THroreM 1.* Jf ABC and ACD, BCD. 

Proof. There exists F such that BFD and CFC (p. 5). F=C 
(p. 3)... BCD. 

THEOREM 2. There exist four distinct points. 

Proof. There exist two distinct points A and B (p. 1). There exist 
points ( and D such that ACBLA + C + B) and ADC[A + D + C] 
(p.2). DCBith.1). 2. D+ Blp.3). .«. A, B, Cand D are all distinct. 

THeoreM 3. If A is any point, AAA. 

Proof. There exists B distinct from A (p. 1) and C in the order BCA 
p. 2). There exists D in the order BAD (th. 2 and p. 11A or p. 11B). 
There exists F in the order AFA (p. 5). F = A (p. 3). «. AAA. 

THEOREM 4.) Jf A and Bare any two points, AAB. 

Proof. Ii B = A, AAB (th. 3). If B + A, there exists C such that 
ACB and C + B (p. 2)... AAB (p. 4). 

THreoreM 5.7) Jf ABC, CBA. 

Proof. ABC and AAB ‘th. 4). Therefore there exists F such that 
BFB and CFA (p. 5). F = B(p. 3). .«. CBA. 

Corouuary 1.) Jf ABC and ABD, then ACD or ADC or A = B. 

CoroLLARY 2.§ Jf A and B are any two points, ABB. 

Since all the one-dimensional postulates in Y; have now been proved, 
all the further properties of a line follow as from %,. To establish the 
categoricity of XY, it only remains to prove the following theorem, from 
Which Postulate £,10 follows as a corollary. 

If ABC[|A + B + Cl) and BDE|B + D + E| and F is not on the line 
AB, then C + D and there exists a point F in the orders CDF and AFE. 

Proof from Y3A. C + D, as in the proof of Theorem 2,154. 

Suppose that the lines AF and CD have a point F in common. Then 
F is in one of the orders (a)FAE, (8)AFE, (y)AEF and in one of the 
orders (aj)FCD, (b)CFD, (e)CDF. 

(a). If FAK, there exists (since BDE) a point X in the orders FXD 
and ANB (p. 5). Therefore X is on the lines AB and FD(= CD). 
~X¥=C. «. ACB. But ABC. «. B = C, contrary to hypothesis. 

(b). If CFD, there exists (since CBA) a point X in the orders FX A 
and DXB. Therefore NX is on the lines AF(= AF) and BD(= BE). 
~N =k. «. DEB. But EDB. .. D = E, contrary to hypothesis. 

(ya). If FEA and FCD, there exists a point YX in the orders EXD and 

* Postulate 2,5. 

+ Postulate S\4 

t Postulate 2,6. 


§ Postulate ©,13B follows from Postulate 2,11B with the aid of this corollary and Theorems 


3 and 4. 


; 
; 
| 
| 
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ANC. Therefore X is on the lines BE and AB. «. X = B. o. EBD. 
But EDB. .«. B = D contrary to hypothesis. 

(yc). If FEA and FDC, there exists a point XN in the orders EXC and 
AND. Since ABC and AND, there exists Y in the orders BYD and CY.X, 
Since CY NX and CXE, CYE and Y is on the lines CE and BE. «. Y = EB. 
“.CEX and CXE. ..X =E. .«. AED. But EDB. .. AEB, con- 
trary to hypothesis. 

Since F is in neither of the orders FAE, AEF, it is in the order AFE. 
Since ABC and AFE, there exists a point X in the orders BX E and CXF. 
Since XY is on both the lines BE and CD, X = D. «. CDF and the 
theorem is true if the lines CD and AF have a point in common. 

Suppose they have no point in common. There exists a point G 
distinct from A in the order CAG. Since the distinet lines AB and AF 
have only A in common, GE + AF. Moreover GE and AF are both in 
the plane ABE, in which CD lies. Therefore the lines GE and CD have a 
point X in common (p. 124). As before, GNE. Since also GAC, there 
exists a point F in the orders XFC and EFA. Therefore the lines CD 
and AF have a point in common, contrary to supposition. The theorem 
is therefore true. 

Proof from ;B. C + D as before. BAC’ and BDE. Therefore 
there exists a point F in the orders AFE and C’FD. Since C'FD, CDF. 
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FURTHER PROPERTIES OF THE GENERAL INTEGRAL. 
By P. J. DANIELL. 


Introduction. In these Annals there appeared a paper by the author 
ona general form of integral of which the Lebesgue integral and the Radon- 
Young integral are special cases.* That paper confined itself more par- 
ticularly to the definitions and proofs of existence. In this paper some 
special points are discussed which bring the theory into closer relation 
with the Lebesgue theory. It is advisable first to give a resumé of the 
foundations of our general theory. 

We consider functions f(p) of general elements, p. A class To of 
such functions is assumed which is closed with respect to the operations, 
multiplication by a constant, addition and taking the modulus. It is 
also assumed that to each f of class 7) there corresponds a number K, 
independent of p, such that 

S(p)| = K, 
and that to each f there corresponds a finite ‘‘integral’’ S( f ) possessing 
the properties (, A, L, M, or an integral J(f) having the properties 
C,A,L, P. If U(f) is a functional operation on f these properties are 


(C’) U(cf) = cU(f), 
(A) U( fi + fo) = UC fi) + UCfe). 
(L) If fi =f. = --- =O = limf,, then 


lim U(f,) = 0. 
(P) U(f)=0 if f=0. 
(M) U(f)| = M(\f}). 
It will be necessary to make frequent references to the earlier paper and 
these will be given by D 3(1), for example. We shall also use a notation 
which was used in that paper 
f(p) =filp) VY fe(p), 

the logical sum of f;, fs, if, for each p, the value of f is the greater of the 

*P. J. Daniell, Annals of Mathematies, vol. 19 (1918), p. 279. 

J. Radon, Sitzungsberichte der Akademie der Wissenschaften, Wien (1913), p. 1295. 


W. H. Young, Proceedings of the London Mathematical Society, vol. 13 (1914), p. 109. 
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values of f,, fo. If the lesser value is chosen the combination is called 
the logical product 

One particular theorem is so valuable that we restate it here for the con- 
venience of the reader. 

D. 717). ffi. fe, --+ is a sequence of summable functions with limit f, 
and if a summable function ¢ exists such that f, = ¢ for all n, f is 
summable, lim J( f,) exists and = [( f 

In the first paragraph we prove that an S-integral can be expressed 
in terms of a single J-integral, and use the concept of convergence in the 
mean. In the second paragraph measurable functions are defined, and 
it is proved that, under certain conditions, the fourth proportional of 
three measurable functions is measurable. The third paragraph deals 
with repeated integration and sequences of integrals. Finally we apply 
the previous analysis to special cases, more particularly to the generalized 
Stieltjes integral. Those who are more interested in the latter may 
turn immediately to the end of the paper. 

1. The S-integral as an I-integral. In the previous paper D. 3. we 
defined J;(f) as the upper bound of S(g¢) for all funetions ¢ of 


Class T, such that O= ¢ =f. J,(f) is called the positive integral, 
Inf) =I, f) —S(f) the negative and J (f ) I, + 7. the modular 
integral associated with S. Then Sif ) Tif) — Te f), the difference 
of two /-integrals. Now in theorem 1/7) we prove that a function X, 
equal to 1 or — 1 everywhere, exists such that 

S(f Tif 


1(1). Derinirion. A sequence of functions, f,,, is convergent in the 
mean With respect to J if the functions, f,, are summable J and if 
li 


m IJI( fm — f, (). 


’ nD 


1(2). Derinition. A sequence of functions, f,, converges in the mean 


to fit f, .f are summable J, and if 


lim J( f —/f, 0). 


L 


These two definitions can be proved to be equivalent; for if the conditions 


of 1(2) are satisfied, given any ¢ > 0 we can find no so that 


The following theorem proves the converse. 
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1(3). If the sequence, f,, is convergent in the mean there exists a sum- 
mable function f to which the sequence converges in the mean. ~ Given 


any e > 0 we can find ny so that 
I(\fm —fn\) K€ m,n = nv. 


Let ni, me, ++, m., +++ be the numbers corresponding to e equal to 27, 
2°, «++, 27", --- but picking them out so that ny < no < ---. Then 


T(\fm —Ifn|) <2-* mn=n,. 
Let fn, = g, and 
Pat = Ys / Js+1 ‘Je+- YJ Js+t- 


At a particular p, ¢,, will be one of the values of g..,, 7 = 0, , 


Jorr = Jao t+ (Gori — Jo) + °° + (Gers — Gorr—r) 


= get |gert — ga) Hee + lGeer — Gora}. 
If we denote 
Woe = Ja t+ \Gori — Gsj t--- + 
= Yur, 
(gat) = T( vst) 
< Ig.) + 27° 4+ 2° + 


< I(g.) + 2-**". 


- isa nondecreasing sequence so that by D7(6) lim ¢., = ¢, 
te 
exists, is summable I and 


I(¢.) = I(g.) + 2-**. 
Again 


— Js 


— gi + (gi: — go) + -°> + (Ge-1 — Ge) 


Ot ifs fil HF *** + i ~— Kl 


| )—as+l 


M(— ga.) + 20° +277 +--+ + 
I(—g;) +1. 


But — ¢1° is nondecreasing and by the same theorem 


lim (— ¢,) = —f exists, is summable and 
£ @ 


I(f) = lim I(¢,). 


Given any positive e we can find s so that both 2~*** < e and 


I f — ¢|) < te. 
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Then because ¢, = g 
I Os — Gs ) = I(¢,) — I(qgs) 
Ki ee Se. 
If ny is the number vn, corresponding to the above s, 
I('\g. —fn|) < 27° < he A = Re, 
Combining the three inequalities 
' 
I f _— f c & a = Ro. 


This proves the theorem and therefore the definitions are equivalent. 
DeFINITION. Two functions are nearly equal with respect to J if the 

integral of their modular difference is zero. If f, g are two functions to 

which a sequence converges in the mean they must be ‘nearly equal,” for 


given e > O we ean find no, mn; so that 
Ii f—-g SI(f-—-f Ii g-f 
2 n=np, ‘Jn 


1 (4) Derinition. The outer measure of a set ¢ of elements p is 
defined as the upper semi-integral J| f ) of the function equal to 1 on ¢ 
and 0 otherwise. Since the above function is non-negative its lower semi- 
integral is non-negative: so that, if a set has a zero outer measure the 
corresponding function is summable and has the integral 0. In this 
case we say that the set is of zero measure. 

THEOREM. Two nearly equal functions are equal nearly everywhere, 
that is, except on a set of zero measure. For if their modular difference 


be called h. h =O and J(/ 0. If ke) is the set where h -e > O 
and f, the corresponding function, cf hand elif [th 0 by 
D. 6(3). Then [ f =] f () / Fabs Now as ¢ approaches ZCTO 


monotonously the sequence tS ix nondecressing and of constant zero 
integral. If F is the set where h > 0, f, lim f. and the measure of 
E = I1(f,) = limI(f (), 
1 (5). If h = 0 is of class 7, there exists a funetion / summable / 
such that 0 = hk — hand 
Sth, [th 


since [,(h) is by definition the upper bound of S(¢) 0-> ¢ = h given 
e, > 0 we can find ¢; such that 0 — ¢ - hand 





ee 
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Similarly given e; > 0 we can find ¢; so that 

T,(h — ¢;) + In(¢;) < @. 
But ¢, —¢; is not greater than ¢; + ¢; and also not greater than 
h—g¢, + 'h — ¢;! so that 


Ti Yi — @; ) = J, eo; = ) + J, Pi Py ) 


Ife; +0,¢; =Oasi,j = x 
lim ii Qi — g;) <= @. 
i x : 
By definition 1(1), the sequence, ¢,, is convergent in the mean and by 


theorem 1(3) it converges in the mean to a summable function k.  Reeall- 
ing the method by which ¢/ is found and since 0 = ¢; =h,O =k =h and 


I, h — I) + I, k) aS lim I, h = Os) + I2(¢;) 
| 


gut both J:(h — kh) and J.(/) are non-negative so that each is zero sepa- 
rately, and 
S(h) ; Titik) — TI. k) = Th) — 0 = I,(h). 
Since O= k- h, & vanishes with h and we ean find a function @ such 
that O0~— @= landk = 6h. -Then 
Ss Ah) = T,th). 
Sut 2,(h — Oh) 0, [.( 0h) Qsothat 6 = lLexcept ona set of 7; — meas- 
ure 0 and 8 = 0 except on a set of J> — measure 0; or @ = 0 or 1 except 
on a set of J-measure 0. 
1(6). If fis summable and vanishes with h 
S(@f) = 1,(f). 
It is sufficient to assume f non-negative for otherwise it is the difference 
of two nun-negative functions. 
If 
In =JI/\ nh, Ti(f) = hm 1,(f,), S(éf) = lim S(éf,). 


But 
Ty( fy) sal T\( Of») =nl(h —k) =0 


T,(Of,) = nI.(k) = 0. 
S(of) = lim S(6@f,) = lim [,(f,) = Ii(f). 


1(7). If h = 0 is summable S and limited there exists a function \ 
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which is everywhere equal to 1 or — 1 and such that if f is summable 
and vanishes with h, 

S( f )= Tf i 
Extend the class 7’) to include h and combinations of h with members of 
T, so that the new class 7'o(+ h) satisfies the required conditions for a 
elass TJ. In obtaining J,(f) as the upper bound of S(¢) we have to 
consider at least all the old functions ¢ with some additions. Then the 
new J,(f) f =O cannot be less than the old. On the other hand for 
all the new ¢ =f as well as the old, S(¢) is not greater than the old 
I\(f). The old and the new positive integrals and consequently the 
old and new modular integrals will be the same. Then all the way 
through the integrals will be identical. But in the new class 7'9(+ h), h 
is a member and the previous theorems can be applied. Define @° = 6 
when 6 = 1 or O and @ = 1 otherwise, that is on a set of zero measure. 
Then 6’f is summable and ; 

Sof) = 1,(f). 


Let A = 26° -—1=1 or —1 everywhere. Then df is summable and 
f =f = 20%f — MW, 
S(f) = S(20f) — SOS) 
= 27,0f) — SOS) 
= I(yf ). 


If it is possible to find a function hk > 0 summable S this theorem would 
be true for all functions summable S. But in the general theory there 
may be no such function A vanishing nowhere and summable. We 
return to this question in the last paragraph. 

2. Measurable functions. In the theory of Lebesgue integrals there 
is a valuable distinction between summable and measurable functions. 
In the general integral it is equally valuable and any function belonging 
to the Borel-extension of 7’) (extension by successive limiting processes 
and linear combinations) is measurable. 

DEFINITION. If h = 0 is summable J and nowhere infinite, f is said 
to be measurable AJ if the function mh ‘/ f /, Mh is summable for all 


/ 


m, M(m=M). This function is equal to mh when f < mh, to f when 


~ 


mh =f = Mh and to Mh when f > Mh. Any summable function is 
measurable h/ for every h. 


mh */ (f /g) /, Mh = (mh ‘J f 7, Mh) ‘J (mh J q /. Mh) 


so that by using D7(5) the logical sum, and similarly the logical prdouct, 
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of any two functions measurable hJ is measurable hJ. In particular if f 
is measurable so are f ‘\/ 0, — f ‘/ 0. The converse is also true, that if 
f ‘/ 0, —f ‘/ 0 are measurable so is f. Define the function 


g(p,s,f) =0 f(p) = sh(p) 
=h(p) f(p) > sh(p). 


2(1). The necessary and sufficient condition that f be measurable hI 
is that ¢(p, s, f) is summable for all s. 

It is necessary, for if f is measurable hJ, the function f — sh is also 
measurable and ¢(p, s,f) = ¢(p, 0, f — sh). We only require to prove 
that if fis measurable h/, ¢(p,0,f) issummable. Alsof ‘/ 0 is measurable 
and ¢(p, 0, f) = ¢(p, 0, f / 0), and therefore we can assume f non- 
negative without loss of generality. Let ¢, = nf /. h then ¢, is sum- 


mable and since nf = (n + 1)f (f being non-negative), ¢; = ¢g: = --: is 
a nondecreasing sequence of summable functions and ¢, = ¢n Sh 
which is summable. If at p, f = 0, ¢, = O(n = 1,2, ---) orlim ¢, = 0. 


On the other hand, if at p, f > 0, some ny exists depending possibly on p 
such that nf > h,n = no and then lim ¢, = h. Therefore lim ¢, = ¢(p, 
0, f) is summable by D.7(7). 

The condition is sufficient for considered as a function of s, ¢(p, s, f ) 
is non-increasing and limited for each separate p. Consequently ¢ is 
integrable Riemann with respect to s in a limited interval. Consider the 

tiemann integral 


gl p, 8, f lds. 


e/m 


If 8 m<8s, <-:-+ <8, =M and if s; = t; < 8\41, the integral is 
bo] 


defined as the limit of 

y ¢o(p, ti, f )(8is1 — 83), 
as the maximum difference s;,,; — s; approaches zero. The above sum 
is a linear combination of summable functions and its modulus cannot 
exceed (M — m)g(p, m, f) which is summable so that by D.7(7) the 
limit function, that is, the function of p defined by the Riemann integral 
is summable. But this integral is exactly the function 


mh \/ f /, Mh — mh. 


Case 1. h(p) = 0, ¢(p, s, f) = 0 for all s, the integral = 0 and so is 
the function designated. 
Case 2. f(p) > Mh(p), ¢e(p, s, f) =h (m=s = M) the integral 


~-s 


Mh — mh. 
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Case 3. f(p) = mh(p), e(p, s,f) =O (m=s= M) and the integral 
= () = mh — mh. 
Case 4. fip) = th(p), m <t= M then ¢(p, s, f) equals A when 


s <?t and 0 beyond so that the integral becomes (f — mh = f — mh. 
Then the function designated is equal to that defined by the integral 
and is summable: or mh \/ f /, Mh is summable and f is measurable AJ. 


If we make m = 0, we obtain at the same time the relation 


provided f vanishes with kh. For then 


OVs=limOVf/. Mh 


Mia 


= lim g(p, 8, f )ds 


Mu @e/0 


in the sense that when 0 // f is finite the equality is valid while if it is 
infinite, the integral is divergent to + «. The same theorem which 
proves that the above Riemann integral exists proves that if f = 0 Is 
summable and vanishes with h, 


I(f) = fo te p, 8, f ids. 


2(2). Derinition. If f is measurable AJ and if a function @(p) exists, 


finite for each p, such that f = 6h, f is said to be commensurable hI. If f 


satisfies this condition and is also summable it is said to be summable hI. 


THeoremM. If f = 0 is commensurable //, either /( f x or f is 
summable AJ. 

For f /, nh =f, is summable W/ and f; = fe = ---- f = limf,. If 
then J(f) is finite, J(f,) = I(f) so that by D.7(6), f = lim f, is sum- 


mable. 
In the following theorems of this paragraph there will enter some 
ratios of functions. We shall use the convention that a meaningless 


fraction of the form ° 7s re placed by (). 


2(5). If f =0 is commensurable AJ and \ is any constant index, 
h( fh)* is commensurable AJ where the above convention is used and 
where in the case of several values the real non-negative value is chosen. 
Denote the function by g and 1X by ». If \ > 0, when g > sh, f > sh 
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and when g = sh, f = s*h so that 
¢(p, 8g) = o(p, 8", f) 
and this is summable. Then by theorem 2(1) g is measurable Al. 


¢(p, 8, f) is a monotone function of s, summable J and of modulus not 
greater than h. Hence 


¢g(p,s —0,f) = lim ¢(p,s—e,f) 


« 0, 6€>0 


issummable. But if \ < 0, 
¢g\p, 8, 9g) = h(p) - fp, a — 0,f) 


is summable. If \ = 0, g =h is measurable hJ. Again, if f = 6h, 
qg = #h so that g is commensurable AJ. 
2(4). If f, g are commensurable AJ, so is f + g. The functions 


¢g(p,s -—0,g) =0 g < sh 
= f g = sh 


and ¢g(p, s + 0,9) = ¢(p,s,g) aresummable. The product of two fune- 


t 


tions of type ¢ divided by fh is also their logical product, 


and is summable. Also the function ¢(p, t, g) h is a bounded non- 
increasing function of ¢ and the generalized Stieltjes integral 


-| g(p, 8s — i, f diel p, t, g)h 
=.) 


exists and the funetion so defined is summable J. The proof uses D.7(7) 
as in theorem 2(1). At a particular p suppose that g = ¢t,h, then 
g(p, t, gh Oif¢ >¢, and lif ¢= ¢;. Then the value of the integral 


(with the minus sign) will be 
g(p,s — uy, fole(p, i — 0, g) hh — ofp, th: + 0, g) kh] = ¢(p,s — tf). 


That is to say, the function defined by the integral will be 0 or h according 
to whether f =: (s — i)h or > (s — &)h, or whether f+ 9 = sh orf+qg 
> sh. Therefore the integral represents ¢(p, s, f +g) which must be 
summable from what was said before about the integral. Using theorem 
2(1), f + gis measurable hJ. Also if f = @i:h, g = Oh, f +g = (01 + O2)h 
and is commensurable h/. 

Coroutuary. Any linear combination of functions commensurable hI 


is commensurable kJ. 
2(5). If f, g are commensurable h/ so is fg h, the fourth proportional 
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of f,g and h. In succession using 2(4) Cor. and 2(1) we can show that 
k=1(f+g), l=3(f—-—g), kV0, —kV0, LY 0, —l1'\/ 0, and 
hik hi = hk VOPR +h(— k VO) 22, ACA)? are commensurable hl. 
Finally 

fg h = h(kh)? — h(vh)? 
is commensurable /J. 

2(6). The limit of a convergent sequence of functions measurable h/ 

is measurable AJ. For if f = lim f,, at each element p 
mh -/ f/ Mh = lim (mh ‘/ f, / Mh). 
mh \/ } a / Mh\ : M + im hk 
which is summable; or, by D7(7), mh ‘\/ f /, Mh is summable and f is 
measurable AJ. 

Combining this theorem with 2/4) Cor., any function belonging to 
the Borel extension of the subelass of functions of 7’) commensurable hJ, 
is also commensurable /iJ. 

2(7). If fis measurable AJ, it is measurable AJ for any function k = 0 
which is nowhere infinite and which vanishes with #. The function 


¥\pP, 8, f = f = gh 
_ h f Pi sh, 


is summable and is a non-increasing bounded function of s.. The same 
is true when / takes the place of f. The integral 


-J 


exists and can be proved to be summable by a method similar to that 


aM 


te(p, st, f )dig(p, t, k)/h 


m— 


used in the proof of theorem 2(1). If at a certain p,k = ch,m=e= M, 
the negative integral has the value 


Cel\p, Se, f ) = 0 f = sch = ok 
= eh i: ¥ > sch sk. 


On the other hand if ¢ lies outside the range mM, ¢(p, t, k),h is constant 
throughout the range and the integral is zero. The function defined by 
the integral is summable J for all m, M and in modular value does not 
exceed k which is summable. As a function of m or M it is monotone so 
that the limit asm += — x, M = + =& exists and is summable J. This 
limit is the function equal to 0 when f = sk and to k when f > sk, or it is 
the function ¢)(p, s, f) using k as a base function in place of kh. The 
theorem is therefore proved. 
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2(8) If f, g, & are commensurable hI is fg/k. For by 2(3), h?/k is 
commensurable hJ and by 2(5) fg/h is also. But 
fg k = (fg h)(h?/k)/h. 
2(9) Define the function u equal to 1 when h > 0 and to 0 when 
h=0. If the: function equal to 1 everywhere is measurable hI, u is 
commensurable hJ. Then h* is commensurable hJ where \ is a constant 


index; for 
h*® = h(u/h)'-. 


Also if f, g are commensurable hJ so also are fg, fg; for 
Sg =u, 
Sg = fg u. 


3. Iterated integrals and sequences of integrals. 3(1). Let S(q, f) bea 
collection of S-integrals on functions f of elements p, distinguished by the 
letters g which also refer to general elements not necessarily the same as p. 
Let these S-integrals be defined in terms of the same initial class 7’) of 
functions of p. Let Q be a positive J-integral on functions of g such that 
if f belongs to T», S(q, f), I(qg, f) the modular integral associated with 
S(q, f) are summable Q. For such functions f define 

S(f) = QUS(q, f)). 


Then this equality holds for any function f belonging to the Borel exten- 
sion of Ty provided J(q, f ) is summable Q. 

As at the beginning of paragraph 2 by the Borel extension is meant 
the extension by successive linear combinations and limiting processes. 
It is evident that the S( f ) so defined satisfies (C) and (A). Also 

S(f)) = QU S(q f) 1] 
QU(g, \f))) 
so that the condition M is satisfied by S. Again if 
ra z fo eg cw - (= lim | 
I(q, fn) is in modular value not greater than /(q, f:) which is summable Q. 
It follows from D7(7) that 
lim S(f,)| = lim Q[7(q, f)] 
= (lim /(q, fn)| 
= (0) = 0. 


Therefore S(f) satisfies all the required conditions for an S-integral. 
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HO= 6 =f, 
Slo) — QS qs Cay | 


({14(q, ¢)] 
= QUA, FI, 
and therefore the upper bound J,( f ) satisfies 
hf) = Qh, FI 
if) =NS) — SP) = AGS) 
provided f = 0. 

Now let f be a function of class 7;, the limit of a non-decreasing 
sequence, f,, of functions of class To, such that J(g, f) is summable Q, 
then since f, = f + /fi 

TiC fn) = QU, | fn) 
OG, f+ AG fr) 
QUiq, FO] QU, fi 


which is finite. Then by D7(6),f = lim f, is summable J, and J,( f lim 
T,(f,). Similarly J.( f lim J»! f,.), or fis summable S and 
S(f) = lim S(f,) lim Q[US(q, f,)|. 
But 
S qt, <= g q, i, =fj q; f )+ I(q. ff, 


which is summable Q, so that by D7(7 
S(f) = Q{lim S(q,f,)] 
= Q(S(q, f )). 


Evidently any linear combination of such functions f will again satisfy 
the equality and a similar proof may be used successively for one monotone 
limiting process after another, with linear combinations interpolated. 
Consider a more general limiting process f = lim f, where the funetions 
f, already satisfy the equality, and where J(qg, f ) is summable Q. We 
can choose f and f, to be non-negative without loss of generality for 


f‘/0=Ilm(f,'/0), —f'‘/0 =lim(—-f, ‘/0),f=f'/0 —(-—f ‘/ 0). 
since f = lim f, = lim f,, f is the limit of a non-decreasing sequence 
9i=g2=-:- =f where g, =fn/. fas: / -+- is the limit of a non- 


increasing sequence, but all the functions involved lie between 0 and f 


inclusive so that proofs similar to that used above may be used to show 
that 

Sgn) = QIS(q, gu)I, 

SCf) = QUIS(q, SI, 
in succession. 


a Siete 
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Before considering sequences of integrals we consider an operation 
which is a slight modification of the Moore general integral of which the 
limit of a sequence is a special case. 

3(2). Derinition. R(u), a functional operation on functions u of 
the elements q is said to be a Moore positive integral if there exists a class 
U’ of functions u which is equal to its star-extension,* which includes the 
modulus of each member of the class and such that for members of U the 
operation R satisfies 


(A) Ruy + us) = R(uy) + Rw), 
(C) R(cu) = cR(u), 
(P) Riu) = Oif u = 0. 
If uw; = we, R(u,) = Rw) since R(u. — u,) = 0. If 
limu, = u({g]; U), 
lim R(u,) = Ra). 


lor if the sequence, u,, converges to u relative to the class U, that means 
that there exists a member v(qg) of Uo which we suppose replaced by its 


modulus such that for every e > 0 there is an n, such that 
u—u,| =ev t = Mi. 
Then 
Riu) — Riu,) = |‘R(u — u,) 
R( ju — uy, ) 
= eR(v). 


3(3). Derinition. The collection S(q, f) of S-integrals on functions 


f of the elements p and distinguished by the elements q is said to be 


dominated by J(f) with relative uniformity in R(u) where R is a Moore 
positive integral if S(q, f ), J are defined in terms of the same class 7’) of 
functions of p, if for members of 7'o, S(q, f) belongs to the class U' of func- 
tions of g, and if there exists a function v(q) belonging to U, independent 
of f such that for each f = 0 of class To, 
Tiq, f ) - v(q)d | Fd, 

Here J is the modular integral associated with S, J( f) is an J-integral. 
Corresponding to this definition we may say that a single S-integral 
S(f) is dominated by J(f) if they possess the same class 7’) and if a 
number M exists independent of f such that if f = 0 belongs to 7, 


I(f)=MJ(f), 


when J is the modular integral associated with S. 


* i. H. Moore, Bulletin of the American Mathematical Society, vol. 18 (1912), p. 345. 
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3(4). THreorem. Under the conditions of 3(3) 
S f |= g{S q; f | 
is dominated by J and the equality holds for all functions f summable J. 
Define the class T)(S) to be the class 7)(J), then it is seen that for fune- 
tions belonging to To, S( f; + fo) = S(f;) + SU fs), Slef) = eS(f) and 
S(f)| =R@o)JCs|). Tif =0, -—f=a¢e= +f. 


S(¢) = R(v)J('¢)) = Rev) J(f ) 
But J( f ) is the upper bound of such S(¢) so that 
I(f) = R(wv)J(f ). 
Therefore S( f ) is dominated by J. If f; =f. = --- =O = lim f,, 
lim S(f,), = R(v) lim J(f,) = 0. 


Therefore S( f ) satisfies all the required properties of an S-integral.  S is 
dominated by J, any function summable J is summable S and the domi- 
nance inequality remains valid. For we can prove this first for f a 
member of 7;, summable J, and from this that if f = 0 is summable J 


I(f)=MJ(f). 


But given e > 0 and a function f summable J we can find a member f 
of To such that 


so that f is summable J. 
In this particular case M = R(r), 


S(f) — Sf.) IC f—f.)) 
Riv) J( f — f.') 
< 4 


R(S(q, f)] — R[S(q,f.)]) = RU(q, f —f.))] 
Ri v) J f = f, ) 


< ¢, 


SCf.) = RUS, f.)]. 


Therefore S( f) differs from R[S(q, f )| by less than 2e which may be as 
small as we please and consequently 


S(f) = RIS(q, f)}. 
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3(5). If a sequence, S,(f), of S-integrals is uniformly dominated by 
J and if, for every member of 7y(J), S,(f) approaches a limit, this limit 
is an S-integral S( f) and for every f summable J 


SCf) = lim S(f,). 


By ‘‘uniformly dominated’? we mean that each S, is dominated by J 
and that the corresponding numbers M,, are limited in their set. 

This theorem can be regarded as a special case of 3(4). Take the 
numbers, n, to be the elements q, the class U to be the class of functions 
u, for which lim u, exists and let 


Riu(n)| = lim u,. 
" i 2) 


The function v(q) will be taken to be a constant and equal to the upper 
bound of the numbers M,. Then R(v) = this upper bound. 

4. The Stieltjes integral and otherexamples. Weshall merely statesome 
of the foregoing definitions and theorems as they are applicable to gen- 
eralized Stieltjes (Radon-Young) integrals. Each is denoted by the letter 
a added to the number of the corresponding definition or theorem of 
which it is an application. Other applications can be supplied by the 
reader. 

1(7a). If a(x, y) is of limited two-dimensional variation in a = x = b, 
c= y= d, and if w(r, y) is its corresponding variation function, a fune- 
ton ACr, y) = either 1 or — 1 everywhere exists such that 


ob d wa 


fix, y)da(x, y) = 


e/alc e/a, 


fia, y)A(a, y)da(x, y) 


for all functions f(x, y) summable (w). To apply theorem 1(7) choose 
h(x, y) = 1. The one-dimensional case has been stated already by the 
author.* 

3(la). Let B(x) be a limited non-decreasing function a = x = b; let 
a(x, s) be of limited variation in s(c = s = d), the total variation being 
uniformly limited in x (a = x = 6), and for each s let it be limited and 
measurable Borel (a = x2 == b). Then 


vd A vw) wi | 
| fis)d. | a(x, s)\dB(xr) = || f(s)d.a(x, 8) | 4B(), 


provided f(s) is limited and measurable Borel ¢ = s = d. To apply 3(1) 
we choose p = s, gq = x and the functions of class 7’) to be the step-func- 
tions (constant over each of a finite set of subintervals into which (cd) is 


*P. J. Daniell, Transactions of the American Mathematical Society, vol. 19 (1918), p. 361. 
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C 


divided). Such functions are linear combinations of functions of the type 


and for this 


a! 7) 


f s)d, A\TL, s)d3(x) =| a(X, 8: — 0 d3ir) — Qs, 3: -— Oj)d3 I) 


= [| i fis d.alxr, 8 as 7) 


Again if f(s) is limited and measurable Borel, 


where w is the variation function corresponding to alc > s — d 
T max fis 


where T is the upper bound of the total variations of a(r, s), and since 
w(r, s) is also measurable Borel (a = x ~— b), Jig, f ) is summable 3. 
CoroLuary. This theorem can be immediately extended by allowing 
3(r) to be a function of limited variation (a ~ xr = b). So extended the 
theorem is a generalization of one proved by Bray.* 
3(5a). We say that a sequence, @,(2c) is uniformly A-bounded by a non- 
decreasing function y(z) if a number WM exists independent of n, x, 2: 


such that 


Then the sequence of Stieltjes integrals, 


; 
% 


fir)da,(xr) 


b 
is uniformly dominated by fs r)dy(x). If the sequence a,(x) is uni- 





formly A-bounded by y(z) and if for each x it converges to a(x), a(x) is 
A A-bounded by y(xz) and 
he L Al 
\ f sa)da() = lim | S(x)da,(x), 
iy a I aoea 
wr provided f(z) is summable y. 
3 *H. E. Bray, Annals of Mathematics, vol. 20 (1919), p. 183. 
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To apply 3(5) we choose J as the integral with respect to y, 7’) the 
Class of step-functions and since these are linear combinations of functions 
of the type 


f(z) =1 ax=xu=2<x2=b)b 
= 0 otherwise 
it is sufficient to prove that 
lim fa,(%. — 0) — a,(ar; — 0)| = al(re — 0) — a(x, — 0). 


Given e > 0 we can find 6 > 0 so that 
Y wy —_- ()) =< Y\01 ome 6) < ¢ 4M. 
Y Io — ()) — Y Lo — 6) < ¢ 4V. 


Then a(t, — 0), a(t; — 0), alte — 0), alx; — 0) all differ from 
Q.\t3 = 6), @, in= 6), alt. — 6), a =, = 6) by less than ie which is 
independent of n. But 


c . 


lim [a,(%2 — 6) — a,(r, — 6)] = a(t, — 6) — a(x — 8) 


so that lim [a,(2r. — 0) — a,x, — 0)] differs from a(x. — 0) — a(x, — 0) 
by less than e. 

This theorem may also be compared with a corresponding theorem 
of Bray's (loc. cit.) on the continuity of 


Ti 


f(s \d.a © Ae 


Other theorems such as 1(3), 2(3), 2(4), 2(5) can also be applied to 
generalized Stieltjes integrals. In all cases we choose h = 1 as the basic 
summable function and 7) as the class of step-functions. 

The frequent appearance of the function h = 0 summable J may 
seem unnecessary to some readers. In the usual applications of the 
general theory this / can be chosen equal to 1 and then it drops out of sight. 
But cases can be invented where this funetion would not be summable. 

For example, let the elements p be the numbers x2(0 = 2 = 1), and 
let 7) be the class of funetions which are zero except at a finite number 
of values of x, that is of the type 

f(x) =f; xz=2; 1=1,2,---2n, 


= () otherwise. 


Let s(.r) be some positive function finite for each x and define 


n 


I(f) = > fis(x,). 


i=1 
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This integral satisfies all the required conditions and at any particular x 
it is possible to find many members of 7’) which do not vanish at that 
point. Nevertheless there is no summable function 4 = 0 which is 
greater than zero on a set having the power of the continuum. For then 
sh > 0 everywhere on this set, which is the limit of the set sh > e as 
e=0 (e>0). The limit of a non-contracting sequence of sets which 
are of countable power is also of countable power so that a number 
e > 0 would exist such that sh > ¢ on a set of power greater than the 
countable. But then the integral would be greater than e added to itself 
a countable number of times which is infinite. 

If difficulties arise even with so simple an example, it can be under- 
stood why in the general case there is frequent reference to a basic sum- 
mable h = 0. 

Note. The author wishes to apologize for a statement in the paper of 
which this is a continuation. On page 279 it was suggested that Moore's 
use of relatively convergent sequences was a restriction and on page 281 
it was stated that the Moore integral (which is again referred to here in 
3(2)) Was a special instance of the author's. The latter statement is 
untrue and the former misleading. In a sense there is a restriction 
because the class of functions to which Moore's integral can be applied 
is given initially and is not progressively extended to so wide a class, but 
on the other hand the restrictions placed on the integral operation of 
Moore are not so stringent. As in 3(5) the sum of a convergent series 
is a form of Moore integral. Our theory would consider only absolutely 
convergent series in the corresponding case. 

Rice INstTiTuve, 

Houston, Tex. 























SUMMABILITY OF DOUBLE SERIES. 


By Lioyp L. SmalrL. 


Practically nothing has as yet been done in the application of methods 
of summation of divergent series to double series. C. N. Moore* has 
discussed certain aspects of the Cesiro summability of double series, with 
the object in view of applications to double Fourier’s series. Bromwich 
and Hardy? have given an extension of Abel’s theorem on the continuity 
of power series to double series summable by an extension of Hélder’s 
method. 

The object of this paper is to give a general theorem on a method of 
summation of double series analogous to the general method of summation 
for simple series which I gave in my paper on ‘‘A General Method of 
Summation of Divergent Series”? in the Annals of Mathematics for 
December, 1918. 

Let f;, ; (m,n, x, y) be a function defined for all positive integral and 
zero values of 7 and j, and for all real values of m, n, x, y, and satisfying 
the following conditions: 

1°. When m, n, x, y are fixed, for every 7, J, 


(a) | eo > @. 

(b) h fig “Si. jan > 9, 

(c) hi, } — fiasr.; >9, 

(d) H, fig o Sian. gj OSi. jan + Sian, jai > 9; 
2°.. B EL F:.; (mm, 8, Z, 9) 1* for 7, j fixed; 
* By this scales L L ( ), we mean L. iL g 
3°. J, LSsin (m,n, ax, y) = 0 for i, 7 fixed; 


Sa # as ; (m,n, x, y) Q for i, J fixed: 


r m,n 


e. By Besa. 0 (@, 8, 2 #) = @ 
rumen 
*C.\N. Moore, ‘On Convergence Factors in Double Series and the Double Fourier’s Series,” 
Trans. Am. Math. Soc., vol. XIV, p. 73. 
C.N. Moore, “On the Summability of the Double Fourier’s Series of Discontinuous Fune- 
tions,”’ Math. Ann., vol. LAXIYV, p. 555. 
+ Bromwich and Hardy, “Some Extensions to Multiple Series of Abel’s Theorem on the 
Continuity of Power Series,’ Proc. London Math. Soe., vol. I, p. 161. 
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Let So an,» (m,n = 0, 1, 2, +--+) be any given double series. If 


we form the expression }> }° a,, ,f,, ;, and the limit 
1 Uv : 


0 
™ n 
I) LL> DdYai.ifi.; (mn, zy) =8 
r m,n i=0 j=0 


exists, with a finite value S, we shall say that the double series tS ae 


is summable by the summation-function f;,; (m, n, x, y), and that S is 
its Sum (or generalized sum). 

One of the first problems in a general study of such a method of sum- 
mation is to determine whether a convergent series is always summable 
by the method. 

As our definition of convergency of a double series we shall take the 


m ? 
following: If S,, , = > i a, , approaches a definite limit S as m and n 


increase indefinitely, simultaneously but independently, and if for every 
m,n, we have 
(1) Sin n < € (a positive constant), 


then >> a,,,,, is convergent with sum S.* 


THEOREM. If the double series 2. é, is converge nt with sum SS, 


according to the above de finition, then the series will also be summable by 
definition (I), with the summation-function f,; ;, with generalized sum S, 
pro ide d f satisfte N the conditions ] 5 above . 


For since >> a,,; is convergent, we may write 


~ 


2 ae eo 3.i|\<e_ tj=M, 


where ¢ is any arbitrarily small positive number. 
Then by the extension of Abel's identity or partial summation formula 
for double series, we have 


’ er ee = _ 

FS o,f: 3 = EO 8 Mis + Bn, ns + Bi, Bin + Be, afar ed 

’ J { ’ Po ) ’ ‘ , 

rm ° . ° ° ° ‘ ‘ . 

Taking m,n > M, and for 7, j = M substituting S,, S + 6; ;, we get 
*Some writers omit the condition (1) in their definition of convergence, and regard this 

condition, called the “condition of finitude,” as a restriction on convergenecy. See references to 

Bromwich and Hardy, and Moore above; also Bromwich, “Infinite Series,” §§ 20. 37 


+ Hardy, Proc. London Math. Soc., Vol. I, p. 124 
t Condition l Ix required for the applic ition of Ahn |’ ide ntity. 
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m n M—1 M1 M-—1 n—1 m—1 M—1 
de 4. iSi.5 = (x LS: Hist DS. Hist DD 8s; 
1--0 ) ¢=8 0 '=0 | VW 


i=M j=0 
M—I Vw—1 m—1 n—1 n—1l m—1 
(3) + 32. Sp. jm. AE S,, ght’ .) poy F814 Eh.; +¥ hi.) 
0 ‘=0 i=Mj=M j=M i=M 
m—l n—! nn} m—l 
+ ( > 6, ,H;.; 4 p bin. Nm. + > 6; chi. i 
‘—=M {f uv i Ff 


If we keep M fixed, and take the double limit J, J, ( ) on both sides 


/ min 
of this equation, we find, by making use of conditions 2°-5° and relations 
1) and (2), that 


L, #F i y a; ;J m,n, 2Z,y) = 8. 
mw tae 


Thus our general theorem is proved. 
Now suppose that we take for f,, ; the special form 


j fi, (m,n, xz, y) = film, x) -fj(n, y), 


where f,(m, x2) satisfies the conditions: 
a) fim, x2) > Oand f, — f,., > 0 for every i, m; 


L fimo | for ¢ fixed; 
y WA Mm. Ff) = Be. 


Then it ean be shown without any difficultv. that this funetion 
f,. (myn, x,y fim, xv)-f,in, y) satisfies the conditions 1°-5° preceding. 

The familiar methods of Cesaro, Holder, Borel, LeRoy, Riesz, de la 
Vallée-Poussin, Plancherel, ete., all satisfy the conditions (a), (3), (y),* 
so that the summation-function of any one of these well-known methods 
can be used to build up the summation-function for the summability of 
double series. If we take the Cesaro function, our general theorem gives 
as a special case the result of Moore (loc. cit., p. S81). 

UNiversiry OF WASHINGTON, 

March IS, 1919. 


*sSee Annals of Mathematics, Dee., ITS, p. 144; also my Columbia Dissertation, 1913. 








THE FUNDAMENTAL THEOREM OF CELESTIAL MECHANICS. 
By J. L. CoouimpGe. 


We mean by this sonorous title the classical theorem which tells us 
that the center of gravity of a planet traces with regard to the sun, a 
conic having one focus at the sun's center. The following proof is offered 
in the hope that it may be found simpler than some of those in current use. 

We start with the Newtonian law of universal gravitation and give 
the usual proof that since we have a central force the point must trace a 
plane curve. The plane of this curve we take as the z plane, place the 
origin at the center of the sun, and write the familiar equations of motion 


: , 
: AL v7 RY 
] MF me y , 
] / 
ry ll BS (), 
ry - yr C. 


At this point, instead of seeking immediately for the curve we want, 
let us rather look for its polar reciprocal in a unit cirele with center at 
the origin. The equation of a tangent to our original curve is 


Xy’ — Yr’ =C. 



















Its pole in the unit cirele is 


X 


We seek the curvature of this polar curve 


* ? a Jy ; zr" he Jer 
xX =7=-—%, os 
C~ Cr C~ (Cp? 
ey ke (ry’ — 3yr’) - —k(rx’ — 3rr’) 
A” == ) 
( a (° 7 ’ 


Pe, ao 
Fr RSEi Mer . 


XY" — YX" — KP (ry’ — yx’) _ | ‘ te\? ¢ 


Since this polar curve has a constant curvature it is a cirele. 
Hence the original curve was a conic with a focus at the origin. 


AMERICAN EXPEDITIONARY ForCES, 
October, 1918. 
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By S. LeErscuerz. 
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INTRODUCTION. 

The theo. y to be considered here has been created by Emile Picard. * 
There are two important Mémoires due to Poincaré bearing largely on 
the topological phases of it.t A short but very interesting note by J. 
W. Alexandert and one by the writer$ practically make up the biblio- 
graphy of the question. 

It seems a reasonable requirement that purely topological properties 
should be derived by direct topological methods, and this requirement 
we have endeavored to meet here. In this we have proceeded along the 

* Its exposition forms the major part of the Picard-Simart Traité des fonctions algébriques 


de deux variables. Paris, Gauthiers-Villars, 2 vols. 


t Sur les eycles des surfaces algébriques, Jour. de Maths., ser. 5, vol. 8 (1902), pp. 169-214. 
Sur les périodes des intégrales doubles, ibid., ser. 6, vol. 2 (1806), pp. 135-189. These papers 
will be called in the sequel, “ first Mémoire” and “second Mémoire.” 

t Sur les eveles des surfaces algébriques . . . , Rendiconti dei Lincei, ser. 5, vol. 23 (1914), 
pp. 55-62. 

§ Sur certains cycles & deux dimensions des surfaces algébriques, Rendiconti dei Lincei, 


ser. 5, vol. 26 (1917), pp. 228-234. 
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lines of Poinearé’s second Mémoire simplifying his proofs and completing 
his results at many important points. This has been followed by the 
transcendental theory wherein Picard’s work on double integrals of the 
second kind has been much simplified: (a) By making their reduction 
to a simpler form rest upon a preliminary treatment of periodicity. 
b) By developing their theory without making use of integrals of total 
differentials of the third kind. In fact reversing Picard’s order we have 
shown that the properties of these integrals and of his number d TaN be 
deduced from those of double integrals. The paper concludes with a 
summary of Severi’s related theory of the base and a rapid mention of 
some allied recent developments, in part unpublished, due to the writer. 


PRELIMINARY NOTIONS. 
$1. Manifolds and their cycles.* 
1. Given a system of real equations with real variables 
Li Ty, Ma, ** +5 Da) s Lia >a 


where in the range of variation of the i)'s the (4)’s are continuous, 
analytical, and with functional determinants nowhere all zero, we Wav 
obtain by analytical continuation a new =vstem and so on. To some of 
these systems may be adjoined certain conditional inequalities ¢(u;, Us, 
u > 0. The point set thus defined constitutes an n-dimensional 
manifold M,, in n-space. By changing one of the inequalities into an 
equation we obtain a boundary of M, and it will be assumed that the 
boundaries are grouped into (n — 1)-dimensional manifolds M',_,, M 

The familiar notion of the two directions assignable to a line segment 
may be extended to a certain class of manifolds, those said to be ‘ two- 
sided.” If a small directed circuit drawn on an M,. can be displaced, 
then returned to its first position with changed SPTISE, M. is said to be 
one-sided, If the sense is invariant M. is said to be tiro-sided, and each 
sense may be considered as defining a sense of M2, so that when we invert 
the circuit we agree to consider My, as replaced by — Mo. 

When MW, is thus sensed its boundaries will also be if we make the 
convention that a bounding line is to be so sensed that when the above 
directed circuit comes into contact with it there is agreement in the 
senses impressed by circuit and bounding line upon the small are common 

*For a more complete discussion along the same line see Poincaré, Jour. de I’Ec. Polvyt., 
ser. 2, vol. 1 (1895), §3; Picard-Simart, vol. 1, p. 20; Heegard, Bull. Soc. de Math., vol. 44 
(1916), p. 197. For a more formal treatment better adapted to questions of pure analysis situs 


see the Dehn-Heegard article on the subject in the Enzyk. der math. Wiss., III, AB3, also a 
paper by Veblen and Alexander in the Annals of Math., ser, 2, vol. 14 (1913), p. 163. 
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to them. All this can be readily extended to an M,. Only two-sided 
manifolds will be considered here. 

The relation between M,, and its sensed boundaries will be expressed 
by a congruence M, =M‘,_1, or M, Q when M,, is closed (without 
boundaries). If we merely wish to indicate that the (M,,_;)’s bound some 
M,, man M,’ we shall write a homology YM‘; ~ 0 (mod M,,), or simply 
YM‘; ~ 0, when no doubt exists as to the M,° in question. 

The term “ manifold” will be extended to cover an algebraic sum 
of manifolds as Just defined, the boundary being then defined as the 
algebraic sum of the boundaries. When the (M,)’s are in an M,,’, 
SA,M,.¢, (A; integer) may be interpreted as an aggregate of \; manifolds 
very near M, in M,°, of dh» manifolds very near M,? in M,,’, etc., the 
manifolds being all united into one by n-dimensional ‘‘ tubes ” pairs 
of opposite segments if 7 1, ordinary tubes if n = 2, ete.). With 
these definitions we are enabled to combine congruences and homologies 
by addition after multiplying them by arbitrary integers. A manifold 
in the extended sense may now be “ connected” without necessarily 
behaving in the neighborhood of every point not on the boundary like 
the interior of an n-dimensional sphere. 

\ closed M, (of the extended type) contained in an M,, (of the re- 
stricted type is called a k-dimensional cycl of M,, (linear cycle if k = 1, 
zero-cvele if My ~ O (mod M 

(‘veles are independent if they satisfy ho homology. The number R, 
of independent /-dimensional eveles of VW, is ealled its Ath index of 
connectivity (linear index if k = 1). The numbers 1+ R, have also 
heen called Betti numbers by Poinearé who proved most of their known 
properties and in particular showed that R, = R, 

We have already mentioned displacements. Only such displacements 
of an M,, will be considered during which it generates an M,.;. If M, 
is displaced in an M,’, its extreme positions are equivalent mod. M,’, for 
they form the boundary of the manifold generated during the motion. 

Remark.—It has been tacitly assumed that all manifolds considered 
are finite. We may introduce infinite manifolds by means of systems, 


BP 


A, i, Uo, a | 


i 


where the (@)'s have the same properties as previously. 

2. On a closed sensed M, of the restricted type we consider the two 
linear cycles a, 8, concerning which we assume that they have only a 
finite number of intersections simple for each cycle and at which they are 


9 


*Complément A l’Analyse Situs, Rendiconti del Cire. Mat. di Palermo, vol. 13 (1899). 
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not tangent. If these conditions are not fulfilled we deform one of the 
eveles until they are. From one of the points of intersection O we take a 
small segment OA on a in its positive direction and a similar segment 
OB on 3 and we join them by a small are AB of M, not cut in two by 
one of the eveles. Finally we sense OAB so that its vertices are met in 
the order named. This being done for all intersections there will be some, 
nin number, for which the triangle is a positive circuit of MW. and others, 
nm’ in number, for which it is just the opposite. The difference n — n’ 
will be designated by a, 3). This character was first introduced by 
Poinearé, * who proved its properties and made extensive use of it in his 
investigations. Among these properties the following are easily verified. 


(] Y. (3 a, - ‘i a 
i} > - “a, ar i, , ’ *% 
c) If aor dare ~ O, then (a, (). 


A similar character to be designated yy MM >, MM may at once he 
established for two evcles M., M, of a closed VM, of the restricted type, 
‘a) and (bh) following then Immediately. It is then easy to show that 


} 


d if V >a > is closed of the restricted tvpe and COeS through MM. 


intersecting VV, in an MM. then (M,, M computed relatively to 
Mis equal to +(M,, M computed relatively to M,. By means 
of (d) we can then extend (¢). Properties (hb), (¢) show that (.M,, M, 


is really a simultaneous invariant of the two evcles with respect to the 
operation a” homology.” 

If p n — 1 we have in addition this: When .W,_, is not. ~ 0, there 
is a cycle M, such that (VW,, M + |. It is the cycle known to exist 
which meets M, at one point only, or else its opposite. Hence M,_, 
is not a zero cycle if and only if there is a linear eyele M, such that 

M.. M = €p. 

3. We shall have occasion to consider simple and double integrals. 

Nothing need be said about the former. 


zz | Rt jx(%1, To, +++, Tn’)dz,dx,, M, finite 
is meant this: M, can be ~ubdivided into a finite number of domains M;' 
within which the (7)’s are analytical in two variables u,, uw, their jacobians 
being nowhere all zero, and it is assumed that the ()’s are analytical in 
the -ame conditions. Denoting by M,'* the image of M,* in the Uylle 
plane the double integral is by definition equal to 


* Jour. Ee. Polyt., §9. He uses the notation Nla, B 
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xf 3 R 5, D(x;, xx) du,dus. 


© D(uy, ue) 


The double integrals in the sum can be reduced to line integrals extended 
over the boundaries of the (.W.)’s and the directions in which these line 
integrals must be taken on the boundaries are determined by the order 
in Which w; and we are taken. Thus this order determines a direction 
on the boundaries hence also on those of the manifolds M,.‘ and finally 
a sense on VM... Conversely if we assign a sense on M., we determine the 
order in which uw; and uw. must be taken and therefore the sign of the 
integral. Thus there is a definite meaning to be attached to an integral 
over a sensed M,. From the manifold unsensed we may obtain the 
absolute value of the integral and once the sense is known we may also 
obtain the sign. This is obviously similar to the case of simple integrals 
and may be extended to integrals of any multiplicity. 


S ya Aly braic CUTVES and the ir inte grals. 


f. A plane algebraie curve C of order m, is the locus of the points 
whose real or complex coordinates satisfy an equation fix, y = 0, where 
4 is a polynomial of order m. The curve is said to be irreducible 
if f itself is, The function Yr thus defined is ealled an alge hraic func- 

mot x. 

In general C has multiple points but it is always reducible to a curve 
having only double points with distinct tangents for singularities. This 
reduction can be effected by a birational transformation that is, by a 
transformation such that the coédrdinates of a point on one curve are 
rational in those of the corresponding point on the other and vice versa. 
We shall then assume that C has only these simple singularities and more- 
over that it lies in general position with respect to the axes and the line 
at infinity. 

A Riemann surface is defined as an MJ, whose points are in point to 
point correspondence without exception with the real and complex points 
of C. We may obtain one thus: Let 


Ms bs t iw - Y y ” Ly P 
f(r, y) P(z’, 2", y', yy") + 2Q Pe an £ y’’), 
where the new quantities introduced are all real. The WM, represented 
in the real four-space of the variables a’, 0’, y’, y” by P = Q = 0 answers 
the question. 
The Riemann surface is a closed two-sided manifold. It is obviously 
closed and that it is two-sided may be shown thus: The infinite and 
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branch points are ordinary points, hence a displacement of a sensed circuit 
¢ returning it to its original position with sense inverted can be assumed 
such that ¢ never crosses these points. Were such a displacement possible 
it would also be possible to invert by a finite displacement the cireuit ¢ 
projection of ¢ in the plane yo i 0) complex x plane) which is not 
the case. 


The line ar inde Ms R, of the Ri miadren surface is ever and ine i by 
R, m— 1l)im — 2) — 26 -/). 
where 6 is the member of double points and p ix the qenus. goth PR, 
and p are invariants under birational transformations. 


There are 2p —- Ti — ] (inear Cyt res of arhich no comb nation hounds a 


/ 


tyrile pa tof the SUrTACE, 


». By ahelian integral belonging to ( is mennt one of the ty pe 
SR(x, yar, 


where Rox, y) is a rational point-function on C(. This integral can have 
no other singularities than poles or logarithmic points in finite number. 
The integral is said to be of the f ‘st kind if it is finite every where and it 
is said to be of the second or third kind according as it has or has not 
poles for only singularities. 

The value of (1) taken over a path with fixed extremities is unchanged 
when the path does not cross a logarithmic point. Any other path with 
the same extremities leads to a value differing from the first bv a pe riod, 
that is by the value of (1) taken over a linear evele. The period is logar- 
ithmic if the eyele is merely a circuit surrounding a logarithmie point, 
cyclic if otherwise. The Slim of thie logarit] mide periods equal fo zero, 

An abelian integral (1) without logarithmic points at finite distance 


ean be reduced hy subtraction of a rational fraction S r, y¥) to the type 


where Q Is a polynomial adjornt to C, that is vanishing at its double points. 
S(x,y) may be determined by operations rational with respect to the 
coefficients of R and f. 

The integral (2) has 2p+m-— 1 distinet periods and by properly 
choosing @ these may be made to assume arbitrary values. They cor- 
respond to as many cycles of which no.combination bounds a finite part 
of the Riemann surface. 

If (1) is without periods it is equal to a rational fraction which may 
be rationally determined in the same sense as above. 
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SURFACES. 





$1. Generalities. 


6. The definition of algebraic surfaces is the same as that given for 
algebraic curves. We shall consider throughout a surface F of order m, 
equation I(x, y, z) = 0, and we assume it to be irreducible, in general 
position with respect to the axes and the plane at infinity and to have no 
other singularities than a double curve, a finite number of triple points 
triple also for the curve, and of pinch-points, or points of the double 
curve where the two tangent planes coincide. It may be proved that 
any algebraic surface is birationally transformable into one having no 
other singularities than these. * 

An algebraic surface intersects F in a finite number of space algebraic 
curves or curves of which the projections on any plane are plane algebraic 
curves. A linear system of surfaces cuts out in F a linear system of 
curves and if C is the generic curve of the system, the latter is usually 
denoted by ©). The system of the plane sections will be denoted by 

Hf and the pencils cut out by the planes x = Ct., y = Ct., will be 
denoted by |H,', {Hy}. 

It may be stated here that with some slight changes in wording H 
eould be everywhere replaced by a linear system F of dimensionality 
that there is no simple point of / multiple for all the curves FE through it. 

The surface F may be represented by an MM, belonging to a real six- 
space, and often called its Riemann image. Within this WZ; the algebraic 
curves of F are represented by (.M.)’s and in the sequel no distinction 
will be made between curves and surfaces and their representative mani- 
folds. That the VW, is two-sided may be proved as for Riemann surfaces. 


s - 2, not containing a subsystem of «*~ reducible curves,? and such 


S 2. Linear and three-dime nsional cycle ss 


— 


7. An arbitrary linear eyele T; of F may be composed of several 
distinet circuits, but if so we may join them by pairs of opposite segments 
so as to obtain a eyele ~ T', and composed of a single circuit. Let us 
suppose then that I';, already possesses this property. 

Let A be a base point of {H,}. We may add to I; a pair of opposite 
segments going from A to a point on the cycle, which, still possessing the 
above property, will now go through A. Let B be an arbitrary point 
of the eyele and in its H, join A to B by anare AB. As B starts from A 
and deseribes I}, AB first reduced to the point A varies continuously in 

* Beppo Levi, Annali di mat., ser. 2, vol. 26. 

+ The necessity of this restriction is explained in the course of the proof of a certain funda- 


mental theorem (No. 11). 



































Se 


























S. LEFSCHETZ. 


F and when B returns to A it reduces to a closed circuit IT)’, contained 
ina certain curve 7,. 2. Ty ~ ry since they bound the M, swept out 
by the are AB. Fora similar reason if we displace H from its position 
to that of any other H, T,’ will take in // a position T° ~ Ty’, hence 
Tr,’ ~ Ty ~ 1, and finally we see that any linear cycle is homologous to 
One contained in an arbitra “1 plane section.* 


olds if |.) be replaced by any linear 


Remark. Obviously this proof | 
pencil having at least one base point (pencil of positive degree). Any 
linear evcle is homologous to one contained in an arbitrary curve of the 
pencil. 

8. Let us draw cross cuts from one point y, of the y plane to the 
critical points a;, a2, +++, @y, or points for which the plane y = Ct., Is 
tangent to the surface whose class is therefore NV. It is only when y is a 
eritical value that H, Wa lose evcles for then and then only Its genus 
decreases. Hence a eyele which is returned to a homologous position 
when y turns around any critical point is also returned to such a position 
when y describes any closed circuit, and for this reason will be called 
invariant. When y deseribes its plane without crossing the cuts, an 
invariant evcle T; generates a three-dimensional manifold Py bounded by 
the locus of is when 7] deseribes the lips of the cuts. But owing to the 
invariance of T,, this houndary is eomposed of a sum of mutually opposite 
parts, hence T; is a three-dimensional evele. Conversely such a evele P 
intersects H, into an invariant linear evele Ty. 

If V3 forms boundary on Fo so does Vy on Hy, (and a fortiori on F) and 
conversely if Ty forms boundary on F, such is also the case for Ty. For 
first if Ty; bounds an Wy as y describes its plane this WM. will sweep an M, 
bounded by T;. Next let Ty’ be any linear eyele of F, Py’ the homologous 
cycle in H,. We have (13, Ty’ rs, Py"), (Ms, Ti’ eu Tih 

No. 2), Now if f, ~ 0, (Ts, Ty’ 0 whatever [,’ and therefore also 
(1), P,") = 0, and as 1,” is after all a perfectly arbitrary eycle of H,, 
IT; ~ 0 mod Hf, and a fortiori mod F. 

Remark. We have not shown that anv non-zero evele Ir; 


i 


of F con- 
tained in an i, is the trace of a I's, but only that this is the case for 
invariant cycles. In point of fact it is shown below that only a certain 
multiple of I; is homologous to a trace of T'.. mod F. 

9 Any H, contains a cyele I, homologous to an arbitrary one of F 
and composed of a single circuit at all of whose points the are is analytical. 
r,; may have multiple points but we may assume that the branches 
through them have distinct tangents as this condition ean always be 
fulfilled by slightly deforming 1. The curves of {H,! which meet I’; 


* Compare with Picard-Simart, vol. 1, p. 85, also Poinearé, Ist Mémoire, § 4, p. 200. 
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determine a three-dimensional cycle T; behaving everywhere like an M; 
in the restricted sense except perhaps at the base points of the pencil 
and also along a certain multiple manifold. However the various branches 
of T; through an arbitrary point of this manifold have again the indicated 


» 77 


behavior. H, intersects T's into several circuits besides T,, sav Ty’, T, 


b 

Py"), with n =) m, for on each circuit must lie at least one of the 

m intersections of 1, with an H, of Ty. As y varies the circuits vary also, 
but two of them r,‘”’, Tr; can never coalesce into one. For were this to 
happen for y = yo as y would tend towards y, the complete intersection 


of HT, and T; would aequire a multiple point A which would disappear 
when y would leave yo along at least one path through it. But the H, 
through A must then be part of the multiple manifold of I; and there- 
fore there must be on the intersection in question a multiple point tending 
towards A when y approaches y) along any path whatever. 
Now since I’; is a connected manifold we can always make y describe 
closed circuit so chosen that Ty? is returned to H, in the position of 


‘i hence 1? ~ F,™, thatis T,, Ty’, ---, VT, are homologous cycles 
of F. It follows that Ty intersects H, into a linear evele obviously in- 
\ ariant . ~ n ia a Ile Wee Sodus multiple of any cycle of FP 18 homologous lo anh 


ariant cycle, mod. F. 

It will be observed again that if Ty is in /7,, nV, may be homologous 
to an invariant evele, mod. Ff’, though not mod. i 

It follows from the above that the number of independent invariant 
eveles, is the same as the number 2; of independent linear cycles of F. 
But from what we have seen in No. 7 follows that the number of inde- 
pendent invariant cycles is equal to the number P,; of independent three- 
dimensional eyeles. Hence R; = Rs, which is Poincaré’s theorem for the 


special ease of algebraic surfaces. 


3. Proof that the inde = R is Ere i. Trre qularity of the Surface . 


Sse 


10. The property to be derived presently is usually obtained by 
analytical methods.* Our treatment here will be wholly topological. 
Let us draw on I, as many independent invariant eycles as we may, 


say Ty’, Vy, Py? such that (Py', Py) 0, (¢ + 3,% 7 = 1, 2, -**> @) 
Since they are independent eyeles of H, we may find q other cycles of it, 
say P,¢t!, Pyet?, ---, 7%, such that P,¢*! meets ry’, but not ry,i +#y7 <q. 


Assuming these new cyeles properly sensed we will have 
(T', rse"*) 3 + ], (T,', 1,2’) (). r = }. 


I say now that the 2q cycles 1‘, T1%*! are independent cycles of F. For 
assume a relation 


* See for example Picard-Simart, vol. IT, p. 428 The linear index is denoted there by r. 
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Rat + Lat ~ 8 
and let 3‘, 7 = q, be the three-dimensional eycle of which the invariant 
evele I',', is the trace on H,. We have 


— 


A(T’, Ti!) + Dow(Ts’, 11° 


= DrA(ry, 11) + Daly, 7, u () . 
> xr,T,' ~ 0, mod. F), 


and since the cycles at the right are independent mod. /, it must be that 
the (\)'s are all zero which proves our statement. 
Consider now any linear evcle l; of F assumed in //, and let 


rminm)=r, ing. 


The evele TP, = T, — Sv, Ty will satisfy the relations (T,', T, (), 
i --q. By making y deseribe properly chosen closed paths, [; will be 
returned to certain cycles Py, Py, ++. 7 all ~ Vy, mod. F and such 
that 


is an invariant evele. We have 
ri’, ry) = (ri, 6 0), me ee ie 0), ‘=a 


It follows from this that Ty must be dependent upon the eveles T 
i q for otherwise there would be g + 1 independent invariant cycles 
satisfying the relations 


r., ry) =0, ijiqtl 


while we assumed that there were at most q. Hence finally all linear 
cycles of F are dependent upon the eycles Ty', Vy", i = q, and as these are 
independent it follows that R, “4 that is R, is even as was to be proved. 

The integer q is called the irregularity of F. It is its most important 
invariant with respect to birational transformations. 


S f, Linear cycles of the plane sections. 


11. We propose to examine the mode of variation of the linear cycles 
of H, as y varies. We have already stated (no. 7) that it suffices to 
examine what happens near the critical points. Consider for the moment 
H,, as the classical m-sheeted Riemann-surface image of z(r) when y is 
fixed, and let a), as, , a, be its branch points. When y.tends towards 
a, two of these uniting the same two sheets, Say ay, a», tend to coincide 
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and the cycle 6; surrounding the two points in one of the sheets is certainly 
invariant when y turns around a;. Let A, B be two points in the Riemann 
surface belonging each to one of the sheets united in a;, a>. There are 
two possibilities accordingly as there is or is not a path going from A 
to B without turning around either a; or a» alone. 

a) In the first case the path in question followed by going from B 
to the vicinity of a, rotating around it once and returning to A in its 
sheet vields a cycle 6,’ other than 6;. This new cycle is increased by 6; 
when y turns around a;. If a. had taken the place of a; we would have 
in place of 6,’ the cycle 6, — 6; of similar behavior, from which we can 
easily infer that any cycle when increased by a proper multiple of 6,’ is 
unchanged when y turns around a, Hence in the same conditions any 
evcle is increased by a multiple of 6;. 

b) In the second ease, for y = a;, the critical points a;, a: will merge 
into a double point and the two sheets of the Riemann surface will cease 
to be united there. For y = a; it will be impossible to go from A to B, 
that is the curve H,, is reducible. As the pencil {H,} is arbitrary in 

H any similar pencil must contain reducible curves, hence there are ~? 
reducible plane sections. According to Castelnuovo* F is then a ruled 
or a Steiner surface (surface of order four with three concurrent but not 
coplanar double straight lines). In case of a ruled surface the reducible 
<eetions are those by planes through the generators, while for the Steiner 
urlace they are those hy the tangent planes, the sections being then 
( miposed of two cones. 

We can thus state the following fundamental theorem: To each 
critical point a, corresponds a cycle 6, of Hy, invariant in its vicinity, and 

wh that when y turns around a; any other cycle is increased by a multiple of it. 

Remark. This theorem holds when H is replaced by a system E 
such as deseribed in No. 6. For the Steiner or ruled surface we may 
take for example F 2H 

N 5. Two-dimens ional cycle 8.7 

12. An arbitrary two-dimensional cycle meets an arbitrary algebraic 
curve and in particular H, in a finite number of points only, and certainly 
this condition will be fulfilled if the evele is adequately deformed. 

When y describes a positive circuit around y;, the points of intersection 
of the H, and T° deseribe small cireuits which may be positively or nega- 
tively related to I. Let 0), 02, ++, @n be those of the first type, 01’, 82’, 

6,’ those of the second. We have in fact n — n’ = (H,, 1), and we 
remark that: 

* Rendiconti dei Lincei, ser. 5, vol. 3 (S94), pp. 22-20 


+ See Poincar é’s second Mémoire. 
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a) If T is replaced by an irreducible algebraic curve C of order H, 
n= uy,n' = 0 as follows at once from the faet that we can permute any 
two of the circuits 71, 7, now taking the place of the (@)’s by 
making 1 describe adequate closed paths In the y plane. 

b) As y; varies n — n’ is constant, for since H a H 


W.. tT) -— (8,17 H,, —H,, TY) = 0. 


In particular if there is a single HW, that does not meet TV then 7 n’ 
Now suppose we have both a curve H and a evele T such that 
n +n’. Then, keeping to the notation used above, we join the points 
on n, of C to the points on 4; and 6.’ of TP by lines in I/,. Moreover, we 
denote by W,;. W..’ the tubes which these lines describe when y turns 


around 7;, and by (H), (T) the parts of these manifolds exterior to the 


(6)’s and (n)'s. We have 


Vii=m—-0, »¥ n=6', (HD = zm, r) = 56; — 20 


The manifold at the left is closed, meets nowhere HH, and is reducible by 


deformation to mT — (n — 1» oH evcle to which jt is therefore homologous. 
In the same manner we can arrive at a evele ~ mT — (n — n')H meeting 
nowhere a group of curves H,. 

This reduction applies as well when 7 nN. But in that case we 


may join the points of H,, describing @; and 4,’ by a line in Hf, and obtain 


a tube SY resting on 4,, 4)’. With the same notations as above then 


W 4y om ie 2 :* vA ae ed 


and we have here a evcle ~ T meeting nowhere H,. Hence if there is an 
HM, which TI does not intersect the evele may be so deformed as not to 
meet a given group of (H,)’s. In particular a finite evele is reducible 
by a finite deformation to a eyele which does not meet a given group 
of (H,)’s. That the deformation may be finite follows from our proof. 

S 6. Reduction of tiro-dimensional cycle sloa special type. 


13. When y describes the semi-straight line 
(1) argt. (y —a C1t., 


H, generates a manifold A,. If there are no critical points between 
two points ¥;, Y2 of (1), the manifolds H,,, H,, are reducible to each other 


by a deformation never introducing any new singularities. This deforma- 
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tion sets up between them a_ point-to-point correspondence with the 
points at infinity corresponding to themselves. The point P. of H,, 
corresponding to a point P; of H,, will be called its projection in H,, and 
the locus of P, during the deformation its projecting line. 

In the sequel it will be found convenient to denote the curves H, 
corresponding to the critical points a; by H;, and the curves corresponding 
to y ay, % by Ho and H, respectively. 

Let TP be a evele which does not meet Hy, H,, or any of the curves H;. 
Any finite eyele can be reduced by finite deformation to one having this 
property. If we project the points of T into Hy, the projecting lines 
form a finite Ms; bounded by — IT, by a finite portion (Ho) of Ho, and by 
a certain manifold P that may be described thus: The manifold K 
corresponding to the semi-straight line through the critical point a; inter- 
sects Pin two sets of linear eycles such that for all points of one y — a 

a; — a , While for all points of the other, Y — Q| > |a; — aol. 
Let 7: be the evcles of the second set. Then, the projection on Ho of a 
system of closed linear cycles in A, which tends towards y; as A, tends 
towards A,. approaches one of two distinct limiting positions y; and y,’ 
according as argt. (y — da)) tends towards a, — ay) from above or below. 
The projecting lines in the two cases form manifolds with limiting posi- 


tions 2??,’, P,”’, and we have 


Hence, 

ro~ (A) + S(Pi" — Pi 
where, moreover, the two eveles are reducible to each other by a finite 
deformation. 

Now, let y, be the projection of y, into H,, assumed in A,, and such 
that Yi (y > a; — ay , then slide y, along its projecting lines until 
it coincides with y,. During the motion P,’ and P,’ are deformed 
assuming final positions Q,’, Q., hence 


P”’ — Pv) -— (Q." -— QF) ~ 0. 


Now QQ," — Q,’ may be generated by a certain cycle 6 of H, when y 
starting from a, describes a closed path surrounding once a;, the nature 
of this path being on the whole immaterial. Denoting by 6; the same 
linear evele of H, as in § 4, and by 3, its two-dimensional locus when y 
describes the straight path aoa,, let us then make y; tend towards a; on the 


line 
argt. (Y — Qo argt. (a; — do). 


When y deseribes the closed path around a,, 6 undergoes an Increment ot 
‘— (,' will have become \,A; hence 


\,6,, and when y; coincides with a,, Q. 
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Q;’ — Qi — dr;A; ~ 0; “oT ~ Sd,A; + (Ho). 
The eycle at the right is at finite distance, hence at once 
— SX.6 H.), mod H 


Conversely if this last congruence is verified, that is if S\,6,; bounds a 
finite portion of Ho, Sd,A; + (Ay) is a two-dimensional eyele without 
infinite points. This is an immediate consequence of the congruences 
A é;. Thus: A finite cycl ‘'s reducible by finite deformation to a sim 
of multiple s of thie pa 8 plus a part of H . The linear cycle ~A,;8 hounds a 
fu te part of i. and conversely 
SA; A; + (H 

This Very Important theorem was discovered by Picard* the proof 


such a cucl corres ponds a fl? te cucl 


here given being a modification of one due to Poinearé.7 

14. A plane section or in fact any irreducible algebraic curve C forms 
a two-dimensional evcele. Such a evele cannot be dependent upon finite 
eycles. For if T is finite (1, H r, He QO, while on the contrary 
C. ey 6 (No. 22). 

Since H is independent of the finite evcles and on the other hand 
whatever I’ there is a finite evcle ~ mV + ni, the number of inde p' ndent 
finite cycles is precisely equal to Ry — 1. 


3 ¢. Formula for the index Rs. 


15. The number of independent finite eveles may also be derived in a 
different manner and this will lead us to the formula for Ro. We have 
seen that when a finite evele I is reduced to the type SA,A, + (Hy) then 
S\.6, assumed in H, bounds a finite part of it, which we express by 


2 SX, — (H 


and we must first determine the number of independent congruences (2). 
Let y be any linear cycle of Hy bounding an M, of F. By a discussion 
similar to that of Nos. 13, 14 we may show that there is an M,’ nM. 


+ 7T,’, (n +0, IT’ two-dimensional cycle) meeting nowhere the curves 
H;, H, and bounded by ny. From this will follow a congruence 


M,’ — D\;A; + (H 0; my — DA; = — (A), 


that is if y ~ 0 mod. F, there is a finite part of Ho, bounded by a combina- 

tion of the cycles y, 6;. The congruences 6; = A; show that the (6)’s them- 

selves form boundary on F. Hence the number of (6)’s which do not 

satisfy a congruence (2) is exactly equal to the number of zero cycles 
* Picard-Simart, vol. II, p. 335. 


) 
T Second Mémoire, p. 154, §§ 4, 5. 
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of F contained in Hy, of which no combination forms the boundary of a 

finite part of Ho, that is finally to 2p — 2g + m—1.* As there are N 

cycles 6;, the number of distinct congruences (2) is N —(2p—2q¢+m-—1). 
16. ‘To each congruence (2) corresponds a two-dimensional cycle 


r= Yd,A; + (Mp). 


We have to find how many of these cycles are ~ 0 though corresponding 
to distinet congruences. 

Assume that I corresponding to (2) bounds an M, and let y be the 
linear cycle intersection of WW, and H,. Ms; can be considered as the 
locus of y when y describes the y plane without crossing the cuts do, aj. 
The boundaries of MW; are obtained when y describes the lips of these cuts. 

Now the congruence (2) shows that when y describes the lips of the 
cut aya, the difference of the two manifolds generated by y is \,;A; and 
therefore when y turns around a,, y receives the increment \;6;. Hence 
if the (A)’s are not all zero, y is not an invariant cycle. 

Let I be a tube contained in MW; and having for axis the position 
of y in H,. If we suppress in M; the portion within I’ we obtain a 
finite VW.’ bounded by land Tl’. Thusif  ~ O 7 bounds together with a 
tube of axis in H, a certain finite Ms. 

(Conversely let y be a linear cycle of H, and consider its locus T’’ when 
y describes a circle of large radius. IT’ ~ O and moreover it will meet no- 
where the curves H,, Ho, if as we may arrange it y does not go through a 
base point of |H,!. Let us deform the circle until it coincides with the 
lips of the cuts aya;. There will be a corresponding finite deformation 
of I’ reducing it ultimately to a eyele T = SdA;A; + (Ao). A; indicates 
the difference between the manifold generated by y on both sides of aoa; 
and therefore \,6,; is the increment of y when y turns around a;. Hence 
if y is not an invariant cycle the (A)’s are not all zero and we have here a 
finite two-dimensional zero cycle relative to a congruence (2) with coef- 
ficients A; not all zero. The number of distinct congruences corre- 
sponding to such cycles is therefore equal to the number of distinct cycles 
of H, of which no combination is invariant, that is to 2p — 2q. 

17. It follows from the preceding discussion that there are 


N — (4p — 4q +m — 1) 


distinct finite eyeles. Equating this to the number R, — 1 already found 
we obtain 
R. = N — (4p + m) + 4q¢ 4+ 2. 
* Poincaré assumed this number to be 2p + m — 1 hence did not arrive at the correct value 
for R;. The correct value here given was obtained by Picard by transcendental methods. See 


Picard-Simart, vol. II, pp. 377, 398. 
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The number J = N — (4p + m) formed with the characteristic numbers 
N, m, p of |H) is a numerical invariant which would remain the same 
if it were computed from the corresponding characters of a linear system 
such as FE! of No. 6. It is in fact known as the invariant of Zeuthen- 
Segre. Various geometers (Segre, Castelnuovo and Enriques) have shown 
how it may be computed from the characters of any linear pencil of 
curves. Be it as it may we have the fundamental formula 


R, = 1+ 4¢ + 2, 


in which enter only the invariants of fF. It was first correctly derived 
by Alexander loc. cit.) by two distinet and very original methods based 
essentially on a subdivision of F into a generalized polyhedron, much 
as is done by Poincaré in his first Mémoire, followed by an application 
of the Euler-Poinearé polyhedron formula. 


INTEGRALS BELONGING TO ALGEBRAIC SURFACES. 
N i Doubli inte qrals and the iy re sidues. 


19. Given a rational point function R(x, y, z) on F we may set up a 
double integral 


(1) SS Roa, y, z\dxrdy. 


This integral is assumed taken over an M, of the surface. Just as with 
abelian integrals we are here led to integrate over cycles at all points of 
which the integral is finite. The corresponding value of (1) is called a 
period. A cycle may be reducible by deformation to a line and yet vield 
a period. It is then a tubular manifold having for axis this line which 
must be situated in the curve of discontinuity of (1). The period is then 
said to be a residue. 

19. The following theorem will prove useful in the study of residues. * 
Here and in the sequel we denote throughout by dl’/dar, aU’ dy, the 
partial derivatives of U(x, y, z) when z is considered as a function of 
x, y, reserving the notation U,’, U, 


, 


, U.’, for the partial derivatives when 
the variables are all to be considered as independent. Then, 7f at all 


points of a two-dimensional cycle VY, the rational function U(r, y, 2) is 


finite and F,’ + () 
"faU ar 
J J Or da dy = OY dxrdy = (), 


e e/]| 


Let us take for example the first integral. At all points of Ir 
D(z, y) phy 
D(U,y)  U,’F,' — U,/F, 


It was first given in the writer’s Mémoire in the Annali di Mat., ser. III, vol. 36 (1917), §8. 


~ 


(). 
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Hence the change of variables X = U(z, y,z), Y = y transforms T 
into a finite cycle I’ of the real four-space image of the values of X, Y. 
Applying Poinearé’s extension of Cauchy’s fundamental theorem to 
functions of two complex variables we obtain at once 


‘aU | 
ff ar dxdy = | fax ay = & 


as was to be proved. 
20. A first corollary is that the integrals 


‘al’ 97 
*) 7 
(Z {{ ar dxdy, ff ay da dy, 


have no residues. Indeed a cycle corresponding to a residue may always 
be deformed so as to satisfy the conditions of the theorem. 

Let now D be a curve of discontinuity of ‘R(x, y, z) other than the 
curve at infinity and g(x, y) = 0 its projection in the zy plane. We may 
write 
A(x, y, 


Riz, ¥,2) = 
[gix, y) 


ja 9 

J 

where A(x, y, Z) is a rational function finite on D and a@ is a positive 
integer. Assuming as we may if the axes are properly chosen that 
giv, y) contains the variable y, we have identically if a > 1, 


"CLA ] 0 A a a 1 a A 
| | (= © ie me O OY gy'g" ,) dedy - | | a — lg 2(5 ) dxrdy. 


This coupled with the remark made above shows that as far as its residues 
with respect to D are concerned the integral 


ey * fA, ¥, 2) 
| | Rix, Y, zjdxdy = . ; dxdy 
J ~ J J (gla, y)] 
can be replaced by one of the same type with a — 1 in place of a. This 
can be continued until we arrive at an integral of type 


"A(z, w, 2) 
(33 i‘ dxrdy 
; J e Q\v, Y) , 


and with the same residues as the initial one. 

Let now T be a tube of axis y in D corresponding to a residue of (1) 
and so deformed as to have no points at infinity. Passing from the 
variables of integration x, y, to the variables x, g, and denoting by I’ the 
transformed of IT’ in the real four-space corresponding to the last pair 
of variables, the residue of (3) relatively to T is equal to the value of 
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[ A(r, y, z)dxdg 


, 
e e |" gg y 


(4) 


Now I’ is a closed tube of axis y’ in y = 0. Let P be a point of y’, 
a, tir,” its x The real three-space x’ = x,’ of the complex (x, g) 
space intersects the manifold g = 0 in a line 6 through P and I’ in a 
closed circuit « surrounding 6. We can slide ¢ in its space until it becomes 
a circuit e of the plane x’ = x,’ and this without its ever nweting 6. 
Carrying the process out as P describes y will result in deforming IT’ 
into a tube I’ generated by a circuit ¢’ of the planes « = Ct., when x 
describes a certain circuit ¢ in its plane. As the deformation from T’ 
to I'’’ may be made without ever meeting g = 0 we have 


7 


*( Adxdg *Adr "dg — > Adz 
a Gy’ ~j gy J go Jy Gv 


which shows that the residues of 3) are the pe riods of the abelian inte gral 
. . (A(z, y, 2z)dzr 
+9) 271 aor , q () 
q : 


belonging to the curve D. 

The converse of this proposition is almost evident for we can easily 
build a continuum I” corresponding to a period of (5) and obtain from 
it a tube YI. 

21. Residues may be classified into two kinds according to the type 
of residues which they constitute for the corresponding integrals. A point 
residue corresponds to a logarithmic period and a cyclic residue to a 
eyclic period. To a point residue relatively to D corresponds a tube of 
axis drawn around certain points of the curve—points which are either 
intersections with other discontinuities or else accidental singularities, 
that is singularities such as the point of contact with a tangent plane for 
the section by it. Hence if the integral has only one curve of discontinuity 
deprived of accidental singularities it has no point residues. Finally 
from a well-known property of logarithmic periods of abelian integrals 
follows that the point residues corresponding to any curve of discon- 
tinuity havea zerosum. We may mention that the residues corresponding 
to a given point of the surface also have a zero sum. * 


$2. Double integrals of the second kind. 
22. The classification of abelian integrals on the basis of their dis- 
continuities may be extended to double integrals. We say with Nother 
that 


* 


See the writer’s note in the Quarterly Journal, vol. 47 (1917), pp. 333-348. 
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(1) S SR x, y, z)dxdy 


is of the first kind if it is finite everywhere. It is of the second kind if it 
behaves in the vicinity of any curve of discontinuity like one of type 


“C7/aU . aVv 
(6) } ( et ae ) dxdy, 
an — ON OY 
where U, V are rational in x, y, z.* The difference between (1) and (6) 
being finite in the vicinity of the curve it follows from No. 20 that (1) 
has no residues and as we shall see this property is characteristic. 

Two integrals of the second kind differing only by one of type (6) 
are said to be equivalent. Our fundamental problem consists in finding 
the number of inequivalent integrals of the second kind. 

An integral of the second kind is said to be improper if of type (6), 
proper if not of this type. 

An integral is of the third kind if it belongs to neither of the two 
kinds already mentioned. Our discussion will be wholly confined to 
integrals of the second kind. 

23. We proceed to show that integrals without residues are of the 
second kind. For if (1) is infinite on a curve D of projection g(x, y) = 0 
we may by subtracting a suitable integral (6) reduce it to the form 


“(CA(zZ, Y, 2) 
Y *) drdy. 
* q 


The residues which are the periods of 


being all zero, this abelian integral is a rational function 277-U(x, y) 
on D, hence 


i [| A(z, y, 2 ‘te. = Ueee 


) 
dxdy 
Y Y] ; 


. r D(- +g 
_ | | 9 — D ; ) dxdy 


(x,y 


- ff dem FF 3(S) en 


is finite in the vieinity of D, which is sufficient to show that (1) behaves 


* This definition differs slightly from Picard’s, but seems somewhat more convenient. See 


Picard-Simart, vol. I], p. 160. 
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like an integral (6) in the neighborhood of D. Obviously then when | 
there are no residues the integral is of the second kind. * 
24. Let us now prove that integrals of type (6) preserve their form under | 
birational transformations. Indeed we have | 
au aV DiU,y) , Dir, V) 


Ox dy D(x, y) Dir, y) 
DiU, V) ra) v= ) rs) (vot) 
Dix, y) On dy J ay ox J 
Hence if x’, y’, 2’ are the new variables and U;, Vy, rational functions of 
them 


"?P/aU av -P/DU. 2 Dir. V _ 
Cf (yea) aedy = ff (Qe ap )aray 


"fal av: — 
ee = ) de dy 
JJ \axr' * dy : 
as we wished to show. It follows in particular that if an integral (1) 
behaves like an integral of the second kind in the vicinity of a curve D 
of F not fundamental for the transformation, its transformed will behave 
similarly in the vicinity of the transformed curve of D on the transformed 
surface. 


S a On the pe riods of OK rlain double inte qrals, 


25. The reduction and enumeration of integrals of the second kind 
rests upon the study of the periods of a class of double integrals of which 















the simplest are of type 


. . 


(7 2 : drdy, 





where Q is an adjoint polynomial of the surface. Such an integral has a 
meaning whenever taken over a manifold at finite distance for the inte- 
grand is then never infinite to a power greater than one half. Closely 
associated to (7) is the abelian integral of H, | 


(2) {= T; Y, Zz in 
‘ Y, 

Let 2,(y) be the period of (8) with respect to the cycle 6, of No. 6, 
unchanged in the vicinity of the critical point a; As (7) extended to a 
finite portion of Hy, is zero, its value extended to a evele DAA, + (f{,) 
such as considered in Part I, is equal to 


* Picard-Simart, 


vol. II, p. 203 
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(9) >, / Q(y)dy, 


a 


and the condition }°d,6; = (Hy), gives here since ay is arbitrary 


10) DA: 2i(y) = 0. 


26. If we impose upon a polynomial g(x, z) the condition of being 
adjoint to the curve F(x, y, z) = 0 we merely constrain its coefficients 
to satisfy a certain number of linear equations with coefficients rational 
in those of F, at least this will certainly be the case for reasons of sym- 
metry if the curve has no other singularities than double points with 
distinct tangents. Hence the most general polynomial of a given order 
adjoint to the curve is a linear combination of a certain number of poly- 
nonuals with coefficients rational in those of the curve, or in the last 
analysis of a certain number of polynomials adjoint to the surface and 
of the given degree in x and z alone if not in the three variables z, y, z. 
As a consequence (No. 5), an arbitrary integral (8) has 2p + m — 1 
distinet periods and we may give ourselves 2p + m — 1 such integrals 
with a non-zero period-determinant of order equal to their number. 

27. Starting now with the same adjoint polynomial Q(z, y, z) that 
appears in (7) and with a polynomial in y, ¢(y), we form the double 
integral 


11) 


r (* yoQ (ar, y, ip 


Js F,’ 


and we shall show that its periods may take completely arbitrary values. 
These periods are quantities. 


2, AS g(y)Q)(y)dy, > A,'2;(y) = 0. 


— 


If our affirmation were incorrect there would have to exist a relation 


such as 


a 


> s My | yQ(y)dy = 0 


with coefficients y; not all zero, satisfied for all integral values of the 
exponent, k. This would lead at once to 


Q(y 


a ) 
= () 
»» wf y-—a dy 


for a arbitrary. Assuming then y; + 0 the increment 277y4;Q;(y) of the 
left-hand side when y describes a closed circuit surrounding a; would 
have to be zero. But in that case 2;(y) = 0 and as a consequence the 
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eycles of H, would all be invariant in the vicinity of a;, (No. 6), which is 
impossible if F is not ruled or of Steiner and |//,} is arbitrary. We con- 
clude then that the periods of an arbitrary integral (7) may have any 
set of V — (2p + m — 1 — R,) values. As we have seen 2p — FR, of 
the corresponding cycles are reducible by finite deformation to tubes 
With axes in on manifolds which correspond to residues of the double 
integral. We can form integrals (7) for which these residues are equal 
to zero, the other periods having arbitrary values, and these integrals 
are of the second kind. 
28. Nearly all this applies to integrals of the second kind, 


‘ "( X,Y, 2) , 
1 (fH? deny 
ow Q\ Vg I z 
where Q is adjoint to F and the polynomial ¢ has no critical value for 
root. The period corresponding to (9) is still 


>A r 2 CY dy, 


where now Q; is the period of 


‘ ; () I, Y, < } 
(13 eat ee 
giy I z 


‘ 


relatively to 6;. The value of this period does not change when the cuts 
are made to cross a root yo of ely 0. Indeed when for example aya; 
is made to cross yy the period increases by 27/7 times the residue of Q,\y) 
with respect to the pole yy. But this increment must be zero for its value 
is also the residue of the double integral of the seeond kind (13) with 
respect to a tube having for axis the position of 6; in H,,. Similarly if 
wy) is any period of (13), the function 


S wiyjdy 


is meromorphic in the neighborhood of the roots of ¢(y), and in particular 
if wy) is rational the integral is also a rational function of y. All this 
ceases to be true when either (12) is not of the second kind or ¢(y) vanishes 
at a critical point. 

Remark. We have just mentioned periods of (13) rational in y. An 
example is furnished by a period corresponding to an invariant evele, for 
it is meromorphie for all values of y. | 

yAlR If the integral 12) is without pe riods with respect to thie finite cycle 8 
it can be put in the form* 

* See Pieard-Simart, vol. IT, p. 354 


t The proof here given is not essentially different from that in Pieard-Simart, vol. I, p. 3 
for the special case ¢ + 
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"fie 0 B 
(14) | (; oe - —_, } dzd 
P = Ox gk Bs + Oy ok B . Y 
(A, B, adjoint polynomials, ¢ polynomial in y). Let us recall first that 
as shown in No. 26 we may choose 2p + m — 1 integrals 
ra "Q(z, y, z) : 
(15) oF dx (j7 =1,2,---,2p+m-—1), 


with a non-zero determinant of periods. Let y:, yo, +++, Yoq be 2q in- 
variant cycles of H, independent mod F, and denote by w;, w,; the periods 
of (13) and (15) with respect to y;, and by Q,, that of (15) with respect 
to 6... We may consider the equations in the (c)’s 


. °2n+m—1 


Q.(y)dy = > rOQnLY) k= 1,2, ---, N); 


w(yjdy = : a C10; (Y) (7 = 1, 2, ---, 2@). 
J 1 h=1 

Since any cycle of H, together with the (y)’s and the (6)’s can always 
be so combined as to form the boundary of a finite part of H, the matrix 
of the coefficients is of rank 2p + m— 1. The distinct combinations of 
the right-hand sides identically zero are all derived from the relations 


> AcQacly) =O (A, integer; h = 1, 2, ---,2p + m — 1), 


which are known to exist and there are NV — (2p — 2¢ + m-— 1) of 
them. But when such a relation is satisfied, }°\,6, bounds a finite part 
of H, and Sod, A, + (Ho) is a two-dimensional cycle without infinite 
points. The corresponding period of (12) is then zero by assumption, 
hence 


pe Qy dy = ), 


or since ay is arbitrary and can be replaced by y, 

Dai | Qi(ydy = 0. 
This shows that the equations in the (¢)’s are compatible, and therefore 
furnish a unique solution. As the left hand sides and the coefficients 
are meromorphic for arbitrary values of y as well as for the roots of ¢(y) 
No. 28) the same is true for the (c)’s. The only singularities which 
they might acquire are the eritical values. But when y describes a closed 


circuit around a, the quantities 
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Q,.(y)dy, Qnely), 


receive increments 


r O (y)dy, AD. (Y), 
and therefore the system of equations which we are considering remains 
invariant. This shows that even a critical value is at most a pole of the 
(c)’s so that these functions are rational in Y. 


Setting 


where A and y are polynomials, the first adjoint to F, and considering 
(Q(x, y, 2 @d A(x, y, 2 
f (Os: 92)_ 2 ACs, ¥.2)) 9g 
‘ ely dy Py, 


we remark that it reduces to a rational function on /7,, hence 


Gir, y, 2 0 A(x, y, 2 al’ 
ton || aM OY y Y Pe or 4 
where U is arational function. As it can have no poles at a finite distance 
for y fixed, 
; Bir, z 
te ee 
Viy)F: 


Since A, B can be replaced by Ay,, By, and y, ¥; by their product, our 


proof is now complete. 


N 4. Inte qrals of the second } ind, Re duction and CUMING ration. 


30. Let D be an irreducible algebraic curve in general position on F, 
g(x, y) = O its projection, 


R(z, (A, B polynomials), 


Y << = / 


a rational function infinite on the curve. The resultant of B and F 
considered as polynomials in z alone is of the form g*-G(z, y) with G a 
polynomial prime to g, and we have 


g°-G = C,-D, + D:-F, C;, Di, D2, polynomials). 
Hence on F 


On the other hand, breaking into partial fractions, 
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1 Hy(x, y) H»(x, y) 


= (f1,, He, poly lals), 
g-G~ ¢y)-g* * ely)-G(z, y)’ H,, H», polynomials) 


Hence in the vicinity of g(x, y) = 0, R is infinite like 


A\H, — K(x, y, 2) 


Ri(x, y) = ; 
EY) -g ElLY) Gg 


and as ¢(y) vanishes only for the (y)’s of the points for which g = G = 0, 
and the curve D is in general position, ¢ has no critical value for root. 
We may note in particular that if g(r, y) = 0 intersects F into two curves 
on one of which #? is finite, 2, will be finite on the same curve. 

31. Given an arbitrary integral of the second kind with curves of 
discontinuity in general position, 


dxdy 


16 fr ry, y, z)dady { [F/R Ty Yy 2) py 


we may apply the first part of the preceding discussion to RF,’ 
the integral in the form 


- "ff A(z, y, z)drdt 
” IJ TT igo nF 


where g(x, y) = 0 is the projection of an irreducible curve of discon- 
tinuity D,, the integral being finite on the other curve of F having the 
same projection. Having effected if necessary a preliminary trans- 


and put 


formation of codrdinates we are at liberty to assume that the (D)’s occupy 
a general position with respect to the axes. 
The double integral behaves in the vicinity of D; like one of type 


eral. ay 
| | (“ + ‘ ) dxdy. 


In so far as the vicinity of D, is concerned this last integral, according to 
what we have just seen, may be replaced by another 


fs @ t. 0 C, 
(18) - - “-,. )drdy, 
Js or glygr* dy elygi' - 


where Ci, (2, ¢ are polynomials, ¢(y) having no critical value for root. 
Subtracting from (17) all the integrals (18) corresponding to its various 
curves of discontinuity we obtain one of form 


i i Ayla, y, z)drdy 
JJ ely) I] gta, y) Fy 
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equivalent to (17) but infinite only at infinity and on the curves ¢(y) = 90, 
of which none correspond to critical values. Clearly the polynomial 
Ay, y, Z) must vanish at least once on the complete intersection of F 
with g; = Oif it isa simple curve of F, and at least twice if it is double. 
The (g)’s being assumed irreducible, we can apply Noéther’s generalized 


theorem* which gives 
A, = Ag; + BF A, B polynomials 
Hence on the surface 


Ay 


| 


A, pols nomial, 


so that the integral may be replaced by one of the same form with a; — 1 
in place of a; This can be continued indefinitely and for all the (qg)’s 
so that the integral assumes finally the form 


* 7 Q(x, y, 2)drdy ae , 
19 | fo EY St ¢ has no critical value for root 
. e iy F 
and as it is finite on the double curve the polynomial Qur, y, z) is adjoint 
to the surface. 
32. According to No. 27 we may form an integral 
> (P(x, y, z)drdy — , 

20 Ke! : P adjoint polynomial) 
with periods equal to those of (19). Their difference is of the same 
type as (19) and therefore (No. 29) improper of the second kind, hence 
(19) and (20) are equivalent. We conelude then from this that any 


inte gral of the second kind is equival nf lo one of form 20) that is to an 
integral finite at finite distance. since H, Is an arbitrary Il we may 
affirm that ani inte gral 0] the second kind is equirale nt to one infinite onan 
arbitrary plane section and nowhere else. This shows that such an integral 


behaves as if it were Improper in the neighborhood of ani point of F, 
and not merely so in the neighborhood of a generic point of the curves 
of discontinuity as the definition simply asserts. As a corollary when F 
is birationally transformed into a surface with ordinary singularities F’ 
an integral of the second kind J of F becomes one of the second kind JJ’ 
of F’. For if J; is the improper integral corresponding to a point M 
transformed into a point WW’ or into a curve M” (fundamental curve 
of F’ and J,’ the integral into which J; is changed, the difference J — J; 
J’ — J,’ being finite in the vicinity of Moon F, will also remain finite 
* Picard-Simart, vol. II, p. 17. 


"1card-Simiart, vol. II, p. Ist), 
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in that of M’ or of a generic point of M’” on F and as J,’ is improper of 
the second kind for F’ our assertion is justified. 

Remark. Integrals of the second kind belonging to a surface F with 
arbitrary singularities may be defined as those which become of the 
second kind when F is transformed into a surface with ordinary singu- 
lurities, 

33. With /, integrals of the second kind of type (20) we can always 
form a linear combination without periods and therefore improper. 
Hence the number py of unequivalent integrals of the second kind is 
given by 

po = Ro —-p = 14+ 4q, — p42: p integer = 1), 
Which is Pieard’s classical formula.* In the next section the number p 
will be identified with the one that he has designated by the same letter. 
According to No. 28 po remains invariant under birational transformations. 
As is well known this is also the case for g but not for J and therefore not 
for F. or p. In the customary terminology po, g are absolute invariants 
and p, 7, Ro, are relative invariants. 


$5. Integrals of total di fhe rentials. 
34. An integral of total differentials is an integral such as 
(2] S Udy + Vax, 


where (’, V, are rational functions of F satisfying the condition of inte- 
grabilitv of Poinearé 
aly ave 


Ov OY 


thanks to which (21) is a point-function on the surface. The integral 
has periods obtained by taking for paths of integration linear cycles of F. 
If the eyele reduces to a small cireuit around a curve of discontinuity the 
period is called logarithmic, otherwise it is called cyclic. When the small 
circuit is displaced without intersecting the curves of discontinuity the 
logarithmic period is unchanged so that it really belongs to the curve of 
discont inuity considered, also called logarithmic curve. As any linear cycle 
is homologous to one in a given plane section, the periods of (21) are 


also those of 


* See Picard-Simart, vole I, p. 497. This formula holds even for a ruled or a Steiner surface, 
Indeed the whole argument holds with only slight modifications if we re place everywhere H 
by 27/7), this being also true for the next section, Asa matter of fact for a ruled surface 

\ m, R 2p, p 2 (Severi), ee Q, 


That is, a ruled surface has no proper inte vrals of the second kind. This holds also for a Steiner 


surface since it is rational. 
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(22) S Udy, S Vde 


belonging to H,, H, respectively. 

Integrals of total differentials have been divided into three kinds on 
the same basis as abelian integrals. The first kind includes integrals 
finite everywhere; the second, integrals without logarithmic curves; and 
the third, integrals possessing some. 

Let C,, Co, «++, C, be irreducible logarithmic curves of (21), m,, u; 
the order of C; and the corresponding logarithmic period. The integrals 
(22) will have m; logarithmic points with a period of uw, for each, therefore 


>> mu; = 0. This shows that an integral of the third kind has at least 
i=l 


two logarithmic curves. In point of fact we shall show in the next section 
that p + 1 is precisely the least number of logarithmie curves of such 
an integral. 

The study of integrals of the first kind forms one of the most inter- 
esting chapters of algebraic geometry, but as it is unrelated to the con- 
siderations of this paper we shall omit it here. 


\ oF Integrals of total differentials of the se cond | ind. 


35. In the notations of No. 25 we may consider the system of equa- 
tions in the unknowns ¢, 


j= 1,2, --+,N; kh = 1,2, ++, Be), 


where the (d)’s are arbitrary constants not all zero. It may be shown 
here again that there is a unique solution composed of rational functions 
of y. The integral 


J Ve ( V pees * z) ) 


has only the (d)’s for periods, hence 
af.. 
(23 5, | Vax 
OU >~ 
is a rational function on H,. Reasoning as before, we mav show that 
there exists a rational function U(z, y, z) such that 
ou aV 
or oy’ 
so that 


S Udy + Vdz 








Neath NN a ane tiaag 
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is an integral of total differentials. It may have logarithmic curves 
belonging to {H,} but these may be eliminated, as we have had occasion 
to show, by subtracting integrals 


[ ady 
J y-a’ 


which do not affect the periods with respect to the linear cycles of F, 
periods equal to those of (25) that is to the (d)’s. The integral finally 
obtained is said to be of the second kind. Obviously we may have 2q 
such integrals with no linear combination deprived of periods, that is 
with no linear combination equal to a rational function, which is expressed 
by the statement that there are 2q linearly independent integrals of total 
differentials of the second kind. Let us mention that the number of linearly 
independent integrals of total differentials of the first kind is equal to q. 


$7. Integrals of total differentials of the third kind and their relation to p. 
36. We have seen that there are PR, — 1 distinct integrals of type (19) 
with non-zero periods. Hence if p = Re — po > 1, p — 1 of these inte- 
grals must be improper, that is there must be p — 1 distinet improper 
integrals of type (19) with non-zero periods. When (19) is improper 


Q(x, y,z) aU. dV 


3 ‘ 
c y)F, Ox OY 

and according to Nos. 30, 31 and with similar notations U, V are both 
of the form 


The logarithmic periods of 

(24) — f{Vdr 

relatively to the points where //7, meets D,, irreducible curve of infinity 
of U, V. not contained in |H,!, are functions of y alone. But their 
derivatives with respeet to y are zero, hence they have a constant value y;, 
the same for all points on D,;. Now if (19) has no periods 


c 


Q(x, y,z) ol, dV, 
gly F.’ Or OY 


where U’,, V; are both of the form 


(24) ' 


* See Picard-Simart, vol. I, p. 100. 
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Comparing we obtain 


hence 

25) (U — Udy — (V — Vide 

25 S (l Ui)dy 1) 

is of total differentials. Let H,, (yy finite), be a curve of discontinuity 
of (25), 277a, the corresponding logarithmic period. The integral 


[(v -U,-dD | y )dy —(V — Vi)a 


oe 


‘ 
has no othe r logarithmic CULVES than H, and the D's = thee pe riod re lative ly 
to D; being p;. 


37. Conversely let us assume the existence of an integral 
: = = al’. av. 
U.dy — V.dz, a one Q 
. ae . Or OY 
such as we have just described. As we may write 
Ola W..2 ai) << 2 ais — | 
one | | F. Ou OV 
the integral 
— fiV — V.)da 


behaves like a rational function everywhere on H, except perhaps at 
infinity. As its points of discontinuity are determined rationally In 
terms of y, there exists a rational function Rix, y, z) such that 


° » = OR 
V; ;-—-V,-- 
Or 
is of the form 
1(x, y, 
ge Y F’ 
Phen owing to the identity 
Q(x, y, 2) al, OV: : ; ‘ aR 
7; =. +—,. U, U-U,+—, 
ely F, Or OV . i OV’ 


U'; is of the same form as V, and finally (19) has no periods. Hence, 
in order that the double integral 19) be without pe riods it 7s nece ssary and 
sufficient that there exist an integral of total differentials with H, and the 
D)’s for logarithmic curves and a period for D; equal to the corre spond- 
ing period of the abelian integral (23) for any point on this curve. 

38. We now propose to form an abelian integral belonging to H, of 
type 
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A(z, z)dx 
J gilz, y)F,’ 


(A indeterminate polynomial adjoint to the curve), with no other dis- 
continuities at finite distance than the points on D; the corresponding 
logarithmic periods being all equal to +1. The relations which this 
imposes upon the coefficients of A, assumed of conveniently high degree 
are certainly compatible and moreover rational with respect to y, hence 
the integral is of the form 


> A(z, y, z)dxr — 
F oe ] Vda, 
J vygila, y)F. ‘ 


where A is now an adjoint polynomial vanishing on the curve other 
than D; projected on g,(x, y) = 0. The abelian integral 


a 
—- = V dx 
OY. 
behaves like a rational function at finite distance, hence as above there 
exists a rational function U’,’ such that 
Pz. y, Z) al,’ av,’ 
x YF! Ox OY 
P,’ adjoint polynomial, y polynomial in y) this identity itself showing 
that UU,’ is of the same type as V,’. 

For the sequel it is necessary to operate a further reduction so as 
to remove x(y) concerning whose roots nothing is known. From the 
discussion of No. 27 it follows that we ean find two functions U,’’, V,’’ 
of type 


Bir, y, z ; _ 
¥ 4, 4;, B, polynomials, the last adjoint) 
A(x) A (yt : 
such that 
P(e. Y, 2) au.” ov,” gf 2, Bs 2) ou, ; OV, 
x | y)F,’ a Or bid OY : re 7 OX ; Oy 


The abelian integral 

25) ~ Sf Vide 

may have logarithmic periods with respect to points on curves H, but 
to the points on a given H,, will correspond the same constant period 
say 2773,. The functions 


My Vim Bore 
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have the same partial derivatives with respect to y, hence the first may 
be replaced by the second in the identity which defines it, and the cor- 
responding integral (26) will then have nowhere logarithmic periods with 
respect to points on the curves H,,. We will thus be able to write 

rAg, #2 al, aV 


a = 


F,’ Or Oy’ 
the integral (26) having now no other logarithmic singularities at finite 
distance than the points on D; with corresponding periods equal to + 1. 
39. Let us now return to the consideration of improper integrals of 
form (19). We have 


eae r. y. 2) I(r yg Pe fal’ av 
! be e aa ae es acy | | 4 ) dedy, 


The double integral at the right is again of form (19 but this time 

— fVdr 
has no logarithmie singularities at finite distance and therefore the double 
integral has no periods. We conclude from this that the number p — 1 
of distinct improper integrals of form (19) admitting of no linear combina- 
tion without periods is the same as when only integrals 


> > T.Uu. 2 drdy . > rary av 
ie Ff Je Sine ) dedy 
. e [ z . . or OV 
are considered. But if Sou.J, is without periods there exists an integral 
of total differentials with H,, D;, Do, ---, D,. for sole logarithmic curves, 


and a period y; with respect to D, and conversely. Hence the number 
p — 1 of distinct (J)’s of which no linear combination is without periods 
is equal to the maximum number of curves of / which together with H, 


may not form the logarithmie curves of an integral of total differentials. 


Let Dy, Do, -+-, D,.; be any p+ 1 curves of F. There are two 
integrals of total differentials, J,;, J. with the respective logarithmic 
curves H,, Dy B.. +«+-, BD; and H.. D,. ---, D4, Doo, and periods 
a}, a2 relatively to H,. One of the two integrals of total differentials 
aol, = als, I, if a 0) has D,, ) eee dD, , for sole logarithmic 


curves. Therefore the number p is the maximum number of algebraic curves 
which may not be logarithmic curves of an integral of total differentials 
which is the very interpretation given for this number by Picard. | 

40. Let us recall briefly how Picard arrived at the number p.* Starting 
with an algebraic curve D; he first formed an abelian integral of the third 
vol. IT, 


* Picard-Simart, 
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kind belonging to H, 
J,<= SV dz 


having the points on D; for sole logarithmie points the corresponding 
periods being all + 1.) Let i,1, @ij2, +++, @i,2)4n—-1, be a fundamental 


system of periods of J;.. When y turns around one of the critical points 
w;, becomes 


wi, = > m,,wi + m,, 
the integers m,,, m, being independent of J;. From this readily follows 


that by taking a sufficiently high number of these integrals we can form a 
linear combination with coefficients b,(y) rational in y, as 


J = DbidyJ; = fVadz 
with all periods constant. Hence as in No. 35 there exists an integral 
of total differentials 
S Udy + Vaz, 

with the ())’s and the curve at infinity for sole logarithmic curves. This 
shows that there is a maximum p of the number of curves which may not 
become logarithmie curves of an integral of total differentials which is 
precisely the definition found for p in No. 39. 


$8. Summary of further developments concerning the number p. 

41. Only second in importance to Picard’s work must be set Severi's 
discovery of the relation between the preceding theory and the dis- 
tribution of algebraie systems of curves on the surface.* The writer may 
also mention his own contributions which connect the Picard-Severi 
theory to the topology.7 We propose to dwell rapidly on these various 
developments. 

By definition a continuous complete system {C} of curves of F is 
said to be the sum of systems {A}, |B}, if there is a C composed of an 
A anda B. The system is perfectly defined and we write 


((") (4 + B}, or C=A+B. 
From this to consideration of systems {A — B}, or more generally >°\.C; 


where the (A)’s are integers is but a step. We write }©\,C; = 0 and say 
that the curves are algebraically dependent if there is a C such that 


(C+ D.C} = {C}. 


* Sulla base per la totalita delle curve... , Math. Ann., vol. 62 (1906), pp. 194-225. La 
base minima pour la totalité des courbes... , - Ann. Ec. Norm., ser. 3, vol. 25 (1908). See also 
two very interesting Memoires by Poincaré, Ann. Ee. Norm, Sup., ser. 3, vol. 27 (1910), pp. 55 
10S. Jerliner Sitzungsb., vol. 10 (1911), pp. 28-55, where results closely related to Severi's 


are obtained by means of Abel’s theorem. 
+ Rendiconti dei Lincei, loc. cit. 
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Let [AB), [4°], denote the number of points common to generic curves 
A, B, or to two curves of |.1}, respectively. Severl has established that: 
In order that N\A = XB (X\ some integer) it is necessary and sufficient that 


[A*] = [AB] = [B’]. 


t 
By means of this criterium he showed finally that: The curves Cy, C; 
C a, Ore alge braically de pe ndent if and only if they are the logarithmic curves 
of an integral of total differentials of the third kind. This is his funda- 
mental result. From this follows that there can be found p independent 
curves (,, Co, «++, (, such that for any other C there is a relation 


WC = LAC 


The curves C form a =0-called hase for all the curves of the surface. Thus 
on a ruled surface p 24a base being constituted hy a generator and a 
plane section, on a quadric again p 2? and two generators not of the 


same system form a base. 

42. We have already mentioned that an algebraie curve forms a two- 
dimensional cycle. We will call algebraie evele a evcle homologous to 
one of this nature. It may be shown, as is only partly done in the writer's 


Lincei note, that a cycle is algebraic vf and only if double integrals of the 


first kind have nO pel ods mith re spect lo it. Hence p 18 thie } verde r of distinet 
cycles with respect to which these integrals have no periods. From this may 
be deduced the following fundamental result: To a homology between 
alge braic cycle S Corre sponds aq ve lation of di pe ndence hetivreen the CULES and 
vice versa. These theorems find numerous applications of which we may 
mention one—the first correct proof of a theorem stated hy Nother 
according to which the most general surface of order > 3 possesses No 


i . ‘ 
other curves than complete tersections. 





























THE POTENTIAL OF RING-SHAPED DISCS. 
By E. P. Apams. 


The method of obtaining solutions of Laplace’s equation in cases 
where there is symmetry about an axis by means of zonal harmonies is 
well known. In brief, the method consists in expanding the known 
value of the potential on the axis in a power series in 2, the distance 
measured along the axis, and in this series replacing x" and 1/2"*! by 
r’P,, (cos 8) and (1 r"*')P,, (eos 6) respectively. r is the distance in 
any direction, #, measured from the origin. Each term in the result 
being a solution of Laplace’s equation which reduces to the given value 
on the axis, it follows that the expression so obtained is the value of the 
potential at any point where the series is convergent. There are cases 
in Which this method fails. We can, however, express the potential at 
any point due to an elementary ring of our distribution of matter by this 
method, and then in a number of important cases this expression can be 
integrated over the whole distribution in such a way that the resulting 
series is absolutely convergent for a definite region. In eases where both 
methods can be used some interesting consequences follow from a com- 
parison of the results. 

In the following we shall be concerned with thin circular ring-shaped 
dises of both single and double layers; we shall assume that the density 
in the former ease and the strength in the latter ease is a function of the 
distance from the center of the dise only. The internal and external 
‘radii of the dise are a and b respectively; pis the variable radius measured 
in the dise; andr, 6, the polar coérdinates of any point in space measured 
with respect to the x axis which is supposed drawn normal to the plane of 
the dise from its center. As we deal only with cases of axial symmetry 
the second angular codrdinate of any point in space is not required. 


I. Potential due to single layer distributions. 
1. Denoting the density of the distribution by f(p) we have for the 
potential at any point on the axis: 


; p pdp 










































260 E. P. ADAMS. 


= war b, 
2. 8 =f. 


By first expressing the potential due to an elementary ring at any 
point within these three regions by the proper expansion in terms of 
zonal harmonies, and then integrating over the disc, we get: 


= 7 =o 
, 1) 1-35) i-3-3 #* 
a = = ) ) ) do 9) 
Vi=2n} flo) }1— 5 BPs t5.4 Pt 9.4.6 90 ide, (2 
? ae 
a, ; p _ l p bs l sp » l } » p > - >) 
V = 20 J fle r oP tog ph 246 io 
a a 7 h 
: . p l l 5 0 
J = 27 | J p sae r o { =P, = dp 
‘ . lr ) 1-3 i ) 
T 27 J ‘i - 2 p P: 2.4148 - tdi | dp. 


In these expressions P,, is written for P,.(cos 4). 

In any case, therefore, In which we can integrate S pli p dp, where n 
is any positive or negative integer we can solve the problem completely. 

Now we know that the resulting expression for the potential in any 
one of the three regions must be a solution of Laplace's equation: 


d ay | a) ay 

: =, ) : sin @, ) (). 5) 

or or <1n & df a” 
Terms Ol the form A.rP, and B rr P, are known to he solutions of 
this equation. Therefore the sum of all the other terms must be a solu- 
tion; in this way we are able to get some interesting special solutions. 
Our results must be continuous at the boundaries of the separate regions. 


The solution in the region a = 7 = b must satisfy the relation at x = 0, 
6 = 7/2: 
av ; 
= 5 2m}(p). ) 
Od . 


Potential due to single layer distributions whose d nsity is proportional to a 
positive or negative integral power of the radius. 

2. Betore giving the solution of this case in general it will be worth 

while to consider two special cases, First, suppose the dise to be of 


constant density, k. Applying (2), (3), and (4) we find: 
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V = ak | (b— a) + 5(j _ 7 EP _ “s 
~ ) tf 





) 3 id . 

2° 2 ra )P2 a 4G +5)? 
eed Ee | 

ty ae gte)Po—-) (9) 


_ 
we 
~ 


Putting r = a in (7) and (9) we see that they both give the same result; 
and putting r = 5 in (8) and (9) we get the same result. Thus the con- 


ditions of continuity are satisfied. The last term in (9) must be a solu- 
tion of Laplace’s equation; we should therefore expect this term to be 
rP,(cos 6). This is the value we should get for it if we had solved this 
problem by integrating (1) first and then expanding it in terms of zonal 
harmonics in the usual way. Further, with this value the relation (6) 
is satisfied. We therefore have: 


Fe. 1\, 1-3/1 ,1)\, 
r - COS 6 = ~ 4 4(1 = t)P: - 9 -a(gtg)?s 


= - =- 


1-3-5/1 l 
PES ip 5. tem 
2-4-6\5 Ss 
The infinite series in (10) is absolutely convergent in the interval — 7 2 


y } pe 
3. We next consider the case where the density is inversely pro- 
portional to the distance from the center of the disc. According to the 


usual method we should have to develop (1) in a series, with f(p) = kp, 


a --: 


after integrating. On the axis we find: 
z b+ wet x 
V = 2nk log 


a+ va*+ 2° 


There is no difficulty here provided that x > 6 or « <a. But in the 


rezion b > x > a, we find: 
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(11) 


Here it is the term log 2b x that causes difficulty. It might be thought 
that we could use the zonal harmonics of the second kind, but these 
become infinite on the axis and so are useless for these problems. If we 
use (4) we get for the potential at any point in the region a <r <b: 


Comparing (11) and (12) we see that log 2b 2 on the axis expands into 
log (br) + Le (eos 4), where 


The other terms in (12) are formed from the corresponding terms in 
11) in the usual way. Now from the fact that 1, — log r must be a 
solution of (5), we find that Ly satisfies the equation: 


fa) 5 ol ' 
, | “In 9 shh O 
oW oW 


whose complete solution is: 


i 
se Cy log tan ras log <1) A _l Co. 


Since Lo must remain finite on the axis we must have Cy as Further, 
we see that we must have: 


log 2 1-5(5+5)+50(4+2) oe 14) 


{ 
L, og =) 
Hy 1: 


COs 


and that: 


log r(1 + eos 8) is thus a solution a) Laplace's equation, which is easily 


verified. It may he <hown without difficulty that the conditions of con- 
tinulty are satisfied, as well as the relation (6 : 


Ashen 


























THE POTENTIAL OF RING-SHAPED DISCS. 263 


4. In considering the general case where the density varies as any 
integral power of the radius it is necessary to take separately even and 
odd, and positive and negative powers. Let us consider first the case 
where the density is equal to kp?". On the axis we have: 


F P 7 p n+l] py 
} 2x: : 
Ja Va? + p? 
This can be integrated, giving: 
Jal 2nx*p 2n(2n — 2)arip?"- 
J = Va p’ | p-" — — 
2n | \ 2n — | 2n — 1)(2n — 3) 
—2n(2n — 2)(2n — 4)---2 
am ) yo ) 
2n — 1)(2n -— 3 l 
In this expression, after putting in the limits, y 2? + b*? is to be developed 


hy the binomial theorem in an infinite series in » b, and \ x* = a° in an 
infinite series ina@/xr. After multiplying the finite sum by the two infinite 
series, x" is to be replaced by r"P (eos 6) and x7’ by 1 r")P,-1(cos 6 
and the result will be the solution of the problem in the region a = r = b. 
This problem can also be solved by applying (4) to this case, putting 
lip kp?". On comparing the results of these two solutions we find 
that we must have: 


See ee SB eee ee 
2 (= 1)ate 2 “(, . 16) 


I ] 
2m + 2n + »)! me 


We are thus able to express any zonal harmonic of odd integral order as 


an absolutely convergent infinite series, valid between @ = — 7 2 and 
0 }- ¢ 2. in all the zonal harmonics of even integral order. Equation 


(10) is seen to be a special case of this general formula for n = 0. We 
get the same result by taking the density to be equal to kp 

5. When we consider simple layers whose density is inversely pro- 
portional to an even power or directly proportional to an odd power of 
the distance from the center we get results of an entirely different char- 
acter. Assuming the density to be equal to k p°"**, we find by the 


methods already employed: 
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In this expression n may be any positive integer including 0. It should 
be noted that the first term in the parenthesis in the infinite series becomes 
infinite for the particular value of m =n. This term is to be ignored for 
that value of m. This same result is obtained when the density is taken 
to be equal to kp**-!. With n = 0 we get (14) as a special case. 





















With the density proportional to p*"*?, this method leads to a particular 
solution of Laplace’s equation: 


Taking the density proportional to p n=l we find the corresponding solu- 
tion of Laplace’s equation: 


, 1-3-0---(2n — J 
| = 7 “ grp.p a ( 
2.4.6. -2n log r-P»,, Lise Bs 19 
be In these expressions L», is the absolutely convergent series: 
I _ ia | 1-3-5 2m — ] ] 
iia 2-4-6 »m 2m — 2n 
20) 


| Pp 
2m + 2n + ) = 


= — ' , 
sy substituting either (18) or (19) in Laplace’s equation (5) we find that 
L,,, satisfies the equation: 

o-y OY 1-3-5---(2Qn — J 

~ oo Na: ee | oe (6 

A? Ot a0 ZniZn ] y $7) ] 9.4.6...9 P. " 2] , 

6. As we shall meet similar equations in some of the other applica- 
tions of this method let us write it, putting cos 6 = pn, and 2n = m 


d “yf ' ra) 7] 


l—yu mim + l)y AP,,(m), (22) 


aa op 
Ou Ou 


where A is a numerical constant. This equation with the right-hand 
member equal to 0 is Legendre’s equation whose complete solution we 
know. Equation (22) can therefore be solved by the method of variation 
of parameters; we find for its solution: 





















THE 





Y = 10m + C2Pm + AQnS Predu — APnS PmQndu, 


where Q,, is the zonal harmonic of order m of the second kind. But as 
we are concerned only with solutions which remain finite on the axis one 
of the integration constants must be determined so as to satisfy this 
condition. This leads to a solution of the form: 


Y = dmP»-log (1 + 4) + G+ e2Pn, 


where G is a polynomial of degree m — 1. Since any polynomial can be 
expressed as a finite sum of zonal harmonies of decreasing order beginning 
with that one of order equal to the degree of the polynomial, we can get 
our solution quickly by assuming: 


y = a,P,, log (1 + pw) + G2Pm + DO Om—1rPm—t- (23) 
l 
When this is substituted in (22) we find: 
A 
Ge — 
2m—+ 1 
(24) 
24 2m — 2k + 1 
a — — ° 
2m + 1h(2m —k +1) 


The one remaining constant, ¢, may be found from the condition for 
A 0. The value of this constant for the solution of (21) we find from 
17), (20) and (23 


y O-+-2n 
SS -- (te = 1. | I ) 
Dh Be Dn 1-2 ' 3-4 ' (2n — 1)2n/]" 
7. Although the infinite series represented by (16) and (20) are 
absolutely convergent for — 72= 6= + 72, their derivatives are 


not convergent. Now it is the infinite series that we get when we apply 
4) to determine the value of the potential at any point in the region 
az r-7-b. In order that (6) may be satisfied it is necessary to sub- 
stitute for the infinite series their equivalents given by (21) and (24). 
Having done this all the conditions of the problem will be satisfied. 


Potential due to single layer distributions whose density is a logarithmic 
function of the radius. 

8. If we take the density of the single layer distribution to be pro- 

portional to log p/p2"**, where n is any positive integer including 0, it is 

possible to integrate the potential on the axis and then expand it in a 
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series which will be convergent in the region a> r- b. We ean also 
apply (4) to this ease directly. On comparing the results obtained by 


the two methods we find the following: 
It we define the infinite series: 


; 1 | 9.4.5...) 
Ves. ate log r- Pansy + M 24) 


and M, 1 satisfies the equation: 


a / a / . 2° ° ee 4 

—~ + cot 6 + (2n + 2)(2n 4 n+3 , 

AYE aa ly * §$.3:5 Jn + | f 
Putting cos 6 = yw, and 2n + 1 m, We get equation (22) whose solution 


we have found subject to the condition of remaining finite on the axis. 


We find in addition that the following relation must hold: 


log » 


= 2-4-65--.2 2n — 2m +4 n+ 2m +2 
Particular cases of this last formula for n QO and » l are: 
I 
log 2=1-(1- )4 te ) 
2) *2 


9. If we take the density of the single haiver distribution to be pro- 


portional to p*" log p, where n is any positive integer, ineluding 0. we 
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get the same results with the exception of the particular solution of 
Laplace’s equation. Corresponding to (26) we now find a solution: 


1-3-5+--(2n 4+ 1 -™ "log r- Pont on rot Monet, 


where M,.,,., is the infinite series (25). 

10. In all the problems considered so far it has been possible to inte- 
grate the value of the potential on the axis in terms of the elementary 
functions, and our results have been obtained by comparing the expansion 
of this expression with the one arising from the application of equation (4). 
Sut there are many cases in which this cannot be done, and it is of some 
interest to see what results we get from the use of (4) alone. 

Assume the density of the single laver to be k(log p p). Using (4) 
we find for the potential in the region a r= bd: 


| 


y = aeklloer[1—3(t4t)r +b 3(L4 lp ] 


l 
log r , a log h, 
ad | ad log ai | ] Od log a ] ) : 
_, loga — 1) 4 te _ )P: — 9.4 = a —5)Pat 


lrflogb 1 1-3rif/logb 1 | 
Ble +p) —o gale tg) Pet}: 


The coefficient of log r we have already had: it is the Ly, of (13) whose 


value we have found to be: 


| 
L, log 


| t cos #- 


Using this value we find that (6) is satisfied by this solution. It is now 
of interest to try to determine the value of the other infinite series of 
zonal harmonies which enters into this solution. Writing this: 


fon it3(e-y)P—aale- s)he 


we see that: 


97) 


t 
~ 


1 ' - 

V = log r-log 4 tog — Jo — 5 (log 7) 
is a solution of Laplace's equation since all the other terms are separately 
solutions. We thus find that f, satisfies the equation 
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fo. 4 


— i = log 


O*f 
aio t+ cot 6 


( 
Oe" 06 1 + cos 6° 


This equation cannot be solved in terms of the elementary functions. 
By the usual methods we find a solution with one arbitrary constant 
determined so that fp will remain finite on the axis: 


‘ F ] — (Os ] ] —~ COS 2 
fo = c: — log 2 log (1+ cos #)-({ ‘ ( ‘ ) 


When 6 = 0, 


Pe Cs = log 2 


From (27) for @ = 0, we find, accurate to four places: 


f 1.0627 --- 
Hence 
( 1.5432 
For 6 = 7 2, we have: 
1 l ] | 
Ia = Co — = 2 a 
Ay 2-2 5-2 2 
Using the known series 
rt 
e v ] 
b® ) a log ; 
om 1? 2 


we find: 
ow: <1 =(2)(2-2)-(88) (8-8)- 


II. Potential due to double layer distributions. 


11. The potential at any point due to a double layer distribution of 
unit strength is equal to the solid angle subtended by the distribution 
at the point. We shall again consider a cireular ring-shaped dise of 
internal and external radii a and b, whose strength, f(p) is a function of 
the distance from the center only. 

The solid angle subtended by an elementary ring of radius p and 
width dp ata point, r, on the axis Is 


m vl ) 
da 27 ibe 
r 2p } 


We accordingly get for the potential at any point on the axis: 


, F z pd p 
V=2nr] f(p);. 92)3/2° OS) 
. ° T ) 
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sy developing the potential due to an elementary ring of the distribution 
in a series of zonal harmonics, and then integrating over the dise, we get 
in the three regions: 


. a 
" 4 i = o) 
} Ix / p) pP _ / Pp 1 Oo 7 > _ | , 
| p Bp * + 5-4 pe! (dp, (29) 
r > b 
| —_ ( | p P = ; p P . ay p? Pp | ; 
mi : ° I r 3 } 9 a ro i te P; (30) 
a / h 
; 7 | p > p ; 5 p | 
| Ox j P —_ ) 
: - vp } » wil ; » { ; / | dp 
31) 
. . ; r , Xe y | 
27 J\p P, => - £3 4+ = ~P;- —— ; dp. 
. ad - -* } p | 


As in the problem of single laver distributions V must be a solution 
of Laplace's equation (5); there must be continuity at r = a between 
the results of (29) and (31), and between (30) and (31) at r = b. In 
place of relation (6) we must now have, at x = 0,60 = 72,b> p> a: 

y Jaf p). (32) 
1 + (p*,2°)]-°" and 
1 + (2° p*)] by the binomial theorem. In integrating over the dise 


In order to obtain 31] we have developed 


it has been assumed that we could still use these series when p = 2. 
Although this procedure cannot be justified we shall see that we can get 
correct results by use of it. 

We shall now consider a few special cases. As the simplest appli- 
eation of a double layer distribution is that of a magnetic shell we shall 
use the term “ magnetic shell’ in speaking of such distributions. 

12. Consider first the ease of a uniform circular magnetic shell. This 
is the simplest ease whose solution gives us that of a uniform electric 
current flowing in a thin wire coinciding with the contour of the shell. 
The value of the potential, obtained by integrating (28) with a = 0, 
fip k, expanding in a series and introducing zonal harmonies in the 
usual way, Is: 


a i. #5 24%, ,. 1.» ™ 
V = 2ek 1 — Pi tags agp? r<b (33 


If we now apply (31) to this case we get: 

























Hence we must have: 
bo Raha tee me oe )P bs *(: 7 | 


The infinite ~eT1es in oa) Ix dive rvent. [i- diverge 1he\ Arises from the 





expansion of |1 + (2° p by the binomial theorem and making use of 
this expansion in integrating lor vw p. We see now that this method 
leads to correct results if we define the value of the divergent series (35 
as unity. For @ = 0, P 1. and the series is obviously equal to unity. 
For 6 = x2, P; = P: P tae QO, and the numerical value of the 
series is 0. For any value of @ less than z 2 the series appears to approach 


more nearly to 1 the more terms that are used. 
ie We consider next a eireular ring-shaped magnetic shell whose 


. strength is directly proportional to the radius. This ease is easily realized 
practically. If we have fine wire wound in the form of a ring-shaped 
t dise, of radii a and b, and send a unit electrie current through it, the 


equivalent magnetic shell is a compound one consisting of the super- 













- «t 


position of (1) a uniform magnetic shell of radius 6, strength kb: (2) a 


uniform magnetic shell of radius a, str ngth RAL 3) a variable ring- 
shaped magnetic shell, radi a and b, strength Ip. If N is the total 
number of turns of wire, /: Vo b—a). The potential due to the 


first two distributions we can write down at once from the results already 
obtained. We now proceed to find the potential due to the third dis- 
tribution. 

The potential on the axis Is: 


in Which /:p is taken as the strength of the shell. This integral ean be 
evaluated and expanded, giving: 


{ D>}, a E a Be a we. 
= Prk sr log a fo I-30 13-5 : 
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Using equation (31) we find: 


, 9 | pp ib a I ) 31 l 3:-Df 1 ] 
| 2 xh ) TP, log oi "7 (5p, -3(3 : 3) Ps +5 4(Gt5)? — ++) 


4b > 9.4.6.68 


la? ,,  1-3a',, , 1-3-5a8, | 
| a(gcl 2-5 ri! +9 gz Pe oo). 
If we write: 
be. 3 £ l\,, , 3-5/1 1\, _ 
mi ghia 5 2+5)! palate) Pe 36) 
we see that 
>}, 
xlog— —a 


on the ants, expands into 
rh t eat log 


Hence, putting 6 = 0, we find: 


we TALE GLE) 


Further, we find that ZL, is a solution of: 


The solution of this equation, to agree with the infinite series (36) is: 


L l 2 cos 6 + cos 4 log 7 38 
1 + cos @ 
The divergent series (36) which enters into the solution of this problem 
must be replaced by (38) in order to get correct results. 
We can now write the value of the magnetic potential due to the 
distribution of electric currents described above. The result is: 


| ro ed dB 
Vy = %) b(1—71 sopPitoaap! ) 
lela? U-l-Ba', | 1-1-3-5a* 
—a(, 45! 2.4.5 pf 2.4.6-7 ret ) 


\ ef See that for “W T 2. bo (). r p: 


tid 
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Hence we must have: 


; _ i. 3 (1 : | i, 4 “a 
b= Pp =(145)Pi-3(gt yg) Pst glste)! 5 
The infinite series in (35) is divergent. Its divergeney arises from the 
expansion of {1 + (2° p by the binomial theorem and making use of 
this expansion in integrating tor £ p. We see now that this method 
leads to correct results if we define the value of the divergent series (35 
as unity. For 6 = 0, P 1, and the series is obviously equal to unity. 
For 6 = 7.2, P, = P: r vee QO, and the numerical value of the 

















series is 0. For any \ alue of @less than 7 2 the series appears to approach 
more nearly to 1 the more terms that are used. 
Ls. We consider next a elreular ring-shaped magnetic shell whose 


; strength is directly proportional to the radius. This case is easily realized 
. practically. If we have fine wire wound in the form of a ring-shaped 
f dise, of radii a and 6, and send a unit electric current through it, the 


equivalent magnetic shell is a compound one consisting of the super- 


position of (1) a uniform magnetic shell of radius 6, strength hb: (2) a 


uniform magnetic shell of radius a, strength ka; (3) a variable ring- 
shaped magnetic shell, radii a and b, strength — kp. If N is the total 
number of turns of wire, / NVob—a), The potential due to the 


first two distributions we can write down at once from the results already 
obtained. We now proceed to find the }) tential due to the third dis- 
tribution. 
The potential on the axis is: 
ss . io dp 
|} 2 xl 
‘ a t p 
in which I: p is taken as the strength of the shell. This integral can be 
evaluated and expanded, giving: 


Qh 32 2.5 x5 ‘3-5-7 2 
' V — I-l) x log — — b( + p a “a? al \ ] 3 o*s a = +) 


MY 
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Using equation (31) we find: 


— b fi at 3-5/1. 1 
= -P, log a ye .. s =e 7 RN sn 
V = 2ek) rPi log +r 3Pi — 5 (5 3) P34 a alata)? ) 


. 1-3 7° : 1-3-5r' . 1-3-5-7 r7 : 
eo BP p, 195% py p,-) 


- ~ De 2-4:6-6b7° ‘ 
l a ] ya 1-3-5 a$ | 
= i Po ake ce 
i( =, / 2 a, ! 2.4.7 ls I. 


If we write: 


lL,  3f1,0\. , 2-4/1 .1 - 
li = 3P1—3(54+5) Pst ag gts) Pem 36) 


we see that 
on the axis, expands into 


Hence, putting A 0, we find: 


log 2 4 : (3 * ; 


Further, we find that L, is a solution of: 


O-"y OY 
— + cot @— + 2y = 3P. 
ao” oW " 


The solution of this equation, to agree with the infinite series (36) is: 


L 1 — 2 cos 6 + cos 6 log ; ° (38) 
1 + cos 6 
The divergent series (36) which enters into the solution of this problem 
must be replaced by 38) in order to get correct results. 
We can now write the value of the magnetic potential due to the 
distribution of electric currents described above. The result is: 


v =2nklo(1-TP, LliPy, (113, , 


phi gepleteqag ty 
ie. L-1-3a') | 1-1-3-5a5 
~al ss 3Pi— 5.4.8 als + 5.4.6.7 pls — -) 


‘ 4 c s @) 
(?, log’ a ~ i + 2 P;) ia <r <b. 


) 


We see that for @ = 
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V = 2rk(b — p) 
showing that our solution satisfies (52 
14. As in the case of single laver distributions we can express the 
results, in a general form, of assuming the strength of the ring-shaped 
magnetic shell to be proportional to any integral positive or negative 
power of the radius. 
If the strength of the shell varies directly as an even power or inversely 
as an odd power of the radius we find a divergent infinite series of zonal 
harmonies of odd order which must be taken as defining a zonal harmonic 


of even order: 


For n = 0 we get (35) as a special case of this general formula. 

15. If the strength of the magnetic shell varies directly as an odd power 
or inversely as an even power of the radius we get the following results 
by comparing the value of the potential obtained by Integrating its value 
on the axis, and expanding, with that obtained by the use of (31 


ka inn? 


Pe an Eyre’ 


37) is the special case of this for n 
series: 
--2m + 


iO 


we have solutions of Laplace’s equation in both the forms: 
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a Tse ) 
re ee P 5.4.1: log y — Lon+1 | ) 


] | 3! 
aided -2n 
ati} O° --2n + 1 
| 2. 


-6---2n 


Po, +1 -log , Lon+1 . 


LL», satisfies the equation: 


omy 9 ay o 412 i : 3°95 
age + cot aq (2n + 1)(2n + 2)y = (4n 4+ 3) 9.4. 


This is an equation of the same type as (21), whose solution, subject to 
the condition of remaining finite on the axis, we have found (23). 

16. Another special case of interest is that of a magnetic shell whose 
strength is proportional to the logarithm of the radius. On the axis the 
potential is: 

” p log pdp 
2rkz 7 eee 

Jaq (X° + pv)” 


Integrating, and developing, we find: 


. ah | _ z(*% a 3 ) é wh a 
ro 2 2? Ir 4 


. -+- log Ir | 


i. 


3°95 log a 1 r | log b 1 
ea 6 a — j(log b +1) + 55 ° +5) 


3°5 -" db 
7 wr 


When equation (31) is applied the result is: 


af(loga 1 , , satf(loga 1 
2k | ~ a 2 -x)! “~ =A | 4 -5)P. 
3-5a°f/loga 1 : 
7 al 6 i)! ‘ 
3,3 log b a B)P ~~ 
23 3 ‘'F# 5 
Le ; 
+ log r (1+; dP -3(; 
3 (1 I 
+(1-: - me) Pi - s(3- 3 


By (35) we see that the coefficient of log ris 1. If we write: 
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we see that: 


t 
— 


M 


— 


is a solution of Laplace’s equation, and we find that W> satisfies the 
equation: 
ar y 0 Y 


—-+ cot d=,+ 1 (). 
auH- aoW 


The solution of this equation, finite on the axis, is: 


M = log l — (Os 
and it follows that: 


3/1 1 3-5/1 1 | 
log 2 =(1-5)-3(3 ~) +eale-a)- i 


an absolutely convergent series, as is (42). 

17. The case just considered is of interest in connection with a dis- 
tribution of electric currents flowing in concentric circles in a ring-shaped 
dise such that the current density at any point is inversely proportional 
to the radius of the point. Such a system of currents Is produced in the 
Corbino effect, when a circular dise carrying a uniform radial current is 
placed in a normal magnetic field. The magnetic shell equivalent to this 
distribution is a compound one, consisting of (1) a uniform shell of radius a, 
strength / log ba, and (2) a variable ring-shaped shell of radii a and b, 
and strength & log b p. The potential due to such a compound shell in 


the region a <r < bis: 





= De A — 1-Ir , ) 
' oat pf 3p! y { =)! 
la ‘ 1 -Sa' ' 1-3-5a' : r(l1 + cos 6 | 
— 9721 + 9 ge Pa — 9.4. G26Ps + +> — log h )i- 


If Cis the whole circular current, C = i log ba. When 4 ri22r=0 
we have 
h 


V 2rk log -, 
p 


g 
which agrees with (32). 

18. We can now get the general results that follow from assuming 
that the strength of a ring-shaped magnetic shell is equal to 


Ie | La 8) 
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If we define: 


Mon = 2 (— Iyment 23 


m=—U 


- 


‘2m + ] ] 
--2m (2n — 2m — 1)* 
1 
(2n + 2m + 2)? 


to 
— I 
m| 
c 


(44) 
Pom+1 
we find a solution of Laplace’s equation: 
1 {| 2:-4-6---2n 


V=., 3 P,, log r + Mo, ; 


r°"+1 | 3.5-7---2n — 1 
$y assuming the strength of the shell to be kp?" log p, we find a cor- 
responding solution: 


Y = | 


13.5 Psa log r— Ms, 


2-4-6---2n | 
7 


--2n — 1 


M>, is a solution of the equation: 





O77" OY 2.4.-6- . -2n 
~~ + cot d= + 2ni2n + l)yy = (4n4+1)--. oo 
OF Og y 3:°O-T++-2n — 1° *" 
an equation which has already been solved. We find further: 
2.4-6§---Qn 2.4-6---2n 
: log 2 “er 
1-3-5 2n — 1-3-5 yn — | 
' l | ‘ 1 | 
“~ 1 Qn(2n — 1) (2n 2)(2Qn — 3) 2.1] 
8 (45) 
s ' oe Im + 1 
eect 2.4-6 2m 
| I I | 
|(2n —2m —1)? (Qn + 2m + 2)? ]° 


The infinite series in this expression is absolutely convergent for all values 
of n, as is also the infinite series in (44). (48) is the particular case of 
(45) forn = 0! For n = 1 we find: 


" in l 3 l a4 I +t ae _ 
2log2 = TE ta\! — &)~ 24s B) T2-4-6\R ~ 10 
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TOTAL DIFFERENTIABILITY. A CORRECTION. 


> 


By E. J. TOWNSEND. 


In my paper on Total Differentiability in the September number of 
the Annals the theorem is incorrect as stated. The boundedness condi- 
tion should be placed on the second derivative with respect to x or to y 
and not on the first. However, one may replace this boundedness condi- 
tion by the more restricted condition of the uniform convergence of either 
of the difference quotients 


f(xto + Ax, y) — firey I(x, Yo + Ay) — flr, Yo 
Ar Ay 


If we assume the uniform convergence of the first of these difference 
quotients, the theorem may be stated as follows: 

THEOREM. Given a function fix, y) having at the point (x0, Yo) the 
partial derivatives fz’, fy’; then fix, y) is totally differentiable at (ao, yo) 


if Ps is continuous in Y at Os 7] and in the re ighborhood of this point the 
di ffe rence quotie nt 


E: M(%o + Ar, y) — flo, y 
i Ax (a) 
converges uniformly as to Ar. 
We have the identity 
f (to + Az, yo + Ay) — flat. y fixg + Ax, Yo + Ay) — flr0, Yo + Ay) 
/ A(z, y - A(r, y) 
1) 
aa. Yo t+ Ay) — flro, y 1 
A(x. w ’ 
where A(z, y ViAr)? + (Ay). Since the partial derivative f,'(2r9, y 
exists, We may write 
I(Xo, Yo + Ay) — Ilo, Yo) , 
Ay = Fo (0; 2 € 
or 
f(o, yo + Ay) — flxo, yo) — Ayf,'(xo, yo) | < €!Ay!, Ay <6. (2) 


From the convergence of (a) it follows that f,’ exists for all values of y in 
jf the neighborhood of (x5, y)) and by hypothesis it is continuous in y at 
i y this point. We then have 
| | Pee oe Yo + Ay _— 7, To, Yo) << Ay i 6». (3) 
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rom the uniform convergence of the difference quotient (a) as to Ax 
for all values of y in the neighborhood of (ao, yo), we have 


Ito + Ax, Yo + = — f(ro, yo + Ay) ~ file eet table <, - 
Ar| <i, Ay < 4s, 
where \ is independent of the choice of Ay so long as Ay is less than 64; 
in absolute value. Combining the inequalities (3) and (4) we have 
(xo + Ax, yo + Ay) — flxo, yo + Ay) 
Ar 


Agi < A, Ay < 4;, 


— i, Yo) =< €, 


where 6; is the smaller of the two numbers 6, 6;. We then have 


(to + Ax, Yo + Ay) — flrto, Yo + Ay) — Axfz'(%0, Yo) < e+ | Az), 

(5) 
Ax a r, Ay. = by. 

Making use of (2) and (5) we have from (1) for Ar <r, Ay < 4, 
§ being the smaller of the two numbers 6, and 4,, 


flay + Ar, yo + Ay) — flare, Yo) — Axfs' (20, Yo) — Ayfy' (20, Yo) 
A(r, y) 
Ax + | Ay - = 
eo e. = € WZ. 
A(x, y) 


Hence the first member of this inequality has the limit zero as Az, Ay 
approach zero simultaneously, and f(x, y) is totally differentiable at 
ry, Yo) as the theorem states. 

A corresponding statement of the theorem may be made involving 
the continuity of the partial derivative f,’ with respect x at the point 
ro, Yo) and the uniform convergence of the difference quotient 


F(x, Yo + Ay) — F(x, Yo) 
Ay 
in the neighborhood of that point. In the theorem one may replace 


the continuity of f,’ with respeet to y by the continuity of the given 
funetion fix, y) with respect to y for all values of x in the neighbor- 
hood (29, yo), since then by virtue of the uniform convergence of the 
difference quotient (a) the partial derivative f,’ is continuous in y at 
(2 , Yo). It follows from this theorem that (2, y) is totally differentiable 
at any point (ro, yo) of a given region R if f,’, f,’ exist, are continuous in x 
alone and in y alone and either converges uniformly to its values in the 
neighborhood of that point. 
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EXISTENCE THEOREM FOR THE NON-SELF-ADJOINT LINEAR 
SYSTEM OF THE SECOND ORDER." 


By H. J. ET teincer 


We shall consider the self-adjoint linear differential equation of the 


second order, 


at. du | 
1) Kix, — G(x, Au = 0 
dx div 
together with two linear boundary conditions, 
(2) U, = Ayula) — AwK(a)u,(a) — Ajju(b) + A,,K(b)u,(b) = 0 
i ‘<2 


satisfying the conditions: 

I. A(z, \) and G(x, \) are continuous, real functions of rin X, (a = 2x 
= b), and for all real values of \ in the interval A( A, < J As).T 

II. K(z, \) is positive everywhere in (X, A). 

III. The sets of real constants A,; and A», are not proportional. 

IV. For each value of x in XY, A and G decrease (or do not increase 
as \ increases. 

min G 


V.3 iim- -.-;, — x, 
reper min A 


: max G 
lim — _ = + ow, 
r—-a, maxi 
We seek to determine the conditions for the existence of solutions, 
not vanishing identically, of the system (1), (2). A value of A, X= A, 
for which the system has such a solution is called a characteristic number. 
The problem under investigation is then the following do there exist 
characteristic numbers for the system (1), (2)? 
We write the array of coefficients of (2) as 


and let D,; be the determinant formed by the ith and jth columns. We 
note first that not all the determinants D,; can vanish, since by condition 

* Presented to the Amer. Math. Soc., Dee. 29, 1917. 

+ In particular A may be — « <A <4 «x. 

¢ This condition may be replaced by other sets of conditions. See Bocher, Lecons sur les 
Methodes de Sturm, Chap. III, paragraphs 13-15. 
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III U, and U, are linearly independent. Moreover, D;; = — D;;* and 
the six determinants D,; satisfy the well-known identity: 
(4) Dy2Ds3; + DosDy, + D yweDy, = Q. 
Let the adjoint boundary conditions? of (2) be 


(5 Vi; = Bywla) — ByxK(a)v(a) — B;3v(b) + B,K(b)v,(b) = 0 


(2 = 1, 2). 


/ 


To evaluate V; and V. we choose U’; and U, defined as in (2), such that 
U7, Ug, Us, and U, are linearly independent, or 


A A, Ai3 11, 
, : | 1 A. A» Ao, Fl 
(6 ot A he dul?” 
wr A 3 A 43 A 4s 


Green's Theorem gives 


(7 [A (ru, — ur,)|i=. = > UV 


=1 


-~ 


Equating coefficients of corresponding terms in (7), i.e., of u(a), K(a)uz(a), 
uth), K(bju,(b) we have 


AwVs, + AaVs3 + AsiVe + Aghi = Alajr.(a), 
AreV, + AV: + AzV. +- AgoV; = 1'\a), 
A, V. o A. V; + AasV> — AgV = kK b)v,(b : 


AiaV, a A iV; a AsV- + AgV = I b). 
Cramer’s method yields the solution 
(9) V;= As (; = 1, 2, 3, 4), 
A 


where A;_; is the determinant obtained by replacing the (5 — 7)th column 
of A, the conjugate of A, by the right-hand terms of equations (8). 
We shall use the following: 
Lemma. D,; is a relative invariant of weight 1 of a linear transformation 
of the coefficients Ay;, Ag;. 
Proof: Let 
A’ = (Ay, + CoA ox, 


(k = 1,2,3, 4) 
A ‘el = dyA LA + dsAs; ; 
where 
*i = 1,2,3,4; 7 = 1,2,3,4. In particular Dj, = 0. 
tv is a solution, not. vanishing identically, of equation (1). Bécher, Legons sur les Methodes 
de Sturm (1917), p. 28 ff. 

















280 H. J. ETTLINGER. 
tet? “lee 
5 = + 
. d, d ; 


This transformation represents the result of two independent linear 
combinations of U,; and U.. Let D’;; be the determinant formed by the 
ith and jth columns of the transformed coefficients. Then 


CA); + CoAo; CA); + CoAs 


PO ad + Gide: dehy + tds 


4 Co Ai, A, = 
~ d, 4d. , Ao; Ao = 8Dij. 


It follows immediately from this lemma that if any determinant of (2) 
vanishes, the corresponding primed determinant will vanish, and if two 
determinants do not vanish, the sign of their product is an invariant of 
the transformation. We shall inelude all boundary conditions of the 
form (2) under two eases: (1) Dy.-D3; = 0, (2) Dye Da, + 0. 

Case l. Dy-D3, = 0. 

a) If Dy = 0, Dsy = 0, then not all the other determinants can 
vanish. The coefficients of (2) will then be transformed * into 


dD; D5, 0) 0) 
10) ( 0 0 D3; D,.) 


and the boundary conditions (2) are Sturmian.t 


b) If Dy. + 0, D3, = 0, we can choose U ub) and l’, Kib)u,(b). 
Then equations (S) vield for the coefficients of (5), 
1 _ D:; Dy O 
Dy; Do; OO Do, ). 


c) If Dy = 0, Ds; = 0, we can choose UU’; Kiaju,fa) and UU, u(a). 


Then we obtain from (8) for the coefficients of (5), 


” (Ps 0 Doz Da; 
é 0) Ds; Days p.): 


Let D,; be the determinant of the ith and jth columns of the derived 
adjoint coefficients. It is obvious in Case 1. (a) that Dj.-Ds, = 0, since 
the system is Sturmian. By inspection of (11) and (12) and applying (4), 


we see that for Case 1. (b) and (c) Dy.-D3, = 0. We note, in addition, 


sas 1000\. (0010 
that the adjoint of k 10 ») is . 00 4) Hence, by applying the 


lemma, we have in all cases 


*6=D,;, +0. If Di; = 0, we may take Dy +0. If dD, Du 0, then Dy + 0, ete. 
T Bocher, Lecons, p. 60. 
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TuHeoreM I. Jf for the system (1), (2) satisfying conditions I-III, 
D,.-D3, = 0, then for the adjoint system (1), (5) Dio- Ds, = 0; furthermore 
if Dy = 0, Day + 0, then Dy» + 0, Ds, = 0, and if Dy +0, Dz = 0, 
then Dy. = 0, Day + 0. 

We now consider 

Case 2. Dyo-Ds, + 0. 

(a) If Dy. = Das, the system (1), (2) is self-adjoint, and Dy. = Dy, 
D3, = D3 or Dyy- Day = D,.- Ds3;. 

(b) If Dis + Ds, we shall transform the coefficients of (2) by 6 = Dg, 
+t ( into 


(133) ra Dos Ds; 0) 
‘ Dy; Das 0 D3; ]° 


Choose Us; = u(b) and U, = K(b)u.(b). Then for the coefficients of (5) 
equations (8) will yield 


14 i Dos D> Q) 
} ‘ 
D3; Do; Q Ds, . 


By use of (4) we obtain from (14) 
(15) D,.-Ds; = D,.*- Ds. 


From (15) we infer immediately that the sign of D,.-D3, is the same as 
that of Dy.-D;;. Hence, by applying the lemma, we have 

THeoreM II. Jf for the system (1), (2) satisfying conditions I-III, 
Dy 2- D3, + O, then the sign of Dy.- D3, tis the same as that of Dy.-D34 for 
the adjoint system (1), (5). 

On the basis of Theorems I and II we classify all systems of the 
form (1), (2) under the following: 


Type lI. Dys- Ds; = 0; 
Type I. Dy: Ds, > 0: 
Type II]. Dyo- Ds  “ (). 


We proceed to state a negative result. 
THEOREM III. The system (1), (2) of Type I satisfying conditions 


[- IIT, for wh ich 
D,3?2 + Di? + Dos? + Do? = 0, 


has no characteristic number. 

Proof: We see from (11) and (12) that a system (1), (2) of Type I, 
for which Dy; = Diy = Dos = Dos = 0, can be transformed into either 
u(a) = 0, u(a) = 0 or u(b) = 0, u.(b) = 0. From the properties of 
the solutions of equation (1) we know that if wu and u, vanish at the same 
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point, w vanishes identically. Hence the system possesses no char- 
acteristic number. 

We turn our attention to Type I where D,.- D3, = 0 and D,;? + Dy? 
+ Do;2 + Doy +0. If, as in Case 1 (a), Dy. = 0 and D;, = 0, we have 
seen from (10) that the system (1), (2) is Sturmian. For this system 
there exists an infinite set of real characteristic numbers, * 


Ay < Xo <A < Ae < ee < Ae. 


Consider now the Case 1 (b), Dy. + 0, D3; = 0, and Do; + 0. Then 
the coefficients of (2) may be transformed by 6 = Dz», into 


- Di, Dy O- 0 
(16) ~ 0 Ds, p,.): 


It will be convenient to adopt the following notation. Let 


(17) Liu(r, ¥)) = a(xju(r, X) — Bix) A(x, Aju,(z, dr), 
where 

Qa\a = D,;, a h D 

B(a) = Day, 3b Ds. 


Then conditions (2) reduce to 
(1S) Llu a, = & 
Llu(b, X)] = Deyula, Xd). 
Let U(x, Xr be the solution of (1 satisfving 
us(a, A) = Das, Kia, \)uy,(a, X DD 


We may assume without loss of generality that D,, is positive or else 
D,; = 0. The characteristic equation is 


Liluy(b, X)] Ds,+ Day. 


t 


Let f(r) = Ll[uy(b, X)] + Dyo- Dos. Now fi Xo D,.- Do, where X, is 


the first characteristic number of the svstem consisting of equation | 
together with the boundary conditions, 


Llu a, r)| = 0, 


Liu Db: X | (). 
Moreover 


lim f(A) = lim [Do3u,(b, ¥) — DoyK(b, X)u,(b, X) + D2*De,) 


A= Ai A=? A} 
? “(b, dure! , 
= lim uy(b, ») | Ds so D..™ a A Ujs bh, d) " Dy» D,, 
ASAI ; (Bb, d) uy(b, d) 


*Sturm, Jour. de Math., vol. 1, p. 100 ff 
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Now 
lim u,(a, A) = x, 
APA} 
. K(x, X)w2(z, X) 
lim = 2, 
a, U4 (2, 2) 


fora <2 =b. Hence for X sufficiently close to A,, f(A) is negative, or 
f(Ar + €) < 0 if Dy. be chosen positive and if D., is positive. But f(Xo) 
is positive. Hence f(l) = 0 where A; <1 < Xp. 

If D,, + 0, then we shall transform the coefficients of (2) by 6 = D,, 
into 


(19 ( ~~ oS ‘ 
v) () dD,» D,. Ds) 


or, in terms of the notation (17), 


Llu a, Xd | =. 


Llu(b, ¥)] = — Dyk (a, \)uz(a, Xd), 
where 
ala) = Dy, a 6) = Djs, 
3( a) Dos, 3 b) = D3. 


We shall determine u;(x, \) as the solution of (1) which satisfies 
u(a, ») = Dag, Kia, \)uy,(a, X) = Dy, 


and the characteristic equation becomes 


Llu, bh, d)] = = Dyo-Dys. 
Let 
f Dy .u, bh, A) — Dk b, A) Uy b, A) + Dy Dy;. 
Again we have f(X\o) D,.-Dys, and the sign of f(A; + €) is that of 


—~ Dy. If Dey =O and Dj,» is chosen positive, if furthermore D,, > 0, 
then f(\9) > O and f(A; + ©) < 0, or fi) = O where Ay <1 < Xo. 

If Do, = Oand D,, + 0, then we shall transform the coefficients of (2) 
by 6 = Dao; into 
5 Dy Dy OF 0 
aint ( Ds, O Dag 7 


or, in terms of the notation (17), 

Llu(a, X)| = 0, 

L{u(b, X)] = Dze,u(a, X), 
where 


Ds3, 
0. 


Il 


a(a) = Dy,;, a(b) 


B(a) ae Do, B(b) 


II 
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We choose u(x, \) the solution of (1) satisfying 
us(a, X) = Das, K(a, \)u,,(a, ¥) = Dy, 
and the characteristic equation becomes 
Dusadb. ®) + Dae-Des = ©. 


Let f(A) = ui(b, A) + Dy. If Dsi = 0 and D,. is chosen positive and 
if D3. > 0, then f(\y) > O and f(A; + €) < 0. Hence f(l) 0) where 
Ao <1 < As. 

If D,; = Oand D,, + 0, then we shall transform the coefficients of (2) 
by 6 = D,; into 


D,; OD; 0 O 
21) . Dy Dy 4 


or, in terms of the notation (17 
L{u(a, X)] = 0, 
Liu(b, \)] = Do, A(a, \)u,z(a, d), 
where 
ala) = D,;, alb Dy, 
Bia) = Das, 3th (). 
We determine w;(x, ) as the solution of (1) satisfying 
ui(a, A) = Das, Ka, \)uy,(a, d) Ds, 
and the characteristic equation becomes 


Dy ,u,(b, X oe 


Let f h) = u,(b, X¥) + D>. If D » ~ 0 and if D,. is chosen positive and 
if Ds, > O, then fi\o) > O and f(A; + €) < 0. Hence fil) () where 
he dE Ay. . 

We may dispose at once of Case 1 (c), Dy. = 0, Ds, + 0, by noting 


that according to Theorem I the various possibilities of Case 1 (c) are 

included in the adjoint system of Case 1 (b). It is a well-known theorem 

concerning a system (1), (2) and its adjoint (1), (5) that if X = is a 

characteristic number of the one system, it is also a characteristic number 

of the other system and the index is the same for both.* In this manner 

the results for Case 1 (b) are carried over for Case 1 (c) with no change. 
Consider now Case 2, Dyo- Dz; + 0. Let 


Lilu(z, )) = ai(x)u(x, X) — 8,(r) K(x, d)uz(a, d) ” l, 
where 


* Birkhoff, Trans. Amer. Math. Soc., vol. 9 (1908), p. 373 ff. 
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a; (a) = Aa, 8 (a) =_ Aja, 


a,(b) = A;3, 8.(b) = Ais, 
Then (2) becomes 


(22) L{u(a, d)] = Li{u(b, d)] (1 = 1, 2). 


If Dy. = Ds,, the system is self-adjoint. For such a system (1), (2) 
satisfying I-V, the writer has proved in an earlier paper* there exists an 
infinite set of characteristic numbers such that 


A, <b: l, : is 5 sas a ia 


If Dye + Ds;, we transform (2) by 6 = Dz, to 


(93) r D.5 O- Dy 
al Diy Dog Dzy 0 J° 
We take D;, = 1 and replace conditions (23) by 
j = dD; =a Do 
LP WNDyp - : VD yo: = 0 1 
(04 VD > VD» 
~ ~ Ds ~ dhe 
VDi2 + vDi:-—== 1 0/ 
VDis VD. F 
for Type II and 
-~ D, - Ds \ 
Do ~ WDy-—— 0 1 
oi VD; VD, 
nk D D 
VD.,-—.= wWDs.-— = 1 0 
VD2, VD2, 


for Type IIT. 
Let V = v Dy, the positive root, and 


Ds; D5» Dy; - Ds; 
a,\a) = . Bi a) = . Qe ayp= ° Be a) = 
v v Vv v 
ai(b) = 0, 8,(b) = 1, a(b) = 1, B.(b) = 0. 
Then (24) and (25) may be written 
(26) VL,[u(a, \)| = Lub, d)] (¢ = 1, 2) 


and the adjoint set of conditions are 


L{u(a, \)] = VL{u(b, d)] (¢ = ], 2) 
where for 
(27) L,{u(a, \)] = Lub, d)] (1 = 1, 2) 


D,. = D3, = 1, and the system (1), (27) is self-adjoint. 


* Existence Theorems for the General, Real and Self-Adjoint Linear System of the Second 
Order. Trans. Amer. Math. Soc., vol. 19 (1918), p. 94. 
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)) 


Let u;(v, \) and wo(2, \) be two solutions of (2) satisfying 


Ly{u,(a, X)] = 0, Lfuy(a, \)} = 1, 


II 


Ly[us(a, d)] L.{u.(a, \)] = 0. 
Direct computation will show that 


(28) L,{uy(b)|Lofus b)] — Lyfus(b)}-Le[u,(b)] = — 1. 


Let uw = ¢;u,; + cou. be the solution of (1) satisfying system (1), (26). 
Then the characteristic equation is 


29 , r l l ly U. Uy) () 
= i oC Uolu i, 
or 
si —Lsluib | -¥ — Lali, )] _ 
y\/ vg - Lylue bX — £ ue bX 
which simplifies by (28) to 
30) WA) = —1 — v2? — Vi Liluab, d)] + Lelusid, d)]} = 0. 
Now the characteristic equation of the system (1), (27) is 
O(AX) = Lyluo(b, ¥)] + Lyfuy(b, Ay] — 2 (), 
Hence (30) becomes 
Pir VA) -—(1-9 (). 
Let /, be the first characteristic number of (1), (27). Then ofl Q and 
yil —(l-T 


or Y(ly) Is negative. Now for \ near A;, the sign of ¥iA) is the same as 
that of dA). If De; + 0, the sign of (A, + ©) is that of Ds;: and if 
D., = 0, the sign is that of D,;.* Hence if Do; > Oorif Do; = 0, Dy, > 0, 
¥(A, + €) is positive. Therefore 


Yil) () 


where A; <1 <l. Since by (4) D,; and D., may not both vanish, this 
exhausts all possibilities. We may now impose on a non-self-adjoint 
system (1), (2) the following condition: 


*Cf. Birkhoff, Existence and Oscillation Theorem for a Certain Boundary Value Problem, 
Trans, Amer. Math. Soc., vol. 15 (1909 , Pp. 268. 
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EXISTENCE THEOREM. 
VI. A. Dy: D3; = 0, and 
either (a) Do? + D,2 +0, Di; = 0, Dox = 0, 
or (b) De? + Di? = 0, Dis? + Do;? = 0, Dis = O 
Do; = 0. 


B. D,.-Ds; + Q), 


either (a) Do; > 0, 


? 


or (bh) Dag = (), Dy. > Q. 


We may now state the result in the following form. 
EXISTENCE THEOREM. Every non-self-adjoint system (1), (2) satis- 


fying conditions I-V and either VI-A or VI-B has at least one real charac- 


teristic number. 

The writer expects to consider in a later paper the system (1), (2) 
in which A,;, are functions of \ and to determine what additional restric- 
tions are necessary to ensure the validity of the Existence Theorem. * 

The following six examples illustrate the six types of non-self-adjoint 
systems for which the Existence Theorem has been established. In 
addition to the one real characteristic number assured by the Existence 
Theorem it may be noted that several possibilities arise: 

1. The remaining characteristic numbers are real and infinite in 
number. 

”. There is an additional finite number of real characteristic numbers, 
and the remaining ones are complex and infinite in number. 

3. All the remaining characteristic numbers are complex and infinite 
in number. 

.4. Every value of \ is a characteristic number. 

Example 1. D,. > 0, Des > 0, Dis = O) 


“’ + he = O. 


— ui) =0 
— uO) + u(r) = 0, e> 0. 
Let u(x, ) = cos var. Then the characteristic equation is 
° € 
sin \Ar = — —=. 
\A 


For this case there is always one real characteristic number, 
- a « 
A= - 72< 0 


“a 


* Since this paper was written, this extension has been presented to the American Mathe- 
matical Society, Dee, 31, 1919. See abstract in Bull. Amer. Math, Soc., vol. 26, pp. 267-8. 
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where vy is the root of the equation 
sinh v 

There is an infinite number of additional complex characteristic num- 


bers, 


hz = (Qhr — ito)", where /: 1,2,3, --- and7 \— 1. 


There will always be an infinite number of real characteristic numbers 
also, viz., the real roots of 


sin VAr — 


Example 2. (Dy. > 0, Dey = 0, Diy > 0). 


ui () 
= eu (DO) + a’ (x () e> ©. 
Let 
sin Ar 
mie. A 
VA 


Then the characteristic equation is 


COS NAT ss 


ae = fh, 


y Ao = cos”! €, 0 = cose < 


where Ap is the first characteristic number. The others are 


l 
A = (2 + = COS l € . 
a = sy 


 ¢ > I, 


“a 


and the remaining characteristic numbers are 


” _cosh-! 
A, = (24 + 1 | }. where k = 1, 2, 3, 


“a 


andi = v— 1. 
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| Example 3.) (Dy. > 0, Di? + Doe 0, Dz: 
| u’’ + ru Q), 


u(()) (), 
— «4 (0 ul Tr () € 
i Let 
sin VAr 
iF a Ze IN 
| 
\i VA 
and the characteristic equation is 
sIn VAr é€ WX. 
lor € = 7, A z,.° where z, is the first real 
sIn 72 €Z. 


For ¢€ sufficiently small, there may be other real 


For € > zx, Xv = where rv, is the root of 


sinh v : r, 
Example 4. (Dy > 0, Dy? + Do; 0, D, 


a’ + ru (Q), 


Let 


, sin vAr 
u(r, A) = Cy(A) 
VA 


and the characteristic equation is 





0, Dis < 0). 


solution of the equation 


characteristic numbers, 


the equation 


For e sufficiently large, other complex roots exist. 


= 0, D.; < 0). 


eu(Q) — ulm) = VO, 
| wi0)=0, €>0. 
Let u(r, X) = cos vAr, and the characteristic equation is 
COS VAT = €. 
The characteristic numbers are those of Example 2. 
Example 5.) (Dy.-Ds3, + 0, Das 1, Dey > 0). 
u’ + hu = 0, 
u(O) + u’(r) = 0, 
— eu’'(0) — u(r) = 0, e> U. 


+ (.s(X) cos VAz, 


a ea a 


SSS ee 


— 


eS 
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(1 + €) VX 


sin Vr = 
1 + €r 


This equation admits real roots. 
Example 6. (Dy2.-D3, + 0, Ds, = 1, Dog 


. Nu 


sIn VA 


VX 


and the characteristl : equation ix 








= 





MOTION IN A RESISTING MEDIUM. 
By James K. Wuirremore. 


$ 1. Introduction. Most treatises on the dynamics of a particle con- 
tain a discussion of the motion of a particle in a straight line under the 
action of forees expressed in terms of the velocity alone.* It may be 
remarked at the outset that the same discussion applies to motion in 
any path provided that the forees considered act along the tangent to 
the path. The simplest problem in Which this condition is realized is 
motion in a resisting medium, where the force of resistance is opposed 
to the motion and increases in magnitude with the velocity. This problem 
is taken as typical in the following discussion. In such motion there is 
generally a “limiting velocity,” sometimes attained, sometimes not 
attained by the moving particle. I have not found any treatment of 
the problem where it is shown how the actual velocity approaches the 
limuting velocity when that limit is not reached, or where the distance 
eovered is compared with the distance which would be covered by a 
particle moving uniformly with the limiting velocity.+ Indeed in so 
admirable a book as that of Appell, referred to above, there is, in the 
discussion of the motion of a heavy body falling in a resisting medium, 
this vague statement, ‘‘au bout d'un temps suffisamment longue le 
mouvement est sensiblement uniforme et de vitesse \”’; \ is the limiting 
velocity. This gap in the treatment of an important problem of ele- 
mentary dynamics, I have attempted to fill in this paper. It is proved 
that if X is a simple root of Fir 0, where F(r) is the acceleration of the 
particle in its path, and when F(r) is subject to certain other conditions 
generally satisfied in a real problem, ’ — v approaches zero at least as 
rapidly as «-”"* where ¢ is the time and m a positive constant; that under 
the same conditions \t — x, where x is the distance covered, approaches a 
limit 1, and differs from L by a quantity not greater than a constant 
multiple of e-". When \ is not a simple root of F(v) = 0 the results 
are different. 

In §3 I consider four problems in which there act forces exerted by 
constant powers, that is forees working at constant rates; such a force is 

* See, for example, E. J. Routh, Dynamics of a Particle, Cambridge, 1898, pp. 51, 52, 56-59. 
P. Appell, Traité de mécanique rationelle, 2d ed., vol. 1, pp. 332-334. . 

t See however Appell, first edition, pp. 314-313, where these questions are considered for a 
falling body supposing resistance proportional to velocity. 
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inversely proportional to the velocity. That the expression for such a 
foree Cv becomes infinite for a vanishing velocity does not invalidate 
the work, x and v remaining finite for finite ¢; of course in practice the 
power is not constant but is applied gradually. I have not found forces 
of this kind considered in any book on dynamics, yet they enter in real 
problems. It is certainly more reasonable to suppose that an engine 
works at a constant rate than to suppose, as is so often done, that it 
exerts a constant force. 

$2. Theory. Consider a particle P moving with velocity vo and 
tangential acceleration a, and suppose the force along the tangent to its 


path to depend on v alone, so that a Fury: let r be the distance covered 
in the time f, and suppose, for f= 0, 2 0. We assume that 
Fiv) = Ohasa positive root A, and further, if ry < A, F A— v)Pelt 
p>v, elt rm >, for th S=r=kz (A) fnite: Wa >, Fa 
—(v—A)*elv), p>v, ¢ m> OO, for 2 nA A; lA finite. 


Evidently if p is an odd integer we may suppose Fir) to have the same 
expression for values of ¢ both greater and less than X. 

If vm = we have a = 0; the motion is uniform and xr = At. We 
consider in detail the case Uo * A. If ( P nN we have similar results 
making the obvious changes in our statements. 

Writing a = dr dt, we have 


i . di l ; di 

; t= | A — v)?%elt a A— I ; . 
If p <1, =X gives fa finite value; the particle attains the velocity X 
in a finite time, thereafter moves uniformly with this velocity. If p = 1, 
v = Xin (1) makes ¢ infinite. It follows that as ¢ increases r approaches 


A, always increasing, but not reaching that value in a finite time. For 


this reason \ is called the limiting velocity. If p > 1, equation (1) gives 
pe A vy PH — (N= ng)-PtH (A 
mop — I ~ om p l 
l 
QO< (LK —1 = ; 
mli(p — 1) 
The case of most interest is that for which X is a simple root of F(v) = 0, 


p= 1. For this case 


- 1] r == 2 
gt 4 t = wo a mm a { — mt 
Ba - log Swe ae wy <= ” = X I )é 4 


Writing now a = rdr dr, we have 


(2) 
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Let P’ be a particle moving uniformly with velocity \ in the same path 
as P, coinciding with P when ¢ = 0; then PP’, measured along the 
path, is equal to A — x. From (1) and (2) 


4 dy 
M=-—Z= 
A — v)?-lel(n)* 


— 

If p = 2, PP" increases indefinitely with ¢, that is as v approaches 2. 
If p <2, PP’ approaches a finite limit LJ as ¢ increases, attaining this 
limit in a finite time only when p <1. We have 


Er dp vA dv 
PP’ =M-zxr=L-— ; v= | 
J A—v)? a fo, vy)’ t e (r — py)? lo(v) 
If p l, 
; eA dy X — 7) X —_ $n 2A dp 
im _ pp’ . - _ x 
7 sis J g(v)- mo m . L= I g(v)- 
If 1 - p< : a 
, A — v)*-? 1 
O< L=— PF = ~ <—= : en 
m(s — p) mis — p)imt(p — 1)] 2—p)/(p 


We may state the result of the preceding discussion as follows: for all 
cases in which p < 2 there is a ‘“‘lost distance” L, lost in attaining full 
speed A. In non-mathematical language we may say that after a time 
‘sufficiently long” P is for all subsequent time “practically ”’ at the fixed 
distance L behind P’. 

As previously stated a similar discussion might be given for the case 
vy > A: ve decreases from ry and reaches or approaches the limiting velocity 
\; the lost distance L is in this case negative and is really a distance 
gained, — L. 

It is of interest to introduce the ‘‘time lost” in attaining full speed, 
7 = LL». We do not mean that full speed is attained in the time 7, 
for theoretically the full speed or limiting velocity is never reached unless 
p <1, but rather we mean that a point of the path ‘sufficiently ” remote 
from the starting point is reached by P ‘practically’ at an interval T 
after it is reached by P’. Obviously if ry > A, T is negative. 

$3. Examples. We consider in this section six examples falling under 
the preceding discussion. 

Example 1. The foree is a resistance proportional to any positive 
power of the velocity. 

a — ky", n, ky > 0. 
We have p n, X 0. To have motion we must have vo > 0. The 
velocity becomes equal to \, that is vanishes, in a finite time only if 
n <1. The particle P’ is at rest. There is a finite lost distance, L 
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— x, here negative, only if n <2. This motion is illustrated by a boat 
drifting in still water with no power applied. 
Example 2. There is a constant accelerating force and a resistance 
proportional to any positive power of the velocity. 
a k— ky", n, ky, Ir, > |, 
Here p = 1, and X is given by & = kA". The velocity approaches but 
does not reach the value \, and there is a finite L. We have 


Writing vr = Az, 1 > z = O, 


If. in particular, 0. we have 


hs \ ; , | 
It May he proved that. as on increases, ; decreases from p x 0 
De oy l. p: 693, 5 606. Further, for (), 
() \— \e \e \e 
+ N I. 
be 0<L.— PP’ =—e* ent T < DM 
t sa p 


This ease is illustrated by the motion of a body falling in a resisting 
medium under the action of gravity. 

In the following « xamples we introduce the foree exerted by a constant 
power. 

Erample 3. There is a constant accelerating power and a constant 
retarding force. 


Here p i. 2 hh. The velocity approaches but does not become 
equal to A, and there is a finite L. We consider a numerical case: the 
weight of a train, including locomotive, is 600 tons, the horse power of 
the locomotive is 500, frictional resistances 15 pounds per ton; the train 
fic starts from rest. Taking as units foot. pound, second, ¢ 2%) 


a . no) 
600 % 2000.5. 500.” — 600 * 15. 


fi rs 
ry PA 7 


We find A = 275.9 feet per second, about 21 miles per hour; 
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6 6 54 
aly = = = = ( 5 vay 7” — & cee J 
gil =, ™ 25 1] + 252° L = 1945 feet, T = 64 seconds. 


0O<A—vE= dre™!, 0< L — PP = 3890e-"*. 


Example 4. There is a constant accelerating power and a resistance 
proportional to any positive power of the velocity. 


a —_ It 0 - Bn. €. I, > (). 


For this example p 1, and X is given by ¢ = k\v"*!. The velocity 
approaches \ without reaching that value and there is a finite L. Wehave 
d? a 1 K2tl — pnt 
i , ’ 7] X == 


setting vr Az. i >z (), 


CLV Kk" obs 7 zi : kX? : ~ hs? i= MW. 


If in particular ¢ 0 we find 
Gg g "2i—2 
L. , T=; , On = | dz. 
hy’ esd J, l-2 
It may be proved that, for positive nm, ¢, is a continuous function ot n, 
decreasing, as m inereases, from o 1/2 to ¢, = 1/6, o, = 3207, o- = 
247006, ¢ £220. We find, supposing always ¢ 0), 


QO<yrA’- 7 Me ; ne ae 


O< L—PP': ae pa” < GL 


0G 


We compare the values of 1 and 7 in examples 2 and 4, constant 
force with resistance proportional to 7", and constant power with resist- 
ance proportional nO YP”. supposing in both Cases 7 Q): 


) 


example 2, a ys — | 5m hid 


7 d p & | . 693 
B Ie.d? j- j-. : lor ? 2, L e ? 


~ 


example 4, a cv—ky", ¢ Med? 
247006 


C« 0; Kk, : . , 
: = . wor n= 2, L = 
L key? ; 0 » hey ( c ; r ? k, 


, In \ Cn ’ ge 
T : 0 » nN a 0, ( / for n = 2. 7 = ]: . 
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It is remarkable that in both these examples the lost distance L depends 
only on fk; and is independent of the constant force or power for n = 2 


and for no other value of n: that the same is true of the lost time 7 





for n = 1. 

Example 4 is illustrated by the motion of a steamer in still water 
driven by an engine working at a constant rate. We note also in this 
example the formula ¢ = \’o, L, from which it follows that, if for a 
particular ship L is constant for varying power, then the power required 
to give the ship velocity \ is proportional to 4° whatever the value of 7. 

In the following paragraphs we consider further the motion of a 
steamer, driven by an engine working at a constant rate, and supposed 
to start from rest. We speak of A, the full speed, as if this velocity were 
actually attained. While that is not true theoretically it is true for 
practical purposes. 

A formula for the indicated horsepower of the engine of a steamer, 
which is used by marine engineers, 1s 


Db? 3V 
kK 





H 


where H is the indicated horsepower, D the weight or displacement in 
long tons, V the velocity in knots, that is in nautical miles of 6,080 feet 
each per hour, and A a constant depending on the shape and dimensions 
of the ship. Assuming that the motion comes under example $ the 
equation of motion of the ship in foot. pound, second units. q 6 is 

a ei 

2240D =. ao — Ry. 

) ae L’ 
where F is the resistance of the water In pounds for unit velocitv. Com- 
paring this equation with that of example 4 


550 * 32H 32 FR 6OSO 
c= i. -S : 
2240 p’ 2240 D’ , 3600 °° 
From c = k,\" 
R (6080 \"! Ppesyps 
fun} ¥ : 
IID \ 4600 A 
It follows that n = 2. Since ag, = 0.247006, 


L = 0.247006 X .. 


% YA D900 


224) poe 


3800 } KD = 0.15144KD' 


where L is in feet. It is evident that for a given ship, that is for fixed K. 
with varying displacement D, L is proportional to D'/*, For different 
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ships of equal displacement L and K are proportional. Since for given 
DP and V the indicated horsepower H varies inversely as K it is evident 
that the greater A the better is the design of the ship for economy of 
power. It follows that the greater the distance L lost in acquiring full 
speed the better is the design. The designs of ships of equal displace- 
ment may be compared by measurement of L, or, what amounts to the 
sume thing, A may be computed with known D and L from the last of 
the preceding formulas. If it is not assumed that n = 2, and if the 
values of c, A, L are determined ¢, may be found from the equation 
c = No, L, then n found from o, and the law of resistance determined. 

The lost distance L may easily be measured, for L is the difference in 
the distances run in any period of time 7 at full speed and in the period r 
from the start, provided that full speed is acquired in the period t from 
the start. Instead of thus measuring Z the time T lost in acquiring full y 
speed may be measured, and L found from L = XT. The lost time 7’ is 
the difference of the times of running v miles at full speed and of running 





the first » miles, provided that full speed is acquired in the first v miles. i; 
We give finally the numerical value of L computed from f 
e 
L O.15144A D! i 
for five ships, the values of A and D being taken from C. W. Dyson’s E 
Practical Marine Engineering, 7th edition, pp. 616, 617. i 
: 
1. Yacht, D=* 366, K = 200, L = 216.7 feet ‘ 
2. Small ship, 3,200 230 513.3 ii 

3. Ship, 7,243 240 703.2 
$. Liner, 15,400 250 942.0 hy 
». Tramp, 8,320 265 813.2. f 
Example 5. Suppose P a particle of unit mass, moving initially with 


velocity vg = 2, acted upon by a unit retarding power, a constant accel- 
erating force 2, and a resistance’. While this is a highly artificial example 
it is one not impossible to realize physically. It is of a type quite different 
from the preceding. We have 





giving p 2x = 1, ¢(r) lr,m 12. From § 2 we have 





while P’P becomes infinite with «. Carrying out the integration 
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from which it may be proved 


<a“ Pf — 


~ 


For the distance covered 


and 
PP’ : r=t—x=r1—24 log(r—1 
Clearly PP’ becomes negatively infinite as ¢ increases indefinitely. 
Example 6. The only force is a constant accelerating power, and the 
particle starts from rest. 
We prove this fact: the average velocity measured from the start is 
always two-thirds of the actual velocity; conversely, if the average 


velocity of a moving particle measured from rest Is always two-thirds of 


the actual velocity the accelerating force works at a constant rate. 
We have a =cr. There is no limiting velocity. Since, for t = 0, 


oa 8 


Conversely, 


from which 

















CONTINUOUS MATRICES, ALGEBRAIC CORRESPONDENCES, 
AND CLOSURE. 


By Aubert A. Bennett. 


I. Introduction. 


This article is intended merely to show the intimate relation that 
exists between three topics not hitherto generally associated. It is first 
shown how an algebraic correspondence constitutes a type of continuous 
matrix, and how a continuous matrix serves in turn to suggest at once a 
weighting In correspondences, a notion that arises in a restricted manner 
from geometrical studies. The distinction between the inverse and the 
transposed correspondences, is a feature of the study of correspondences 
from an algebraic rather than a transcendental viewpoint, being deter- 
mined not by the character at a point but by the nature of the corre- 
spondence as a whole. The condition that an algebraic correspondence 
has in the sense here used an algebraic inverse, leads at once to finite 
configurations and problems of closure. 

It may be remarked in passing that of the obvious geometric problems 
of classification of types, one of the most promising, and one as yet wholly 
untouched, is that of finite variable algebraic configurations, or its equiva- 
lent problem of algebraic correspondences with algebraic inverses, the 
term inverse be ing understood as here defined. References are contained 
in the author's paper “ Closed Algebraic Correspondences,” Annals of 
Mathematics, 2d series, 18 (1916-17), 200. and need not be repeated here, 


II. Weighted algebraic correspondences. 


Let A be an irreducible algebraic manifold of one independent com 
plex variable. The projection of A upon the ** complex plane ” of any 
complex variable is then a single Riemann surface in the usual re 
while A mav be ealled an irreducible algebraic curve in the domain of 
birational transformations. Let x denote a variable over A, so that 
any constant choice assigned to x yields a fixed place on the manifold A. 
Since the manifold is irreducible, the various possible positions of xv can 
be obtained from a single one by analytic extension. Let B bea second 
irreducible algebraic manifold with the variable of position, y. 

An algebraic correspondence between A and B is a correspondence 
involving two integers mand n, such that each position «on A determines 
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n positions y‘on B, and each position y on B is in turn determined from 
any one of m positions ron A. A study of correspondences suggests very 
sarly the notion of ascribing weight to the various position-pairs in a 
correspondence. If these all have the same weights the weight might be 
ascribed to the correspondence as a whole. The weights are frequently 
positive integers but may have any complex values other than 0. The 
weight is independent, however, of any continuous variations of the 
initially determining position so long at least as certain special isolated 
points be avoided. Thus let x be given at any desired point of A other 
than the special isolated points explicitly excepted. There are then 
determined by the correspondence, n points y(t), Yet), -+°, Yale), on B 
and associated with each pair (Cr, y,(.r)) is a weight c; independent of 
variations of x. It may not be possible to assign the weight c,; entirely 
at pleasure. If by permitting x to make a suitable circuit on A, and avoid- 
ing the special points, the x may be brought back to its original place, 
but two or more y’s are interchanged, the interchanged pairs (x, y) will 
be supposed to have the same weight. The weights are understood 
indeed to be determined by the x and its associated y's alone, and to be 
independent of the paths deseribed. It will be assumed that the mere 
position of x is in all cases sufficient to determine the n positions y. The 
points ron A that may be associated with a given y on B in the correspon- 
dence yield a set of m pairs (11, y¥), (te, Y), +++, (tm, y), each having its 
own weight. The weight is determined by the pair and the question as 
to whether the x or the y is regarded as initially assigned is immaterial. 


III. Continuous matrices. 

A correspondence with weights may be regarded as a continuous real 
matrix M(x, y). An element or position in the matrix is an arbitrary 
pair (r, y). The value of an element (zr, y) is zero, if the pair are not of 
positions on A and B respectively, paired under the given correspondence. 
The value of the element is on the other hand the given weight, if (x, y) 
form a pair given by the correspondence. A row in the matrix is the 
totality of pairs (x, y) for which y is fixed, and a column the totality for 
which z is fixed. Thus a column will contain n, and a row, m non-zero 
numbers. 

Two correspondences between the same two irreducible algebraic 
manifolds constitute two rectangular matrices M,(z, y) and M,(x, y) 
which may be added or subtracted to yield new matrices or correspond- 
ences. A matrix may also be multiplied by a constant. Multiplication 
by a constant alters only the weights and these proportionately, but does 
not change the pairs of corresponding elements, providing as usual that 
the multiplier be not zero. 
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If a third irreducible algebraic manifold C be taken with z as the 
corresponding variable of position, a correspondence between B and C 
will be expressible as a matrix M(y, z). The product M,(a, y), Mo(y, z) 
may be formed and a correspondence between A and C will result. In 
these operations of addition, subtraction, and multiplication the usual 
rules for finite matrices are observed. 


IV. Square matrices. 


In particular, correspondences upon a single manifold A will be con- 
sidered. These may be called square matrices. This will be the case for 
Mir, y) when B coincides with A. If C be coincident with A then the 
product Mor, y)M(y, z) will be from 2's to z’s both on A, while the mani- 
fold B may be different. One method of obtaining correspondences 
upon a single manifold is to start with any M(x, y), where A and B are 
different, and define M’'(y, x) by identity M’(y, x Mix,y). Ifrandy 
be on the same manifold, that is, if A = B, then one may define also 
M'(x, y), which is then the transposed of M. In any case the product 
Mir, yw) M'(y, x’) is of the form My, (x, 7’) where x and 2’ are both on A, 
while M’(y, 1) Mix, y’) is of the form M.(y, y') where y and y’ are both 
on B. Both MyCr, 2’) and Mo\y, y’) are symmetrical, i.e., M, M,' and 
M. M,’, and each is obtained from Mir, y) alone. The definition of 
the product of the square matrices M,(r, 2’) and M,(x, 2’) is extended 
so that by M,M, is meant M,(0r, 0’) Mole", 2x’). 

The most common special matrix is the ¢dentical matrix for this mani- 
fold, of the form J(r, x’) where the value of a pair is zero save for x = 2’, 
and is then unity. 

The notion of a matrix Mir, y) may be extended to some cases in 
which the correspondence is no longer algebraic, so that in the rows or 
columns there may be an infinite number of non-vanishing elements. 
Addition and subtraction present no difficulties but in forming products 
the additions expressible in the algebraic case in the form 


Vite, <0 t+ m 


are now likely to be of the form of infinite series. The product of two 
matrices will not be defined unless the series to be summed are (save at 
most at specified isolated point-pairs with at most an enumerable set of 
limit pairs) absolutely convergent. 

Two square matrices M,(2, x’) and M,(.x, x’) are said. to be mutually 
inverse if their two products, viz., M,(a, 2’)M2(2", 2’) and M,(z, x”’) 
M(x", x’) are both equal to the identical matrix for this manifold. 
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It may be noted that so far as the definition is concerned the inverse, 
M-, and the transposed M’ of a given square matrix .V appear to have 
little in common, /-! being defined by 


M-"(2, 2°) Mz", xz’) Mic, 2") M-“(2r"’”, 2’) I(z, z’) 


and M’ being defined by M'(x, 2x Mix’, x). For algebraic corre- | 
spondences however these are not unrelated. The algebraic correspond- 
ence M(x, x’) establishes a relation between x, and 2’ such that for each x 
there are corresponding values of 2’. What is ordinarily thought of as 
an inverse is the correspondence determining the values of wx that vield a 


given x’, when wv’ rather than vw is given initially. In this sense it is the 
transposed rather than the inverse matrix that is found. In the terms 
of functions, if wr’ Fir), then x F-(r"). This implies indeed that 
in the neighborhood of a point F(r-(x FF (xz vr. When the 
total set of values is considered, Fi Fo! ir may give other values beside .r, 


as in the case log, (¢7) for 2 complex, giving not only x but also 2 + 2n7 
for each integer value of n. \lgebraically the resultant of Mor, 2’) and 








Mir", x’) cannot be expected to give merely a power of (2 — 2’) but 

may contain extraneous factors. An inverse is distinguished from = a 

transposed in that it does not always exist, but if existent accounts for all ‘ 
) factors which arise extraneously from the use of the transposed. For f 
ke algebraic investigation, the study of the inverse naturally presents many 
‘ interesting features, which cease to be of such Importance in the ease of 


infinitely many-valued functions. 

For any square matrix VW, WAM is ealled the square of M and is written 
Me?) MMP = MPM is written WM’, ete. If a matrix M has an inverse this 
ix denoted by M-, \ matrix Wav fail for several reasons to have an 
















inverse, if however an inverse does exist the matrix is said to be non- 


~ } 
Sengular., 


V. Linear dependence. 
A set of & matrices Myr, y), Mela, y), +--+, Mitr, y) are defined as 
being linearly dependent, if there exist i constants, @y, do, +++, ay, not 
all zero such that 


a,M,+aM.+.---+a.M, (), 


where by 0 is meant the matrix all of whose elements have the value zero. 
It may happen that a square matrix, M(x, 2’) singular or not, has the 

property that the first k powers together with J are linearly dependent 

ft ~o that 

aol +a,M + a.M? + .-- +a,M* = 0. a. + 0. 


Ma. 
“aR 
= Rn ee 


The existence of such a relation is not altered if we replace M by any 
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expression of the form \M + uJ where \ + 0. The coefficients, a, will 
of course depend however upon the choice of } and yu. In the above 
case we have 


M(a,M*— + --- + a;) = (a,M*- + --- +a,)M = — aol 
~0 that if ay be different from zero. 


— (a,M*-' + .-- + 4)) 


i 


ay 


Is a matrix inverse to M. Thus if such a linear dependence exists the 
singular matrices of the pencil, \M + ul will correspond to at most a 
finite number of distinct values of the ratio » A, all others being non- 
~ingular. To simplify the study of various problems suggested in this 
connection we shall introduce the notion of ‘ closure matrices’ as 
distinet from the * correspondence matrices ’’ mentioned heretofore. 


VI. Closure. 
Let there be a correspondence as considered above from x to x’ both 
on the same irreducible algebraic manifold. Let each x determine n 
values of 2’. The following set S of positions all variable with and deter- 


mined by 29 will be considered, 20; 41, Ye, %3, **°°, Uni Vir Bie, °° *s Li 
ee ae Sr ee a ee eT ae a a ee eT ae 
where .w,,...,, Is one of the values of 2’ determined when vz is taken 
aS Ly... A more precise determination of the correspondence from 
Uycceee tO Dyy.00¢, need not be examined, so that the order in which the last 
set of last subseripts 1, 2, -+-, m is assigned in any case need have no 


special significance. The totality of distinct positions of the above infinite 
set S will be called the tlerative range R. For a given x) when x is any 
position of R, the corresponding values of x’ are also in R. If no two of 
the members of S are by the nature of the correspondence identical for 
all positions of xo, the set S is said to be totally open. If there be pairs 
that coincide but the reduced set in the iterative range R be yet infinite, 
the set N is said to be partially open and partially closed. When R is 
finite, then S is said to be fotally closed, or merely closed. 

The discrete N(x, x’) obtained from the correspondence so as to have 
the same weight as in M(z, x’) in point-pairs appearing in both matrices, 
but where the range of variation of x and x’ is now the discrete range R, 
is called the closure matrix of the correspondence. The closure matrix 
will be of finite order and thus of the usual type in algebraic discussion 
if and only if the correspondence is closed. 
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VII. Valence. 


If kK be a closed algebraic correspondence On a single algebraic mani- 


fold, then the correspondence A + r/ will be singular for certain values 
of v but non-singular for all other values. Should A have the weight one 
for all pairs save possibly the pairs (x, 2’) where x = 2’, the same will be 
true for A-+ rl. The choice of v may be regarded as so determined that 
forv = 0, A has the weight zero on all save at most a finite number, c, of 
“ coincident ” pairs (x, 2’), Le., where x = 2’ 


Now on a given algebraic manifold A) correspondences are possible 
of certain tvpes but not of others. The study of the manifold on which 
the correspondence is to be constructed is as necessary as the study of 
the continuous matrix which is to represent the correspondence when 
constructed. To be sure, the study of the manifold may be regarded as 
merely the study of the character of the rows and columns of the continu- 
ous matrix, since these are simply duplicates of the manifold. 

The matrix being regarded as a two-dimensional manifold D, upon 
which are traced weighted algebraic curves representing the correspond- 
ence, the study of possible correspondences A is the study of possible 
algebraic curves upon the two-dimensional manifold D. The infinite 
elements of D will be assumed to be adjoined in such a way as to introduce 
no singularities when bi-rational transformations are effected either on 
rows or columns. If p be the genus of A, and ¢ be the number of pairs 
(Z, z’) where c= x’. then for a correspondence between / «e and r of the 
form considered, where one x determines 1 2's and one.’ is determined 
from mas, it may be shown that when p = 0 


() CcC—= yi — 7 


but for p + 0, there may be a number r such that 


2p. > = tri rT 


In the simplest cases ris a positive integer, but instances may be readily 
obtained where v is negative or fractional. This value of » is therefore 
determined by the correspondence K. In the simpler cases the geometric 
construction of K + vJ with this value of v is particularly simple, and 
for this reason v as so determined is called the valence of K. 

The notion of valence arises in geometrical discussions. for the first 
time, in the following manner. Let Cy be a fixed curve of genus p, eut by 
a pencil of curves (C) and defining a correspondence as follows: For any 
simple point x of Cy there is a unique curve C of (C) meeting Cy at x in p 
coincident points, and in other variable points xz’, and further in fixed 
points only. The correspondence thus established is said to be of valence, 
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v. Ifa given point, 2’, is obtained from n possible choices of a, and if ¢ 
denote, as above, the number of coincidences, the valence v satisfies the 
relation 2pv = ¢ — (m+n). For an extensive discussion of this relation 
the reader may refer to H. G. Zeuthen, Lehrbuch der Abzahlenden 
Geometrie, Chapter IV. Some older writers restrict the term valence to 
the case of positive integers, all others being termed “ singular ”’ cor- 
respondences. 
VIII. Conclusion. 

Necessary and sufficient conditions that a weighted algebraic corre- 
spondence has a weighted inverse which is also algebraic, the term “ in- 
verse ’’ being used in the complete sense here defined, are the following: 

1. The correspondence is completely closed. (This insures that an 
inverse if existent is not infinitely multiple valued but is algebraic.) 

2. The correspondence is non-singular in the sense here used. (This 
insures the existence of an inverse. 

If the correspondence be singular then other correspondences of the 
tvpe A + vl where K is as given will be non-singular. However, algebraic 
considerations suggest a definite value of v, the valence, in any given case, 
for which the correspondence may or may not be singular. 

It should be particularly noted that, while the closure matrix has a 
determinant, the original matrix will not in general have a determinant 


in any ordinary sense. 
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URN SCHEMATA AS A BASIS FOR THE DEVELOPMENT OF 
CORRELATION THEORY.* 


By HH. L. Rinrz 


It is well known that simplicity and precision are gained by the use 
of urn schemata in establishing various theorems in the theory of prob- 
ability. The fundamental importance of urn schemata in mathematical 
statistics is brought out well by Borel? in the statement that ‘ the gen- 
eral problem of mathematical statistics is to determine a system of 
drawings carried out with urns of fixed composition, in such a way that 
the results of a series of drawings, lead, with a very high degree of prob- 
ability, to a table of values identieal to the table of observed values.” 

The expression “urn schemata” is used in the present paper to 
mean any games of pure chance such as those arranged with balls to be 
drawn from a bag or urn, or with coins and dice to be thrown. 

The urn schema back of the fundamental theorem of Bernoulli, and 
the urn schema of Poisson's extension of the Bernoulli theorem are so 
useful in avoiding complicated verbiage that the method of the urn 
schema is the standard plan of approach to these important theorems. 

The theory of correlation that has been much applied in recent years 
to statistical data has been developed largely as an extension of error 
theory.t It has long seemed to me that it would be important to invent 
some games of chance that would give a meaning to the correlation 
coefficient in pure chance, and that would perhaps furnish a basis from 
which to proceed to develop the theory of correlation. experimentss 
have been performed with dice to show something of the meaning of the 
correlation coefficient: but the methods were purely empirical and con- 
sisted simply in recording the results of a certain number of trials instead 
of approaching the problem from the standpoint of theoretical prob- 
abilities. 

It is the main purpose of the present paper to present the results of 

* Read before the American Mathematical Society, Sept. 4, 1919 

hléments de la Théorie des Probabilités, p. 167; La Hazard, p. 154 


2 ‘ alt + 11 344 ’ 
¢ Bravais, Analyse Mathematique sur les Probabilités des Erreurs de Situation d'un Point 
Memoirs par divers Savants, [S46 


> Weldon, Lectures of the Method of Sci nce, Edited by T. B Strong, Oxford, 1906, pp 
§1-100. ; ’ 


Darbishire, Some Tables for Illustrating Statistical Correlation, Memoirs and Proceedings 
ol the Mancheste r Literarv and Philosophical Society, Vol. 51. No. 16. 1G07. 
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devising certain urn schemata which may serve as a starting point of 
the theory of correlation since a vivid picture is given in this way of the 
meaning of the coefficient of correlation as related to certain a priori 
probabilities. 

CaseI. Pairs of drawings with balls in common taken at random from 
the first drawing of a pair. An urn containing white and black balls is so 
maintained that in drawing a ball the probability of getting a white ball is a 
constant p and that of getting a black ballisq =1—p. The first drawing 
of a pair is to consist of s balls taken one at a time from the urn. The second 
drawing ts to consist of s balls of which t are taken at random from the s first 
drawn, and s — tare drawn one ata time from the urn. Then the regressivn 
is linear, and the coe flicie nt of correlation between the number of white balls 
aD first and second drawings of a pair is ts. when the fre que neies are a set 
ofa priori most probabl fre que ncies. 


To illustrate by means of a simple special case, we exhibit first (Fig. 1) 


a correlation table for s = 5,t = 3, p = 4. 
SHOWING Most PropaspLe FREQUENCIES FOR Patrs OF DrawinGs TO ILLUSTRATE 
Cast I For 5t¢=3, p=] 

Number of White Balls in First Drawings of Pairs — 
0) l 2 3 ! 3 — 
5 ie) 6 ] lt 
. = i S1 10S 1 6 240 
ZE = 243 (4s 132 10S q 1.440 
st. » 243 1.620 172s 648 SI 1,320 
=7 l 1.458 3.159 1,620 245 6,480 
yf 0 2,180 1458 245 3,NSS 
Totals 3888 480 1.320 1.440 240) 16 “16.384 


The table (Fig. 1) exhibits the a priori most probable frequencies 
when we use as small numbers as possible for frequencies subject to the 
condition that each frequency is to be an integer. The respective fre- 
quencies of 0, 1, 2, 3, 4, 5 white balls in first drawings of pairs are clearly 
proportional to the terms of the binomial expansion ({ + 4)’, and such 
frequencies are shown in the horizontal row of totals at the bottom of 
the table. 

The vertical arrays in the table exhibit frequencies of second drawings 
of pairs such that the totals of such frequencies satisfy the condition 
that they are proportional to the terms of the expansion ({ + 4)’. 





= 
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From the numbers in the table. we obtain for the correlation coef- 
ficient, by the usual method of calculation, the simple result 


ie 


y et 


Proceeding now to the general case, let V,, (hig. 2) represent the 
a priori most probable frequency of « white balls in the first drawing 
and y white balls in the second drawing of a pair. That is, NV is to he 
defined for each of the (s + 1)? values obtained by assigning to bot} 


-and Y the values 0, 1, 2, ---,s. The general method of obtaining these 
a priori most probable frequencies In convenient form is to first derive 
in terms of S$, t, Pp, qd, 7 and Y the probabilities (>t obtaining Ko We 3 G. 4. 3: 

, 8) white balls followed by y | y 0,1, 2, +--+, 8) white balls to make 


] 


a pair, and then to multiply these probabilities by the smallest positive 


constant « that will e1ve pr ducts each Ol wl ich is an integer. 










CORRELATION ¢ NUMBER OF WuitTeE J ca ‘pb Ss ND Drawtn - P or Dray 
( { | | ~ I ! ] 
I ( 1) 
\ 1) 
| 
() 
k 2 
i se 
, = fi ( 
am 
7 lo 
r 7. 
— <i 
2 : . 
-_ 
-_ 
} 
f f / 
| 
me eee ate ir jo 
In order to CADPTESS J im terms 01 Ss, f, 7, y, DP, and q, We shall explain 
first the construction of the correlation table outlined in Fig. 2. The 


first drawings of pairs are simply repeated trials with probability p ol 


success at drawing a White ball and q ol failure at doing SO, The fre- 
quence Ss may the rerore he taken proportional to the terms of the binomial 
expansion (¢ + p)’. The frequencies which we find it convenient to use 
are the terms of this expansion times KY 


Corresponding to any number of white balls in first drawings of pairs, 
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the table (Fig. 2) shows a vertical array for exhibiting the frequencies of 
various results of second drawings. Thus, corresponding to the drawing 
of no white balls in first drawings, we have for the a priori most probable 
frequencies of white balls in second drawings simply « times the various 
terms of the expansion (q + p)*-‘ as shown in the vertical column under 
the mark O for the number of white balls in first drawings. 

Consider next the vertical array marked 1. This is to include the a 
priorl most probable values of second drawings that correspond to draw- 
ing 1 white ball and s — 1 black balls in first drawings. Two eases arise: 
All of the ¢ balls taken at random from the first drawing may come from 
the s — 1 black balls or ¢ — 1 may come from the s — 1 black balls and 1 
may be the white ball of the first drawing. The number of ways for the 
first and second of these events to occur is a constant times 


i, and >; Ci respectively. 


This array consists therefore of two subcolumns of frequencies that 
may be made up by multiplying the frequencies in the vertical array 
marked 0 by two numbers proportional to -4C, and -4C7> and whose 
sumis (yp q. That is, 


A OF + ( } (' pP qj. 


since CC, 4 (" (",, we have 


i} 1 } ; 
"C= E(s—t), and §'3 Ca ==. (4) 


It should be noted that in viewing the subeolumns from their lower 
ends upwards, the frequencies different from 0 of the subecolumns begin 
at O white balls for the case in which we use the multiplier (p/q)(s — 0) 
and at 1 white ball for the ease in which we use the multiplier (p/q)t. 

Consider next the vertical array marked 2. It consists of three* 
subeolumns corresponding to the following ways of drawing ¢ balls from 
s — 2 black balls and 2 white balls: The number of ways in which the ¢ 
balls ean be drawn to include no white ball is —3C,, to inelude one white 
ball is 2-3C—, and to include two white balls is =3:C7. The vertical 
array marked 2 consists therefore of three subecolumns of frequencies 
that are made up by multiplying the frequencies in the array marked 0 by 
* (ne of the three columns would vanish if ¢ < 2, and a different one if ¢>s — 2. It is 


to be understood throughout the paper that »C, Oifm <n. 
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numbers proportional to -3C,, 2, oC;<i, and -2C) and whose sum is 
(p? g*)sC2. That is, 


) 
Ko(saC, + 2-3 1 —( Ce! 
2 : q 
But since =3C, + 2-20 i + Cr = Cs we have 
(sp 
A a q? 
Hence, the multipliers are 
2" n ny? *.¢ ) 
re’ a= C,=% > ot... Sar ( f {\S t), 
q°. ( , qc q ( , q 
yp? 1) 
: C / f. 
(] ( q 


Consider similarly the vertical array marked 3. It clearly contains 
four subeolumns corresponding to 0 white, 1 white, 2 white, and 3 white 
balls among the ¢ balls in common. Applying the same method as that 
in obtaining the array marked 2, we find that the multiphers by which 
to multiply frequencies in the vertical array marked 0 to get the sub- 
columns of frequencies for the array marked 3 are 

YC; Sto: | 
q — q 

Similarly, it is easily shown that in the vertical array marked x there 
are x + 1 subcolumns of frequencies given by multiplying the frequencies 
in the vertical array marked 0 by 

——C, Stata, G00, --, Scant, 2c. (B) 

i qo q Y qe 
for the cases of 0 white, 1 white, 2 white, xz white balls respectively 
among the ¢ balls. Some of the 2+ 1 subeolumns may vanish, but 
this condition is met by the fact that ,,€, Oifm <n. Next, form a 
sum of products of the above-named multipliers by those terms of the 
expansion «(q + p)*~‘ that give the frequencies of exactly y white balls 
in second drawings. This gives the general term 


Nin = K\¢ bie OF alia : a a) t, i: le U5. iq’ aii 'p = 
+ C2 CH iC ag 2-9 ptte? +... (C) 


- y 


4- P of r O > a P="). 


The sum of frequencies in the horizontal row marked y is given by 


Ny = Noy + Niy + Noy + --> + Ni, + --- + Noy. (D) 


nyo 


ee 
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By making r = 0, 1, 2, 3, ---, s in the general expression (C) for N,,. 


we obtain 


I 
Noy = = 10" 
‘ vf pP 
' 
s \ y = ( q ale | ae itl ( q p 
: \ ( q Pp -( 9 / ( q 7 p ( 
+ C2 —Cp=g"-*'p 
l , 
‘ \ Yq p af” —t q p*——L . + 
\ ( ( ( 
, oq "p ‘- q p ( villas 
l 
\ —- q“p + 
Adding by eolumns, and using the fact that 
iain +- (sq' f 'p — = (og , p ? +20 p = l, 
we have 
N y = p’q-’ hoy 3 tk ; =< #9520 ete + TZ 
A 


pq %C, by a well-known theorem of combinatorial analysis. 
Thus, the sum of frequencies in any horizontal row marked y is 
N, = «p"q-’,C,. (E) 


Having expressed V,, in terms of s, ¢, 2, y, p, and q, and having deter- 
mined the nature of the subcolumns that make up vertical arrays, we 
can express in terms of s and ¢ the correlation coefficient 

i a(x — &)(y — 9) (F) 
NO,;O, 
where x and y are respectively the numbers in first and second drawings 
of pairs. In this case, n = xq-* as is seen from adding the totals of 
arrays. 

When we multiply the totals of arrays by qg* we obtain the terms of 

the expansion of (q + p)* times the multiplier «. 





















al2 


Hence, it follows that 


and qT, h: 


for a Bernoulli frequency distribution. 


VSpq, 


i 


Lve 





the same values that they have 
Phat ds, 


Vs pq. (7) 


By a somewhat laborious process involving the use of certain theorems 


of combinatorial analysis, it results th 
= —_ -_ 
— oA / / 
and hence that 
‘ 


since l have found a Mm ich 


at 


H) 


er meth d ot obtaining the value 

of r than that which involves a separate ealeulation of Nor ’ ys 1), 

this simpler process will be presented here, It depends upon the proposl- 

tion that the means* of the set of vertical arrays (Fig. 2) lie on a straight 
line of ~lope tis. 

In order to prove this propositiol . we shall show that the difference 


between the 


M, of anv array 


lists. 


mean 
array marked sx 


. , 
marked wr 


and the mean M of an 


sy considering the subcolumns defined above for an array marked x 
and making use of the fact that the mean number of successes in a case 
of s — ¢t trials is p's — t), when p is the probability of success in a single 
trial, we can give a formula for the mean WV. derived from the means of 


the subeolumns welghted with the frequencies in t 


marked wx, we ha 


for the vertical array 


Cp*q-*M Usp"e “p(s - / 
if m p 
it ae p 
Similarly 
( p q iV “ie p [ p 
f ( 


* The expression ‘ me an array ”’ is 


Lse" 
abbreviation for the “ 


the 


mean of values whose 


sense in which ‘mean of array ’”’ is 


‘ 
‘< 


1 ve 


frequencies are exhibited in 


he subeolumns. 


Thus. 


yp qY 


eo = Jig “*g-*", 
ry generally in statistical language an 


This 1s 


fis 


an array.”’ 


used throughout the present paper. 

























URN SCHEMATA, 


Then, after some simplification, we obtain 


p(s — Uir.C, — (s — a4 + 1),¢, | 


t 


M, — M,- ah ha Be =-. (J) 


Thus, when we use the number of white balls in first drawings of 
pairs as abscissas and the mean values of the number of white balls in 
the corresponding second drawings of pairs as ordinates, these mean 
values he on a straight line (the line of regression) of slope t/s. 

But it is well known that 


Y — / a r—- 


ix the equation of the line of regression. Sinee from (G), ¢, = ¢,, we have 
J) 


This simple result. is very interesting for the reason that the correla- 
tion coefficient for this urn schema is thus shown to be simply the ratio 
of the number of balls ¢ in common in the two drawings to the total 
number s in a drawing. 

Case II. Pairs of drawings with one ball of the most numerous color in 
first drawings in common, 

We shall consider now an urn schema in which the correlation coef- 
ficient does not turn out to be the ratio of the number of balls in common 
to the total number in a drawing, but in which there is special interest 
because this case gives us a very simple illustrat ion of non-linear regression 
from an urn schema, and because r is expressible in simple form in terms 
of familiar combinations. 

An urn containing an equal number of white and black balls is sO main- 
tained that in drawing a ball the probability ts 3 of getting a white ball. In 
the first drawing of a pair, s balls are drawn one at a time from the urn giving 
t of one color and s — t of the other. Ift +s —t, the second drawing of s 
halls is to consist of s — 1 taken one at a time from the urn, and one ball 
of the color showing the greater number in the first drawing of the pair. 
If t s — t, the second drawing is to consist like the first of s balls taken 
one ata time from the urn. Then the regression is non-linear, and the corre- 
lation coefficient between the number of white balls in first and second drawings 


of pairs is T BB 9 2° when 8s is an even numobe Fc and r = TC s—1 2/2° 
uthen s is an odd number, under the condition that the frequencies are a set 
of a priori most probable frequencies. 


*See Yule, Introduction to the Theory of Statisties, third edition, p. 171. 
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In other words, the correlation coefficient is the maximum term of the 
binomial expansion of (} + })* if ss an even number, and the maximum 
term of the expansion of (} + 3)*-' when s is an odd number. 

In the table (Fig. 3) is shown for s = 5 a set of a prior! most probable 
frequencies with respect to the number of white balls in first and second 


throws under the conditions specified in Case Il. Let coordinates (Cr, y 











ee a 
Number of White Balls in | 
first Drawings of Fairs 
oj 2j3 4 5 Totals | 
—— t Cn . ¢ = —— 
v . 
S 15 10 5 2 
: | | | 
| 5 7 peel 
: on j 
|: 5 10 | 40 20 | 4 2° 5 
| Se | 
Sad 4 + + - 
| St | 
~S 3 A 40 o* | 
aw + é 
~~ 60 30 6 
a es | if 
Se gummed” | &f 2 4 ; 
in < 6 30 60 “ 
po 4 + - 
KS " . 
Sd i 4 eV 4 5 | 
S | re | - 4 
} 5 e 
= 0 | 5 10 2 
= ; t : 
| Totels | 2¢ | 2°5 | 2%10| 2°10] 2¢5 | 2° 2° 
| | | 
= i i | | i a ee 
br 
( , | I C \ I] Hit 


represent the number of white balls in first and second drawings of anv 
pair. 

The broken line shown in Fig. 3 is the line of regression of second 
drawings of a pair on first drawings of a pair. Let o- and co. be the 
standard deviations of x’s and us respectively. Then it follows at once 
that 


and 


CO, = 5 WS 


4 - 


from the fact that frequencies in vertical arrays are proportional to the 
coefficients of 1/2’ in the terms of the expansion of (} + 1)", The total 
frequency is n = 2?-!, 
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Then the problem is to express the correlation coefficient 


| 2(2-3)(¥-5) 7 


No.0, 


in as simple a form as possible in terms of s, where the sum & is to extend 
: to an entire table of values for s balls in a drawing similar to the table 





shown in Fig. 3 for s = 5. 
[In a more convenient form, (A) may be written, when s is an odd 
number, as 


2 1 , ° 
- Fs. 0, (2 7 s)\(y-5) 
) J 


k:xamine the numerator first for the case x 
This subtotal gives the sum 


©.(0-3)(0-3)- 


+ 


s a a 5 *—2 
Adding, we get (0 — > )I- s2°-* + (6 — 1)2*] = — (0 ~ 3)2 ' 


-- 


s o 
Similarly, add for x = 1, and we obtain — .C;{ 1 —- 5 )2 


~ 


N 
for x = 2, and we obtain — ,Co{ 2—-, )2 :. 


s-— 1 : s-l 
forz = —,—_, and we obtain — .Cg—1/2 
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Collecting for x 0.1, ---. (s — 1)/2, we have 


8 hy 
a eJs—2 . oD? a ei) ( 
(e920 eto a 


With this value substituted in (1), we obtain 
~imilarly, for s an even number 


itions of these 


If r. be used for the correlation coefficient under the cone 
drawings, we note from (VW) and (.V) that 


fori, Where ¢ is any positive integer. 


The results in Case IT differ vers much from that in Case I, but it is 
interesting that the correlation coefficient is simply the maximum term 
of the binomial expansion (3 + ))° or (4 + 4)*-! aceording as s is an 


even or an odd number. It is also interesting that even this simple 
Case II does not give linear regression. The means of vertical arrays 


lie on three straight lines. The means of vertical arrays for x < 2 
lie on a horizontal line. The means of vertical arrays for r > s 2 hie 


on another horizontal line one unit from the first line. When s is an odd 
number, there are two vertical urrays nearest the middle of the table 
having their means on a straight line of slope 1. When s is an even 
number, there are three vertical arrays nearest the middle of the table 
having their means on a straight line of slope 3. 

Since this urn schema gives non-linear regression, it may be well to 
calculate the correlation ratio* 7 as a substitute for the correlation coet- 
ficient. For s an odd number, we obtain 


and for s an even number 
VAS 
7") 2 
n : \ ! “De * P) 


From a comparison of these results with the corresponding result 
from Case I, we may note that r = 7 1 s if there is one ball in common 
taken at random from a first drawing as in Case I, whereas when the ball 


* Pearson, On the General Theory of Skew Correlation and Non-Linear Regression, Drapers’ 
Company Research Memoirs, 1905, pp. 1-54 
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In Common ts required to be one of the more numerous color as in Case II, 
we get » = 1/ vs when s is an odd number and an approximation to this 
when sis an even number. 

Case III. Consider next a case with a variable number of balls in com- 
mon. Throw s coins noting the number of heads m and the number of tails 


Ss=— Wi. If Mi > Ss Ml, leane a numbe g of heads equal lo the diffe rence 


oe 2m — s lying to be counted in the second throw of the 
pair to be made with the re maining 2s — 2m coins. Ifs—m> ™m, leave 
the di ff rence s — 2m tails lying to be counted in the next throw with the 
me maining COUNS. When m s — m, throw all the s coins for the second 


throw, The n the re gre Ssion 1s linear and the corre lation COE ici nt betureen 


thie nimbe rs of head thal occu in pairs ol throws 1s 


is 1? odd nambe i 


and 


17 § 78 an eren niumbe iP 


when the frequencies are a set of a proor most probabl Prequencies. 


The following table (Fig. 4) shows for s = 7 a set of a priori most 
probable frequencies with respect to number of heads in first and second 
throws of pairs of throws of 7 coins in accord with the conditions of 
Case III. 

Similar to the usage in the previous cases, the number of heads in 
the first throw of a pair will be used as an abscissa and the number in the 


-econd throw as an ordinate. Then we have at once 


og las. 


The determination of ¢, is considered separately for the cases s even 
and odd. 

I. When s is an odd number. The sum of frequencies in vertical arrays 
may be represented, beginning at the left, by 


i WB. ws. Mie Ky Oo 5 BH Os (Q) 


The plan of finding o,2 is to sum the second moments of all vertical 
arrays about the mean s 2 of the whole vertical distribution. It is simply 
necessary to weight the squares of standard deviations of binomial distri- 
butions with numbers proportional to the numbers (Q). This gives 


when we weight with numbers 1, s, .Ce, «Cs, +--+, 1, 
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or 












Number of MNeadsin first Throws of Fairs 
» o;i1{,2i'3/4]s 6 4 _ Tofals | 
S a ae 
a 7 35 84 112 295 
}..1.. J 
3/6 805 
~ 
& 
2 5 1351 
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I calculated the product moments in the numerator of 


NO, , 


by obtaining first moments of the frequencies of vertical arrays about 
the mean of the total distribution and then finding the product moments 
by multiplying by the appropriate values of y — s 2 


~s 
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But it is simpler to note from the construction of the correlation table 
as shown, for s = 7 in Fig. 4 that the means of arrays lie on a straight line 
of slope 1 when coordinates are taken as stated above. 

Hence, 


0, ] . GS) 


Ne > pai C ev 


It may be of interest to examine this result for a few small odd integers. 
Thus, when 


s . 4 r V6 0.82, 

s >. r m3 v26 = 0.79. 
s re i 4 N35 0.77, 

s= 9, r= 95, 442 = 0.76, 


II. When s is an even number. [3v the same general plan as when ¢g is 
an odd number, we have 


Hence, 


eal 
_ 


Cy ] : 
\- ~ atont 4 if s/2)—I1- 


, , a 
To illustrate for a few special cases, we make s = 2, 8, 12. 


6 
Fors = 2, pr = -. = 0.82. 
o> 
: ; S v442 ) =e 
For 8 — S, r = 99] =o 0.76. 
oy) 
4 PO 
For s = 12, ? ~ 1817 = 0.79 
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Furthermore, the composition of the table makes it obvious that the 
regression is linear. 

Thus, we find in Case IV an analogy to the result in Case I in that the 
correlation coefficient is simply the ratio of the one die in common to the 
two dice thrown. Moreover, the condition is the same in Cases I and IV 
in that the elements in common are taken at random from first events of 
pairs. 

We consider lastly the following case of pairs of throws of two dice 
with the die bearing the larger number in the first throw in common. 


. , , : . nr 

Case . A throw of two dice Gives numbe ra = and ywnere X = ; Thi 

4 “4 ? ‘ » } ° ? ? . y* rr’? 
dit uy 7s cell lying lo be counted with a second throw of the die x. The second 
throw of ZX gives Z. Put i/ lo COTTE spond nce Um zZ with r= UY. T hie TP hi¢ 
re gre ssion 18 non-lineg ar and thie Corre lation Core hice nt Oo] uae and J > / 
° Aas 
r . 33 V1L086 0.5462 - 


I 


and the corre lation ralio of i zon ZT 4 Y is 
O.D4 $3 T 


then the fire Quewe ies area set of a proori most probable Ire quencies, 
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The table (Fig. 6) shows a set of a priori most probable frequencies 
of totals in first and second throws of pairs of throws with two dice under 
the conditions stated in Case V. It is obvious from the location of means 
of vertical arrays in the table that the regression is far from linear. The 
coordinates of the means of arrays are 


(2, 4.5), (3, 5.5), (4, 63), (5, 7), (6, 7.7), (7, 8.5), (8, 8.7), (9, 9), (10, 93), 
(11, 9.5), (12, 9.5). 


Since the regression is non-linear, we have calculated the correlation 
ratio as well as the correlation coefficient, the former being, in general, 
the more appropriate function for the characterization of correlation in a 
ease of non-linear regression given by a single-valued function. Case V 
is of special interest because of its bearing on the view that all very simple 
cases of correlation lead to linear regression. We have in this simple 
case of pure chance a very significant departure from linear regression. 

In conclusion, the results of this paper make clear the meaning of the 
correlation coefficient for certain urn schemata, and indicate that the 
elements of the theory of correlation may be developed from such urn 
schemata as we have devised. Such a development from a priori prob- 
abilities seems decidedly less empirical than existing developments. _ It 
may be urged against a development from a priori probabilities that it 
he, neglects fluctuations in random sampling. The answer to this criticism 
c is that we may actually carry out the corresponding experiments with 

the urn schemata when we wish to include fluctuations in sampling. 
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ON PSEUDO-RESOLVENTS OF LINEAR INTEGRAL EQUATIONS IN 
GENERAL ANALYSIS. 


By T. H. Hitpesranpt 


The purpose of this note is to extend the theory of pseudo-resolvents 
in linear integral equations as given by W. A. Hurwitz* to the General 
Analysis situation. This extension is a perfectly obvious one, if the 
basis is that used by Mooret for the Hilbert-Schmidt theory. For in 
this theory it is possible to carry through the argument exactly as given 
by Hurwitz. However, the Hurwitz theory is intended to replace the 
theory based on Fredholm minors, and so it would be desirable to operate 
on the basis which Moore uses for the Fredholm theory. We show that 
this is possible if we add an additional postulate on the J-operation in 
the case of one theorem: Theorem 5. 

We assume that we are working in a basis (XY,):2 

YG, We, K IMM, 
.. a a _ J on & to ¥ 
EF, Wi, Rk WW 


where % is the class of complex numbers, & and ¥ are general classes of 
elements: p and p; MW and M are classes of functions (4, g, Ni By g, n) 
on &, B respectively to M%, and have the properties L, C and D; the 
operator J has the properties L and MW, where in accordance with a recent 
simplification of Professor Moore’s, J has the property M, if for every v 
the values of ‘Jv, for the functions |v; = |v) have an upper bound. 
If My is defined to be the least upper bound of such values then M is a 
functional operation on X to the non-negative real part of %, of such a 


nature that 
if ivy: : y then Jv, = Mv and Mp, : My. 


We shall assume the following results derivable from the existence of 
the Fredholm determinant and first minor in this basis: 


*(f. Transactions of the American Mathematical Society, vol. 13 (1912), pp. 405-418; 
16 (1915), pp. 121-133. The desirability of such an extension has recently been mentioned by 
Evans: Cambridge Colloquium, p.115. The present note gives a general case including the two 
papers of Hurwitz as special cases. 

t Cf. Bulletin of the American Mathematical Society, ser. 2, vol. 18 (1912), p. 361, and 
Proceedings of Fifth International Congress, Cambridge, vol. I, p. 232. 

t Cf. Moore, loc. cit., p. 352. 
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(A) If the equation £ + Jx= = Ohas a solution £ which is not identi- 
eally zero, then the adjoint equation E+ Jix = 0 has a solution £ not 
identically zero, and conversely. 

(B) The Fredholm determinant F(x; z) of zx is an entire function of 
z. If x, and «x are such that Jx,x. = 0, then 


Fo(xy + Ko; 2) = Fo(wi; 2)F (x2; 2). 


We also note the following well-known result from the theory of linear 
independence of functions: 


(C) A necessary and sufficient condition that n functions wy, -+-, un 
on f to & be linearly independent, is that there exist values pi, -+-, Pa 
of the range & such that the determinant of the elements u,(p;) is not 
zero. As a consequence, if u;, ---, uw, are linearly independent, it is 


possible to find linear combinations uo; of the w; such that woilp;) = 46; 
(where 6,;; is the Kronecker 46, 1.e., zero for 7 + j and unity for ¢ = J) 
and such that the set wo; is linearly equivalent to the set y;. 

We then have the following theorems: 

1. The number of linearly independent solutions of & + JKé = (0 
finite. 

Let ui, -*+, Bn bea set of linearly independent solutions of E oe Jt = @ 
which according to (C) can be chosen in such a way that there exist p, 


’ 


for which u;(p;) = 6;;. Then if «(p,) = wu; (which is obviously a func- 
tion of the class Wt), we have: 


J ip, — Jk Ps B; = = 2 P;) — = é, ° 
Let 
K} = K=>- wi its and Ky = Li ih 
Then 
Jkyko = Sik — Sui Sup = () 
Hence 
Fo(x; 2) = Folk — Sumi + Lyin; 2) 
= Fo(Suimi; 2)Fo(«e — Suiui; z) = (1 — 2)"Fo(x — Spyu,; 2). 


Since F'o(x; z) is an entire function of z, it can have the root z = 1 at most a 
finite number of times. Hence n is bounded. 

A similar result holds for the equation E+ Ji = 0. 

2. The equation ~+ JE = 0 and its adjoint — + Jéx = 0 have the 
same number of linearly independent solutions. 

Let wo: (¢ = 1, ---, n) be a complete set of linearly independent solu- 
tions of + Jxé = 0 of such a nature that yo,(p;) = — 6,;, and let 
K(pj) = wy, So that Jaiuo; = 6;;. Similarly let go; (¢ = 1, ---, m) be a 
complete set of linearly independent solutions of & + J&« = 0, such that 








PSEUDO-RESOLVENTS OF LINEAR INTEGRAL EQUATIONS. 325 


Hoi(P;) = — 6; and let «(p;) = u; so that Jioim; = 8,;. Suppose m < n. 
Then set ko = « + 2,"uiu;. Then by following out the method used by 
Hurwitz, it can be shown that the equation E+ Jo = 0 has no non- 
identically zero solution, while & + Jx ot = 0 has at least the solution 
Hom+1, Which by the result (A) is impossible. 

As an immediate consequence it follows that xo has a reciprocal X. 
If we replace xo by its equivalent in the reciprocal relations which it 
satisfies, and make a slight transformation, we find that 

3. K+X+ Ser + Ty "uino, = O, 

K+rX+ SK + Di "wom: = O. 

By using these relations, we prove at once: 

4. A necessary and sufficient condition that — + Jcé = 7 shall have a 
solution = is that Jinn = 0 for every i. The solution is expressible in the 


form ? 
E=n7+ Sdn + Seingi, 


where the c; are arbitrary constants. 
Hurwitz’s definition of pseudo-resolvents in this situation reads: 
dis a pseudo-resolvent of «x if the solution of the equation 


é+Jxki=7 


in which Join = Ofori = 1, ---, n (go; being any complete set of linearly 
independent solutions of the adjoint homogeneous equation — + Jéx = 0) 
is expressible in the form 


—_ n+ JdAn + Leu; 


where go, constitute a complete set of solutions of the homogeneous 


equation F + Jxct = 0. 

For the following theorem it is desirable to introduce another postulate 
on the J-operation,* which is a generalization of the definite property of 
the integral. It is as follows: ; 

If Jou 0 for every g of the class IN, then po = 0. 

This property is equivalent to: ; 

If Joa = 0 for every g of the class I, then ko = 0. If J has this 
property, we shall say that it is definite on the left. Similarly J is definite 
on the right, if Jgpo = 0 or Juxo = O for every u of the class I has as 
consequence jo = 0 and xo = 0, respectively. If J is definite on the 
right and left, then it is said to be definite. 

We then have the theorem: 


5 If J is di finite on the le fl, a nec SSary and suffice nt condition that r 


] : Pn ] 
*(f Transactions of the American Mathematical Society, vol. 10 


(1918), p. 101. 
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be a pseudo-resolvent of x is that 
kK +A — J Kr - iio: —— 0, 
Kt A+ ISAK + Li"Homi = O, 
where the Lo: and Loi constitute com ple le sets of linearly inde pe ndent solutions 
of the homoge neous equations e+ Jxéc Qand &é+ Jék O,..% spective ly, 
and Jiimo; = Juoim; = 6 
The sufficiency of this condition without the additional postulate on 


the J is shown as in Theorem 4. 
In order to show the necessity, we make a study of the function: 


kK K+rX4+ JKA. 


It has the following properties: 


a mi Ki ig Ju ky = VU for every ” 
For 
J Ki; = Ju ~~ Ju rN T J J KX Ju h — = 
As a consequence the equation € + J&K«,; = 0 has at least the n linearly 


independent solutions p 
bh J i K — «;) = Ofor every i. 
This is a direct consequence of (a 
C If wis such that Ju u 0 for every i, then J «Kyu Qand conversely. 


For suppose Jom = O for every 7. Then the equation u é + Jxé has 
a solution: 

é ut Jdp + Sein 
If we substitute this value of € in the equation UL & + Jxé, we find that 


Jk = 0. The converse is obtained from (a by multiplying by » and 
operating with J. 

d) Jxy(xk — ki) = O. 
This is an immediate consequence of (b) and (ce). 

é) The function J«;«; satisfies the condition: 


Jkiky t+ SS wyKy me (). 
For consider the expression x; + Jx,x. We have: 
J oily -— J kik) — J oik a JJ poikyk = — Hoi = Loi = @., 
Applying the result (c) we find: 
Jxy(xky + Jkix) = O or Jkyky + J (JS kiwi) = 0. 


As a consequence 
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(f) Jeix: = 2 )"u.Mo;, and as a matter of fact Jom; = 6;;. 
For 
JJ ojkiky = LJ tojmisoi- 


Sut JJ gojkiki = oj, and the go; are linearly independent. Hence 
J 20 M = Oj. 


yg) The functions y; satisfy the homogeneous equation & + Jx,é = 0. 
For 


JJ kyKiky — SJ ky u Sid poiks =—=_— = ~uikoi, 


according as we multiply the expression Jx,;«; by «; on the left or right 
and operate with J. If we multiply the equality: 


LJ Kiwiho: = — Spithoi 


by uw, on the right and operate with J, we obtain: 
J ky, _ iat bj. 
h) Every solution of & + Jx,¢ = 0 is a linear combination of the g; 
and every solution of € + J&«; = 0 is a linear combination of the go;. 


For every solution of & + Jx,é 0 is also a solution of 
E — JJ cyt = O, 


and every solution of & 1 JK, Qisalso a solution of £ neg E(J x 1k1) = 0. 
If we replace Jx,«; by its value Y,"g.go,, the result is immediate. It 
follows from this result that the a; and Lu constitute complete sets of 
solutions of the homogeneous equations In &}. 

i) J(xy + Suimo;)u = O for everv u of the class M. 

lor every g is expressible in the form: 


Lu S(J gop) a: + po, With Suouo = O for every 7. 
Now ; 
Tix, Sui Sc Mj) S ¢j)J kis + Vici wom; 
— Socju; + Sjeju; = 0. 
Obviously ; 
Juimoitto = Kid pomo = O for every 2 
and by (c) ; 
Jkipo = 0. 


Hence ; ae : _ 
I(x, + Spitod me = J (qr + Simos) (2 j¢juj; + wo) = 0. 


If J is definite on the left it follows that 


A - Sumo. = Q or Ay _ or SuiMoi 
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In other words we have: 
(j) kt N+ SAKA + Veimo; = O with Juoiw; = 4:5. 
In order to show the correctness of the second relation: 


K+rX+ Src + Soom: = 0 
we notice that the equation 
A+ JSKX = — k — Sewmo = Ki — K 


fulfills the conditions required by the hypothesis of the theorem to enable 
us to solve for \. We find: 


= ee Sy ikoi -— Ie + Yu imo) + SMoita 
=— = f= JXK nail z Li + J dui) Moi - Lois: 
By multiplying the first relation by g; and operating with J, we find: 


Jxu; + Jdu; + JJ edu; + go; = 0, 


1.€., 
wi + Jdu; + Sx(py + Jd) = 0 
and SO 
iv + hy = Zyeisiies 
Hence if we let 
Bs = Bri + Yjpo Cj, 


A+ KnK+ Sdrx + Spow: = O. 
If we multiply this relation through by go; and operate with J, we find: 
Ido; + J kuo; + SIX oo; = — Lipoid wit; 
or 
Boj = ~ mow imo, 
and hence on account of the linear independence of the go,;, 
J uso; = 8;;. 
This completes the proof of the theorem. 

If we define pseudo-resolvents in terms of the solution of the adjoint 
equation + Jéx = 7, we get the same result as in Theorem 5, if we 
assume J to be definite on the right. 

Obviously we can show that a pseudo-resolvent \ for the equation 
+ JxKé = n will also be a pseudo-resolvent for the adjoint equation 


Ser osYr t 


+ Jéx = 7 and conversely. 
If we drop the condition that J is definite on the left in Theorem 5 it 
becomes: 


A necessary and sufficient condition that \ be a pseudo-resolvent is that 
kK + 7. J Kr -+- Luikto: 7 KO; 


K — dA +- JK i Sow Ke + Fike. 
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where Jom; = Jhino; = 6;;, and xo is such that Jxou = 0 for every g of 
the class IM, and Juoiko = 0 for every i. Such a Xd will not serve as a 
pseudo-resolvent for & + Jéx = 7 unless we have also Jjixo = 0 for every 
u of M. Then JrAxy = O also. 

The following theorem is of importance in obtaining functions X satis- 
fying the pseudo-reciprocal relations of Theorem 5: 

6. A necessary and sufficient condition that a kernel of the form: 


! . 


. a i gs. 
a ST —ijAijMib;, 


where J poimy = Jphigos = 6:;, have no zero solutions, i.e., be such that E+ Ske 

0 has as consequence — = 0, is that the determinant of the elements a,; 
be different from zero. The reciprocal d of any such x, will satisfy the rela- 
tions of Theorem 5, i 


), 
rs 
ce 
. 


e & he a pse udo-resolve nt of K. 
Suppose that ¢ is a solution of 
E+ Umi = E+ JS (« + Sijaijuimjt = 0. 

If we multiply by go; and operate with J, we get: 

v “ ¢ _ 

Yja;;J uj& = O, 
and so 
+ JKé — Q),  - be = ~ cCeMok 


Str 


~~ 


In order to determine the c, we substitute in the relation S,a;,Ju;é = 0, 
and obtain: 


A necessary and sufficient condition that c; = 0 be the only solution of 
this set of equations is that the determinant of the a;; be different from 
zero. 
The second part of the theorem follows as in Theorem 3. 
Obviously the determination of \ satisfying the pseudo-reciprocal is 
not unique. We note that: 
7. If d; and dz both satisfy the equations of Theorem 5 for the same x, 
then they differ by a function of the form S;;bi;noito;- 
For the difference \; — 2» of two such functions will satisfy the 
equations: 
Ay — Ao +A K(A1 — Az) = O, 
Ai — Ae + J (A1 — A2)K = O, 
from which it follows that 4; — 2 is expressible in the form 2j;b;;40:H0;" 


In the above two theorems it was assumed that fo; and po, constituted 
complete sets of solutions of the homogeneous equations £ + JK& = 0 
and £ + J&k = 0, respectively. If we drop this condition, we get: 


ed aa “ee coe 
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S. If x and X satisfy a pair of equations of the form of the pseudo- 
reciprocal relations of Theorem 5: 
+r+ JkKr 


in which Jui J oie; = i, 2 .+:+,n) so that each of the four 
sets of functions U;, in Mois u constitutes a linearly independent set, 
then the solutions of the equation : + JK 0 are linear combinations 
of jo:; of the equation & + Je = 0, are linear combinations of jio,; and 
bviously on account of the symmetry, the solutions of the corresponding 
equations in the X will be linear combinations of the uw, and «., respectively. 
For suppose p + Jku = 0. Then if we multiply the second of the 
relations of the theorem hy uw and operate with J we find: 


Jka + Ida + SINK + Sg J uu ut Sp 


SS wip 
The other results are obtained in a similar Way. 
If we multiply the first of the two relations of this theorem by go, on 
the right and operate with J we get: 


Jpoik + Jue X + JS wokX + gp 


1.€., do: + Juo.k is a solution of the equation € + JEX = 0. Similar results 
are obtainable for the other three homogeneous equations. 
9. If kK and satisfy the re lations of Theore m &, and af the equation 


c —+— JXE = {) has no solution ETCE pling bi (). then the u and Lo are thie 


solutions Ooje tr JKé = Oand & + JeK () re Spe cline ly: and \7is are ciprocal 
o| a function of the form: 


> ie 
Ky K mi jl jpuiy;. 


The first part of the theorem follows immediately from the remarks 
at the close of Theorem 8. As for the second part, suppose that «; is a 
reciprocal of \. Then 
Ki tAt+ JSK\ = 0. 
Subtracting this from the first of the pseudo-reciprocal relations, we get: 


1 


Se Se J = gs 


T Su Lo . 
Since x; is a reciprocal of \ we have: 

K—- kK, = Sui(mor + J works). 
In a similar way we show that 


K— Ky = — Lpor + Skips) mi, 
and so 


= oy 
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